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1 Governing equations for the coupled system

Consider a 1D grid with N elements, N + 1 nodes numbered 1 to N + 1. After standard discretization, for
instance with FEM+SUPG a system of equations of the form
F,(U;,U3) =0
F2(U;,U,,U3) =0
(1)

Fni1(Uy,Unt1) =0
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Informe CIMEC - Coupling domains through absorbing b.c.’s

It has been assumed that the equation at node 7 involves only the node states at nodes ¢ — 1, 7, ¢ + 1, as is
true for first order FDM and FEM discretization methods. Also a steady system of equations is assumed. This
represents (N + 1) X nqor equations in the (N + 1) X ngof unknowns {U1, Ug, ..., Ux1}. Itis assumed that
this non-linear system of equations has a unique solution. Equations at the boundary nodes may include some
mixture of Dirichlet and Neumann boundary conditions.

2 Splitting in subdomains
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It is desired to “split” this system of equations at a certain internal node ¢, so that the domain ; =
[€1,xN41] is splitin 4 = [z1, 5], Qr = |25, zn+1]. Node i now splits in ¢L and iR for the left and right
domains. The following items must be provided

e Appropriate boundary conditions at ¢ L (iR) for 7, (€2r). These conditions must ensure that each sub-
domain problem can be solved independently, and the problem is well posed.
e An iterative approach must guarantee that the solutions at each boundary converge to the solution of the
coupled system
Ufm U?R — U

2)
k
for k — oo.
It is assumed that the equation at node ¢ can be separated in its right and left contributions
Fi(Ui-1,U;, Uiy1) = Fip(Ui—1, Uir) + Fir(Uig, Uir1) = 0 3)

One possibility is at each step to solve the left system with Dirichlet boundary conditions at 7L, and compute
the flux at this boundary. Then this flux is passed to the right domain as a Neumann boundary condition and the
solution at the right domain is computed. This in turn produces a value at the boundary U;r which is passed as
a Dirichlet boundary condition at the left boundary, and so on.

All the combinations of Dirichlet and Neumann boundary conditions are possible, DD,DN,ND and NN.
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3 A NN splitting
For instance a NN approach is as follows

F (UL U5t =0

F, (Ulf+17 U§+1, U13€+1) -0
Py,
FiL(Uk+1 Uf;l) 4 Rk =0

i—1>
( FiR(Ufl—%_l) Uk+1) . Rk 0 (4)
0

i+1

. k+1 k+1 k+1
Fl+1(UiR 7Uz’+1 7Ui+2 )

Pg

(| Py (U UR) =0
RF! = RF 4 w(UkH — Uk
Note that

e RF are “reactions”, i.e. terms that represent the fluxes that come from the opposite domain or from a
Dirichlet boundary condition.

e Both subdomain problems Py, Pr can be solved independently at each time step. They only need R”
which is evaluated in the previous step.

e The new value R**! with an increment proportional to the imbalance of U at the boundary with a
relaxation factor w.

It can be shown that if such a scheme converges, then it converges to the solution of the original problems.
Effectively, letting £ — oo, the last equation reduces to U;;, = U;r. Replacing this in the L and ¢ R equations,
and summing them, the reaction R is eliminated and the original equation (3) is recovered.

A key problem is to determine the best combinations of boundary conditions that makes the fixed point
algorithm to converge as fast as possible. In the context of the solution of hyperbolic systems of equations
some combinations of boundary conditions can be much better than others.
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4 Neumann-Dirichlet scheme for right going characteristics

For instance if all characteristic go right (i.e. the sense of propagation is positive), then it is natural to use
Dirichlet boundary conditions on the right domain, and Neumann on the left.

k+1 yrh+ly _
F(U{™,U37) =0

Fs (Ulf—H, U12€+1’ U§+1) -0
Py,

(Fi (U, U5 ) +RE =0
Ukt = U, (5)
Fi+1 (U’]LT{l’ Uk+1 Uk+1) — 0

it10 Yigo
Pgr

Fy (U, URY) =0
k k
Rk+1 — FiR(Uiglv Ui-tll)

The counting of eqs/unknowns for the P;, problem is the same as for a standard problem with Neumann b.c. at

the i L-th node. There are i X ngof €qs. in the ¢ X ngor unknowns {Uy, ..., U;p} (R” is known at this stage,
since it comes from the previous stage £ — 1). On the other hand, the counting for P, is similar to a problem
with Dirichlet b.c. at i R. Represents (N —i+ 1) X ngof equations on the {U; 11, ..., Uy} unknowns (Ufj{ 1

is given by the Dirichlet boundary condition).

5 Dirichlet-Neumann scheme for left going characteristics
If all eigenvalues are left-going, then the appropriate scheme would be

( Fl(U]f+1,U§+l) -0
R (UE U5, U5 =

Pr
Ui = Ul
Fir(UNL UN —RF =0 (6)
b F, o (U UR Ul =0
R

Pyt (U4, UKL = 0

RFH = F;p (UK UK
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5
6 Characteristic based split for general systems
(F (UL UST) =0
F2(U]1€+1’ U12€+1’ Ul§+1) -0
Py
F (U], UfL“) + IR + TR =0
(Uk+1 ) -0
(7

Uit Ufjll) IR —TI"RY =0

R(
HWU.—UgU:O

k+1 k+1 k+1
PR 'L+1(U'LR 9 Uz+1 9 U'LJ,»Q ) 0

Frn (UL UM =0

Note that after each iteration Py, provides the left going part of the new reactions II"R**1 whereas Py
provides the left going part. All together the whole reaction vector R¥*1 is obtained.

Counting of eqs/unknowns is a little more complicated in this case. There are ingor + n— equations and
unknowns for P, where n_ are the number of left-going characteristics. The n_ eqs come from the last row
of egs., since II™ has rank n_. The n_ additional unknowns come form the term II Rt since the term
ITTR” is known. For instance we could rewrite

I RF=V (8)

Where V™ is a ngof X n— matrix with the n_ linearly independent columns of II™, and r~ has dimension
n_ x 1.

Again, if the system converges it can be shown that it converges to the solution of the coupled problem.
Effectively, if the scheme converges the following system is obtained

(F1(U;,Uy) =0

Py,
F,L(Uz LU +IITR+IITR=0
\H ( ZL_ ):0
Fir(Uig, z+1>_H+R_H_R:O 9)

(U, —Ujg) =0
Pr { Fit1(Uir, Uit1, Uiyz) = 0

Fni1(Uy,Unt1) =0

Summing up the restrictions,

I (U, — Ujg) + I (U;, — Ujg) = (Ui, — Uig) =0 (10)
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implies U;;, = U;r. And again, summing up the 7L-th and 7 R-th equation the original ¢-th equation is recov-
ered. The advantage of this scheme is that for each subdomain the system of equations obtained is equivalent
to an absorbing boundary condition.

7 Using penalization

Note that both restrictions can be summed up
(U3 — Ulp) + I (U, — U = 0 (11)

since each part can be recovered by multiplying at right by II™ or IT™. For instance if it is multiplied by IT",
the equation
(U3, - Ui =0 (12)

is recovered, because ITTIT" = I+, ITTIT~ = 0.
Now, in order to ‘“regularize” the problem we can add to (11) a small term

I (U;p — Ujg) + T (Ui, — Ujg) — ¢(R¥ —RF) =0 (13)

so that R**! can be eliminated and a penalized version is obtained.

RF = RF % - (URH - Uk + IIH (U, — Ukt =0 (14)
replacing in the ¢ L-th and 7 R-th equations

F; (UM UK L ITPRF 4+ TR = 0

Fi (U] US) + TPRF 4+ T RF + %H*(Ui&“ ~Ujp) =0 (15)

Fi (U U + R + %H_(UfLH ~Ulp) =0

and similarly, for the ¢ R-th equation

1
Fir(UN, Ufill) ~RF - EH+(UiL —Uir)=0 (16)

8 Rate of convergence

Consider the case of a scalar equation (ngor = 1). In order to find a rate of convergence the continuum case is
considered, in place of the discrete equations. So that the coupled problem is

u(0) = 0;
P auy, =kuge; 0<x<L; (17)
u(l) = 1;

whose solution is
exp(az/k) — 1

u(x) = exp(aL/m) —1" (18)
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The split problem is
uF1(0) = 0;

Py auf“jl = kuftl 0 <x<xi;

ST )
(k™) (i) = 7%
k+1 k
U Tip) = S
( zR) (19)

Pg auFtl = f@uf“le; 0<z<uxy;

T
k+1

PR = R (2R)
update: kbl ’

s = uk(x“;)

Note that, as the characteristic corresponding to (17) is right-going, a ND approach has been chosen. Solving
the equations above leads to a map
UL)T — T UL .

Convergence of the loop can be determined from the convergence of this IR — IR map.
Solution to the Py, problem can be found by proposing a solution of the form

uk+1 _ d_’_feaw/n’ (1)

where constants d, f can be determined from the boundary conditions

0=d+f,
’I“k —k (ﬁ) feamiL/n (22)
K Y
from which d, f can be determined
f= le(*aIiL/li) rk
a ’ (23)
d= _f7
so that the solution to the left domain problem is
ukJrl — _le(*axiL/ﬁ) T’k (1 o e(cwe//{))7 (24)
a
and
$k+1 _ ukH(xiL) _ _le(—axiL/n) Tk (1 _ e(a:ciL/n))_ (25)

a

On the other hand, the right domain solution can be again proposed in the form (21) but with other coeffi-
cients,
uk+1 — d/ + f/eam/ﬁ. (26)

Replacing in the b.c.’s in order to determine the coefficients d’, f the following egs. are obtained
d/ + f/eaxiR/,‘i — Sk,

27)
d/+fleaL/I€ — 1
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8
from which f can be obtained as
k
;o s¥—1
;= eaTir/k _ eaL/k (28)
and then d’ can be obtained as
g1 (Sk _ 1)efaL/li
- edTir/k _ eaL/k’
e—axiR/n . Sk:eaL/K (29)
- eaTir/k _ @al/k
So that, the right domain solution is
—azir/k _ ckaal/k k _ ar/k
S © se + (s" —1)e 30)
eaTirR/K _ eaL/ri
and then,
(sF—=1)  a ., .
it = Kufcx—’—l(xiR) - Keazm/n _eal/k [ atein/. Gl
So, the map is of the form
Rl = 158 + d, 32)
sFHL = ok,
with
a ea:BiR/n
a = eaTir/k _ eaL/k
) (33)
Ccy = _,e(*azz‘L/'f) (1 —_ e(azz’L/'f))'
a
The rate of convergence is given then by the spectral radius of the amplification matrix
0 ¢
G= [ o 01 ] (34)
The eigenvalues of G are
b 1ol 1%
Mg = £y/creg = |ealLzi/x 11— o—all—z)/r (35)
For advection dominated flows, we have
axi/k > 1,
a(L —xz;)/k > 1, (36)
aL/k>1,
so that,
1— e @i/F ~ 1
1 — e l-zi)/r ] (37)

e—a(L—:ci)//i <1

(docver texstuff-1.0.30-8-glal89e2) (docdate Tue Nov 24 09:10:48 2009 -0300) (proc-date Tue Nov 24 09:30:21 2009 -0300)



Informe CIMEC - Coupling domains through absorbing b.c.’s

9
and the amplification factor is
max ‘)\172’ ~ e_a(L_xi)/Z‘{ <1 (38)
and a very good convergence is expected. Note that if @ < 0 then the amplification factor tends to
max |\ o] & e/ > 1 (39)
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