WEIGHTED INEQUALITIES FOR NEGATIVE POWERS OF
SCHRODINGER OPERATORS

B. BONGIOANNI, E. HARBOURE AND O. SALINAS

ABSTRACT. In this article we obtain boundedness of the operator (—A + V)~/2
from LP>*°(w) into weighted bounded mean oscillation type spaces BMO? (w)
under appropriate conditions on the weight w. We also show that these
weighted spaces also have a point-wise description for 0 < 8 < 1. Finally, we
study the behaviour of the operator(—A + V)~%/2 when acting on BMOE (w).

1. INTRODUCTION

Let us consider the Schrédinger operator on R? with d > 3,
L=—-A4+V

where V' > 0 is a function satisfying, for some g > %, the reverse Holder inequality

(éhévwvaouasé|3vay

for every ball B ¢ R?. The set of functions with the last property is usually denoted
by RH,.

It is well known that negative powers of the Schrodinger operator can be ex-
pressed in terms of the heat diffusion semigroup generated by L as

Lf@) = £ @) = [ Y a0,

For each ¢ > 0 the operator e~** is an integral operator with kernel k;(z,)

having a better behaviour far away form the diagonal than the classical heat kernel.
Some useful properties of k; where obtained in [6], [3] and [4]. As a consequence
Zof turns out to be finite a.e. even if f belongs to LP with p greater than the
critical index d/a. Particularly, in [1] the authors proved that Z, maps L% into
an appropriate substitute of L>° denoted by BM O, which in fact is smaller than
the classical BM O space of John-Nirenberg.

In this work we extend and improve their result by analysing the behaviour of Z,,
on weighted weak LP spaces with p > d/« for a suitable class of weights. In order
to do that we introduce a family of spaces BM Og(w) that includes, as a particular
case, the space BMO,. We point out that in the case of w = 1 and p = d/«, we
obtain a better result than that in [1] since L? is strictly contained in weak LP.
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It is worth mentioning that for w = 1 the spaces BM Oﬁ are the duals of the
HP-spaces introduced in [2] and [4], as it can be easily checked from the atomic
decomposition given there. For 8 = 0 such representation was already pointed out
in [1].

We also study the behaviour of 7, on BM Og(w) proving that, under appropriate
conditions on the weight, they are transformed into BM Og+a(w). In proving
such result we give a point-wise characterization of our spaces BM Og(w) when
0 < 8 < 1, which we believe to be of independent interest.

Finally, we remark that when the potential V' belongs to RH 4,9, as it is the case
of the Hermite differential operator, the classes of weights for which we prove our
boundedness results coincide with those obtained in [5] for V = 0.

This article is organized as follows. In Section 2 we introduce the family of spaces
BM Of: (w) and we prove some basic properties. In particular the aforementioned
point-wise description is given in Proposition 4. The remaining two sections contain
the main results: Section 3 is devoted to the analysis of Z,, acting on LP**°(w) while
Section 4 deals with the boundedness on BMOg(w).

2. BMOY(w) SPACES

For a given potential V € RH,, with ¢ > g, we introduce the function

1
p(x):sup{r>0:d2/ V§1}7 z € R
r B(z,r)

Due to the above assumptions p(z) is finite for all x € RY. This auxiliary function
plays an important role in the estimates of the operators and in the description of
the spaces associated to £ (see [1], [3], [4], [7]).

The following propositions contain some properties of p that will be useful in the
sequel.

Proposition 1 (Lemma 1.4 in [7]). There exist C' and ko > 1 such that,

W (1+ |i)(_x§y>k0 < ply) < Cpla) <1+ |i(_x)y|>k§il

for all z,y € R,

Throughout this work, we denote w(E) = [, w for every measurable subset
E CcR? and CB = B(xz,Cr), for z € R4, r > 0 and C > 0.

Proposition 2 ([2]). There exists a sequence of points {x)}32, in R%, so that the
family B, = B(xy, p(zk)), k > 1, satisfies

(1) U B = R,

(2) There exists N such that, for every k € N, card{j : 4B; N4By # 0} < N.

We denote by L{. . the set of locally integrable functions of R?. For > 1 and w
a weight, i.e. w >0 and w € LlloC7 we say that w € D, if there exists a constant C
such that

w(tB) < Ct¥w(B),

for every ball B C R% and t > 1.
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It is easy to see that a weight w belongs to D = U,>1D,, if and only if it satisfies
the doubling condition

w(2B) < Cuw(B).

For 3 > 0 we define the space BMO/(w) as the set of functions f in L}
satisfying for every ball B = B(xz, R), with € R? and R > 0,

(2) /B|f_fB| < Cw(B)|BI*?, with fg = T}B\/Bf’
and
®) /|f|§0w(B)|B|ﬁ/d’ it R > pla)

B

Let us note that if (3) is true for some ball B then (2) holds for the same ball,
so we might ask to (2) only for balls with radii lower than p(x).

The constants in (2) and (3) are independent of the choice of B but may depend
on f. A norm in the space BMO’(Z(U)) can be given by the maximum of the two
infima of the constants that satisfy (2) and (3) respectively.

The case # = 0 and w = 1 was introduced in [1] as a natural substitute of L
in the context of the semigroup generated by the operator £. As in that case we
can replace condition (3) by the following weaker condition (4) that only takes into
account critical balls.

Proposition 3. Let 3 > 0 and w € D,,. If {x}72, is a sequence as in Proposi-
tion 2, then a function f belongs to BMO’[Z(w) if, and only if, [ satisfies (2) for
every ball, and

(1) / 111 < Co(Blar, p(@)) ()|, for all k> 1.
B(z,p(xk))

Proof. Let f satisfy (4), and let B = B(x, R) be a ball with radius R > p(z). From
Proposition 2 the set

F={k: BN By, #0}
is finite and
(5) Z/ wg(N+1)/ w
ker Y Bk Uker B

where N is the constant controlling the overlapping (see Proposition 2).
It is easy to see that for some constant C, By, C CB for every k € F. In fact, if
z € Br N B, from (1),

ko
plan) < Cote) (14 221 < ertopiy
< 02" p(x) (1 + “”;(x)z ) wot < 2% p(z) (1 + pf;))

< C2kotIR,
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then

/Blflsz

keF

/3an|st/}Bk|f|

keF

<C Y w(B) B < C B! Z/ w
By

keF keF

< C|B\ﬁ/d/

Uker Bg

w< C\B\ﬁ/d/ w,
CB

Since we assumed that w is doubling the last expression is bounded up to a constant
by w(B) |B|?/4. O

Corollary 1. A function f belongs to BMOg(w) if, and only if, condition (2) is
satisfied for every ball B = B(z,R) with x € R? and R < p(z), and

(6) / |l < Cw(B(z, p(x))) |p(2)|°,  for all z € RY.
B(x,p())

For 3 >0 and w € L., we define

loc?

w(z)
Wg(z,r) = / ——dz.
g B(z,r) ‘Z - ‘T‘d_ﬁ

for all x € R% and r > 0.
We introduce a kind of Lipschitz space Alz (w) as the set of functions f such that

(7) () = f)] < C [Wa(z, |z —yl) + Waly, |z —yl)]
and
(8) [f@)] < CWps(z, p(x))

for almost all # and y in R<.
It is possible to define a norm in these spaces by taking the maximum of the two
infima of the constants that satisfy equations (7) and (8) respectively.

Remark 1. For almost every x € R, Wp(x,r) is finite for all r > 0, it is always
increasing as a function of r. Also, if w satisfies the doubling condition, then we
have

(9) Wa(z,2r) < CWa(z,7),

for almost every x € R? and r > 0, where the constant C' does not depend on r or
T.

Proposition 4. If 0 < § < 1 and w satisfies the doubling condition, then
A% (w) = BMOY(w),
and the norms are equivalent.
Proof. Let f be in BMOg(w) with Hf”BMOﬁ(w) =1, v and y in R% Since f
satisfies (2), from [5] (Proposition 1.3) we obtain

[f(@) = fy) < C Ws(z, 2|z —y|) + Ws(y, 2]z —y|)]
for all z and y Lebesgue points of f. Hence, Remark 1 implies that f satisfies (7).
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To verify (8), if x € R? is a Lebesgue point of f, and B = B(x, p(z)), from (7)
and condition (3), we have

@< [ 1@ = s@ldy + oz [ 1wl
< 5 (L watede s+ [ Watolo = shan-+ () |B1%).

In the last sum, by Remark 1, the first term is
| Wita ko = ulidy < 1B Wite. ple)

For the second term of (10), if y € B, we have B(y, |x —y|) C B(z,2p(x)), then

1
Ws(y, |z —y|) dy / wz(/dy)dz
/; B( | D B(z,2p(x)) ( ) B ‘Z 7y|d7B
C|B)?/?w(B) < C|B|Wy(z, p(x)).

Finally, the last term of (10) is bounded by
8_
Bl w(B) < Ws(z,p(x)),

and we have shown that (8) is satisfied.

In order to prove the other inclusion, consider Hf”Aﬁ(w) = 1. From [5] (Propo-
sition 1.3) we have (7) implie (2). To see condition (3), let z € R? and R > p(z).
If y € B(x, R), from Proposition 1,

ply) < Cp(z) <1+ |xp(x)y|>$l < Cp(x) (p&)ksgl < CR

(10)

IN

IN

and thus by (8)

wlz
/ |f(y)|dy S/ / _w) z_ﬁdzdy
B(x,R) B(,R) I By.p() 12— Yl

1
< w(z)/ —————dydz
/B(z,CR) B(z,R) |z —yld=P

< C RPw(B(z,CR))
< C'|B(a, R)|*/"w(B(z, R)),
where in the last inequality we have used the fact that w is doubling. (Il

Remark 2. Observe that in the last proof (see inequality (10)) we have shown that
(6) and (7) with |z — y| < p(x) implies (8), and thus conditions (6) and (7) imply
that f belongs to Ag (w).

3. Z,, ON LP"*°(w) SPACES

We begin by stating a series of lemmas that will be useful in proving the main
results. We omit the proofs though we provide references where they can be found.
For LP*°(w), p > 1, we mean the space of measurable functions f such that

(11) (flpw = (suptp

t>0
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is finite. The quantity (11) is not a norm (triangular inequality fails) but it turns to
be equivalent to a norm. Clearly, the Lebesgue spaces LF(w) = {f : [pa |f/w|" <
oo} are continuously embedded in LP*°(w).

As usual p’ denotes the Holder conjugate exponent of p.

Lemma 1 ([5]). Let p > 1 and w a weight in RHy . If f is a locally integrable
function and B is a ball in R? then, there exists a constant C such that

/B 1 < Cw(B)BI [flp.

For t > 0 let k; be the kernel of e **. Then, the kernel of 7, is given by the
formula

° dt
(12) Ka(o)= [ ko)t .
0
Some estimates of k; are presented below.

Lemma 2 ([6]). Given N >0, there exists a constant C such that for all x and y

in RY,
lz—y|? Vi Vi -
ki(z,y) < Ct¥2e” o (1 + — ) .
px)  py)
As a consequence of the previous lemma we have
C

13 Ko(z,y) < 7
( ) ( ) |l‘ _ yld—a

for all z and y in R%.

Lemma 3 ([4] Proposition 4.11). Given N > 0 and 0 < § < min(1,2 — g), there
exists a constant C' such that

J 2 -N

for all z, y and x¢ in RY with |x — x| < V1.

A function ¢ is rapidly decaying (see [3]) if for every N > 0 there exists a
constant C'y such that
()] < On(1+|a) 7.
If 4 is a real function on R? and ¢ > 0, we define

1 T
)= ()
We will also need some estimates for the kernel
a(x,y) = ki(z,y) — k(2,y),

for all ,y € R? and t > 0, where k; is the kernel of the classical heat operator
e A,

Lemma 4 ([3]). There exists a rapidly decaying function ¢ > 0 such that

_d
\/52

a(z,y) <C (p(x)> 4 i@ —y),

for all z, y in R? and t > 0.
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Lemma 5 ([3]). For every 0 < § < min(1,2 — g) and C, there exists a rapidly
decaying function ¢ such that

5
||
qe(z,y +h) — qplx,y)| < ' < iz —y
|9+ ) = 42,9 @) iz —y)
for all z, y and in R? and t > 0, with |h| < Cp(y) and |h| < |w4;y‘,
n [1] the authors obtain boundedness of Z,, from L%® into BMO,; = BMOY.

The next theorem presents an extension of this result to LP spaces with p greater
than d/c«. Moreover, LP:*° spaces are considered instead of LP.
Theorem 1. Let us assume that the potential V € RH with ¢ > d/2 and set
4o = min{l, Zfd} Let() <a<d, g <p < o 5)+ and w € RHy N D,,
where 1 <n <1-— 95 + % + = then the operator I, is bounded from LP*°(w) into
BMOS%™ P (w).
Proof. We need the following claim: if f is a locally integrable function and B a
ball in R%, then

1 a_1
14 — [ I, <C|Bli » w-
(14) 7 [ ol xasl) < 18I [1),

To get this estimate, from (13), we have

5 e <C //B |w_y|d EAC)

Let x¢ be the center of B and r its radms. Applying Tonelli’s Theorem, the last

integral is
dz o
[ 1wl [ s azor [ iwlay
2B B T =yl 2B

o _ 1
< Cw(B)|B[*77 [flpw,
where the last inequality is due to Lemma 1, finishing the proof of (14).

In order to see that Z, f is in BMngd/p(w)7 in view of Corollary 1, it is enough
to check that there exists a constant C' such that the two following conditions hold:

(i) For any zo € R4
S S / Zaf] < C1B(@o, p(20)) |3~ {1y
’LU(B((E(),p(iIJo))) B(zo,p(z0)) - 7

(ii) For every ball B = B(zg,r) with r < p(z¢) and some constant cp

1 a_1
i [ Taf@) = enl do < 1B 1]
B) Jp
We first prove (i). Let B = B(zg, R) with R = p(x). Splitting f = f1 + fo,
with f1 = f x2p5, by the claim (14), we have

% /B Tafi] < C1BIF [flp

To deal with fo, we split the integral representation of Z,, as follows. Let z € B,

2

(15) Lofo(z) = / et fox) ¢ dt + /Oo e fo(x)t3 L dt.

0 R?
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For z € B and y € R?\ 2B, we have |zo — y| < C |z — y|, then for the first term
of (15), we have

R2
/ et iy (ar) 14/2 L | = ke, y) f(y) dytS " dt
0

RI\2B
R 1 | 2
z—y| o
<C — e ¥ dytz~1dt
<o [ [ ame T Wl

R? dta_ t M/2
<o [ / () )| dy e
0 R4\2B |z -y

R2
0 R4\2B |20 — Yl

where M is a constant to be determined later and C' depends on M.
Splitting the domain of the second integral into dyadic annuli 2**1 B\ 2* B, and
applying Lemma 1 we get

y)|

d

/ |xo—y|M Z/zkﬂg\zkgm—yw Y
ZQW Lo il

k+1p

é CR—%—M [f]p;w w(2k+1B) 2—]6(%-’1—1\/1)
k=1

< Cw(B) R M [f], Y 27 G0,
k=1

where the last inequality follows from the fact that w € D,,.
The last series converges if M > dn — %. Therefore, for such M,

R? R?
/ 67t£f2(33) ta/271 dt| < C’w(B) R—%—M [f]p,w / t(M*dJra)/Qfl dt
0 0

= Cw(B)|BI* 777 [flpw

For the second term of (15), we use the extra decay of the kernel k;(z,y) given
by Lemma 2. Thus, we can choose M as above and N > M so that,

/ e‘t‘fa(x)t““‘ldt‘= [ kb sy
R? Rr2 JRI\2B
Sc/oo/ t(afdi)/Qflp(l,)N
Rr? JRI\2B

and the last expression is bounded by

oo ; M/2
C p(z)N / la—d=N)/2=1 / () F(y)|dy dt.
(=) R? ri\2B \ [T — Y[? )

(y)| dy dt
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As x € B, we have p(x) ~ p(xg) = R. Then, the last expression is bounded by a
constant times

RN /00 t(M+a—d—N)/2—1dt/ 1f(y)] dy
R2 R

4\2B lzo — y[M

Since M +a—d— N < 0, the integral in ¢ converges. Then, splitting the second
integral in the same way as before, the last term is bounded by

a—4d_ o _1_
Cw(B) R~ [flpw = Cw(B) BT 727 [flp
and we have proved (i).

Now we will see (ii). Let B = {z € R? : |z — 0| < r}, with r < p(z0). We set
f=/fi+ f2 with f1 = f x2p and

CB:/ e fo o)t/ 21 dt .
r2

By the claim (14) we have

57 L el —esl < o [ 51D /|I () -
< C|B|a=1/P ()] flpw + =55 /II (f2) —

For the second term, we will show that

(17) | Zofo(z) — cp| < Cw(B)|BIF 77 [flpu

Let = be in B and split Z,, f2(z) as in (15). For the first term we can proceed as
before to obtain that

2

/ eitﬁfg(x) ta/271 di
0
The remaining part, by the definition of ¢p, is bounded by
/ e ()t dt — ep| < / / [ke(@, ) = ke(xo, )| 1 (y)] dy />~ dt
r2 r2 JRI\2B
and by Lemma 3, for any 0 < § < §p the last integral is majorised

o |£C:E0|>6 _
[ Lo
’ r2 Jra\2B Vit

Since |zg — x| < r, applying Fubini’s Theorem the last integral is bounded by

*  ld-a le—ui® di
T B
R4\2B r2

2
Now, changing variables s = @ we obtain the bound

7,5/ |f ()l dy /Oo gld—atd)/2 s/ 45
R yld—a+5 0 s

d\2B |z —

< Cw(B) BT [flpw -

(y)| dyt*/>~ 1 dt .

Since the integral in s is finite, we only need to estimate the integral in y. We
perform the same calculation as in (16) with M = d — a 4+ §. But now, to make
the series convergent we need n < 1 — a/d + §/d + 1/p which holds true by our
assumption on 7, and taking § close enough to §y. Notice this is the only place
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where we have used the condition on the size of 7. In this way the above expression
a—4_d

can be controlled by w(B)r® ™ » ™ “[f],. and so (17) is proved. O

4. T, oN BMOY(w) SPACES

The definition of BM O[Z(w) only establishes a control for the averages over balls
with radii greater than p at their centres (see (3)). However, for lower radii some
kind of estimate can be proved.

Lemma 6. Let w € D, withn > 1 and f € BMO?(U)), Then, for every ball
B = B(z,r), we have

dn—d+p
L1 < Ol lsaoz) w(B)IBIWmaX{L (p(x)> n }

ifn>1o0rp>0, and

11 < Clflasroc wim) max {11 1op( “) |

ifn=1and §=0.

Proof. Let f € BM Og(w) If r > p(z) the conclusion follows from condition (3). If
r < p(x), let jo = Uogg(p(f) )] + 1, where |-] denotes the greatest integer function.
Then

1 U | 1

— | |f] < 24 —/ f(2) = foipgldz + —— f

7, 2 7] 1O~ el g V)
Jo

; ; B_
C ”fHBMOZ(w) Zw(sz)|2]B| d 1a
=0

IN

since 1270 > p(z). Using now that w € D,,, we get
Jo_
[ 1< Ol nasogay BB 32 =
J:

dn—d+p3
p(x
< Clflpmogen wiBNBP (A1)

in the casen >1or #>0. If p=1 and =0, we have

™ i pla)
ZQJ(dnfdJrﬁ) = jo < 1+ log, (r>’

j=1

and the proof is finished. O

Theorem 2. Let us assume that the potential V. € RH, with ¢ > d/2 and set
(50:min{1,2—g}. Let 0 <a <1, 820, a+ 3 <d and, we D, with1 <n<
1+ w, then the operator T, is bounded from BMO®(w) into BMOZT (w).
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Proof. Since o > 0, BMOY*(w) = AT (w) with equivalent norms, due to Propo-
sition 4. Hence we can prove boundedness from BM Og(w) into Aﬁ+a(w). Let
fe BMOﬁ(w). We will see that for  and y in R, we have

(18)  |Zaf(2) = Zaf (W) < ClFl par08 () Woa(@: [ = yl) + Wapa(y, [ — y])]

provided |z — y| < p(x), and
(19) ‘A“ TS @l S Wiz o) w(B, @)
z,p(x

The above inequalities (18) and (19) would imply that Z, f belongs to Ag+°‘(w)
(see Remark 2).
Suppose ||f||BMo§ () = 1 and let us start with (19). We split the inner integral,

as usual, in local and global parts. If we call B = B(x, p(z)), then

/B\Iaf(u)mug/ (/ /23)L> (u, 2) | f(2)] dz du.

By estimate (13), the first term is bounded by

L//Bm—Adadd“</'f s [ e

< Ol fll sy P)* w(B).

For the second term, using Lemma 2 and the change of variables s = |“Cf‘ , we

have
//m/ kt(u,z)|f(z)|dzta/2@du
BJO 2B)¢
s [ [ / 2 N () 2 S
2B)¢

_sds |f(2)]
<C (d— a+N)/2 i // N dz du.
/ 213)0 Ju— z[d=o+N =

If uw € B(z, p(z)) then p(u) < Cp(x) (Proposition 1), and also |u— z| > |z — z|/2
for all z € B(x,2p(z))°. Hence, the last expression is bounded by

(20) C p(z)N+ / w%dz.

(2B)°
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If we call B; = 27B, we may split the last integral into annuli, use that f €
BMOg(w) and w € D,, to obtain

|f(z f(2)]
— | a+NdZ<Z — d—arny @

By41\ Bk
< )N 3 g ) [ el
k=1 Bt
< C pla) " HTOHImNy DA I Ny (B )
k=1

<C p(x)—d-&-a-&-ﬁ—N w(B) Z 9—k(d—a=B+N—dn)
k=1

If we choose N large enough, the last sum is finite, thus (20) is bounded by a
constant times

p(x)* P w(B(z, p(x))),

and we have shown that (19) is satisfied.
To see (18), let |z — y| < p(x),

p(z)?
Ld@) ~Tof < | [ [ )~ k2] f@) a0
(21) 0 OOR
el [0 ] =k s e

For the first term, if t > p(z)2, since |x — y| < p(x), we have |z — y| < /%, hence
Lemma 3 allows us to get

[ et = w2 15 et
P

(x)Q R4

(22) Clesi? dt
< 06 |l’ - y|6/ / )‘ dz t( d4+a—48)/2%Y
p(z)? JRE

t )

for each 0 < & < 8. If t > p(z)?, calling B = B(z,/t) we estimate the inner
integral as

Jo

for some M > 1 to be chosen. Since f € BMOQ (w) and t > p(x)?, the first integral
is bounded by w(B)t?/2. To deal with the sum in k, we use again f € BMO?(U)),

|dz<C/\f|+tM/QZ/ HOI. dz,

2k+1B\2k B \x —z|M
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and then w € D, to obtain

M2 = |f(2) dz < 2 9—kM If]
| >

k+1B\2kB |z — Z|M 2k+1B

< Ctﬁ/z Z Q*k(M*ﬁ)w(kaLlB)
k=0

< Ctﬁ/Qw(B) Z 2—k(M—ﬂ—dn)’

and the sum is finite for M large enough. Therefore, since |z —y| < p(z) < v/t and
—d+ a+ -3+ dn < 0 choosing ¢ close to dy, (22) is bounded by

o —dtatg_s)/2dt
ool [ B Vit
p()?

- © s dt
< Cla—yif (B fe —yl)) [ ittt
r—y
< Cu(Bla,Je —y)) o - y| e
< CWars(o | — yl).

To deal with the second term of (21), we set

Qt(%y) = kt(xay) - ];t(may)a

for all z,y € R? and t > 0, where k, is the classical heat kernel as before. Then we
have,

p(x)?

[ki(z, 2) — Kke(y, 2)] f(z)dzto‘ﬂ? < IT+11,

Rd

p(x)?
I = A /]Rd[qt(m,Z) —qt(y7z)]f(z) dzta/Q%

where

and

p(x)? ~ i
I = /0 /Rd[kt(w,z) — ke(y, 2)] f(2) dzta/Q% .

To estimate I, calling B = B(x, 4|z — y|), we split R? into two regions and write

I < I + 1+ I3,

p(x)? »
I :/ / |qt($72)—qt(y’z)Hf(Z)ldzta/ =,
0 ¢

P(ﬂﬁ)2 dt
= [ latallfe) e S
0 B

p(z)? th
= [ a2l der S
0 B

with

and
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If z € B¢, we are in the hypothesis of Lemma 5 and therefore, given 0 < § < g,
there exists a rapidly decaying function 1 such that

p(x)? Yi(z — ) dt
8 t a/2 77
Clo—sf* [ [ P () azeer2

c('z(;if')é/ow/c (1+ 'Z(‘xf')m vz =) () dzeo/2 2

where in the last inequality we have used Proposition 1.
The inner integral is

(s )MO Uiz = a) ()] dz

o0

|z — 2| Sko
=2 1+ il — ) |£(2)] d,
=0/ Bi\Bj—1 p(z)
where B; = B(z,27 3|z — y|). Thus I < Iy + I12, where

B x_y|>6 p(x)? Jo ( |1‘—Z|>6k0 - a/Qﬂ
=0 (55) [ R (1 55) v g,

J=0

I

IA

IN

with jo = Llog2 (Iz(—?l)J’ and I15 the same but summing up from jo + 1. If j < jo

Sk
and z € Bj\ B;_1, then (1 + li(;z)") ’ < C, and since iy (z—x) < C t9/2 |z —z|*t,

for some € > 0 fixed, we obtain

—_y\? pe@)? Jo
C(|~T y|) / pla+ey2 4t Z/ |f(2)d|+ &
p(z) 0 t = BB |z — 2|4t

y‘ﬁ—d—e Jjo

Ill

IN

|z —

g-ild+o / ()] d=.

RPYPRY
plx)mee = B;

From Lemma 6 and the fact that w € D,, in the case n > 1 or § > 0,

Jo 4 ) Jo _ (d+ ) B/d p(],‘) dn—d+p3
ZQ_J( e / lf(2)|dz < C 22 N (By)| By (MM)
j=0 Bj =0 Yy

pla) T RNy e
C |x_y‘dn_dw(3)22 g
j=0

dn—d+p3

IN

p(z)

o —yra

Therefore, we have

I,

IN

c (x - y|>““”+“ w(B)
p(z) |z — yldmop
w(B)
W’

(23)

since by hypothesis 1 <7 < W + 1 and |z —y| < p(x), and thus § —a — 8 —
dn + d — e > 0, choosing € small enough and § close to dp.
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As for the case f =0 and n = 1, using Lemma 6 and the inequality

(24) 1+ log(t) < Ct/?,
for t > 1/8, we arrive to the same estimate of I;; proceeding as before.
t(M—d)/2
Next we estimate I15. For M > dko 4+ dn + 3, we have ¢ (z — z) < C W
z—x

Also if z € B; \ Bj_; for j > jo, then |z — z| > p(z). Therefore

545k (z)? o
Iy < C (J?—Z/|> 0/p ((M—dta)/2 Ot dt Z 2]6k0/ |M s
p(z) 0 57 B\Bj_1 \Z—x\
|z — y|oFORo—M (M —6ko)
< ()3 +5ho—MFd—a Z 27 ’ / [f(2)l dz.
AT J=jo+1 B;

Since for j > jo, the radius of B; is 2/73|z — y| > p(z), then

[ 1#G)lds < co Bt < C2 I~y Pu(B),

B;

—M+d6ko+d—a+d
I, < C ('x_m) _w(B) Z 90— (M—3ko—dn—B)

_ yld—a—p
p(z) o~y =P e
d—dn+o—a—
(25) <C(|x—y|> e w(B)
= U@ [ —yl e
w(B)
fw —yl==aP

with an appropriate choice of 4.
To deal with I, let M > d. From Lemma 4, being ¢t < p(z)?,

1 -M
VENT 1 |z — z|
26 <C|—— — |1 .
0 e <0 (555) m (1457
Then we may write
Iy = Iy + Iag,
where
\m—y|2 th
b= C [ [latalfelder S
0 B 3
and

dt
= [ [t N1 s
r—y|?
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Ao —
To take care of Iy let B; = B(z,vt) and N = {logQ( |x\/fy|>J Using

estimate (26), we have

z,2 2)|dz t M/2 G z
/B|‘Jt(a I 1f(z)|d Sp(ac)éo (/Bt|f+t /B\th_led>
ﬁaO;d M/2 (Z)‘ -
= @) / S Z/ ’

2i+1B,\29 B, |z — Z|M

Jort (N+1

o (22 L, M)

2i B,

and since every ball in the last sum has its radius less than 8p(z), we can apply
Lemma 6 and that w € D,,, to obtain

+(60—dn) /2 N i(M—didn). (o
/ |qe(x, 2)| | f(2)]dz < PR >o27 Pw(2' By)
B p j=0
t(6o—dn)/2 o (M—d
s O ymaras v (B) > 27/
j=
t(8o—dn)/2

Saypo—dmra—p W (Be);

where the last sum is finite since M > d.

Hence,

c lo—ul® dt
v (d0+a—dn)/2 at
121 S p(m)go_drﬁ_d_ﬁ/o [ w(Bt) t

C lo—ul® dt

v (80— B—dn+d) /2 a

(27) : P(x)5o—dn+d—ﬁ/0 e Wass(z, V1) t

C lo—yl® o dt
< anis / 00 Bm At D2 25 Wy (o, |2 — y)

|z -y

< o (k-1 A

Since 0o — B —dn+d > a >0, and |z — y| < p(z), we have Io; < Woyg(z, |z —y|).
To deal with I, we use again (26) and Lemma 6, to get

dt
Iy = / /|qta:z|\f< azre2 &
|z—y|?
Cp(l‘)_éo /OO t(a+5o—d)/2ﬁ/ ‘f|
lz—yl? t /g

o w(B) (|x—y|)d‘d"+5°‘5
AN

w(B
|x—y(|d)aﬁ<CW sz, [z —yl),

IN

(28)

IN

<C
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since d —dn+ 69— > a >0, and |z — y| < p(x).

The case 8 = 0 and n = 1 is performed using Lemma 6 and inequality (24) with
€ < dp, following the same steps as in (27) and (28) respectively.

We can also obtain that

(29) I3 < CWarp(z, [z —yl)

following the same lines as in I but exchanging x by y and integrating over

B(y, 8|z — yl).
From (23), (25), (27), (28) and (29) we obtain

I < CWarsle,le—yl).

To see 11 < CWyyp(z, |z —y|) we refer to the reader to [5], p. 238. In fact, since
ks is a convolution kernel,

/ ooz, ) — Fu(y, )] d= = .
R

So we have

p(I)Q - - dt
[ ] e =B 0 ) - faldet2 | < T+ 1

where

p(z)? ) »
1, = / /|k‘t(x,z)—kt(y,z)||f( fBldzto‘/ 5
0 B

and

p(x)? i
I, = / / |kt T, z) kt(y, D f(z) — fB\dzta/ =

with B = B(z, |z — y|).
Applying

\wfyl
|kt(xaz)_kt<ya )|<C 1d/2— 1‘ _y| |$_Z|

and changing variables s = ﬁ, we have

et sz dt
In < \x—y|/ 7(2) ~ 5] |x—z|/ et e
1f(z) = [
< y|/ z|d ar1 4z
Since w € Dy, from Lemma 4.7 in [ |, the last expression is bounded by
A= |d )iz < CuB)a -y,

where the last inequality is due to Lemma 3.9 in [5].
To deal with I,

p(@)*
| [ allse) - ol st S

lz—yl

dt
/2
//td/2 — foldzt T

B|$—Z|d_a

IN
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and denoting B; = 277 B, we obtain

G~ sl °°/ 1)~ £l

B |z — 2|t~ =0/ Bi\Bjs1 o — 24

( ! ) R
< 2 —
= =) AR
d—a—p3
< C ( y|) w(B;)
oo . d—a—p
< Z(|.’L‘—y|) ’LU(Bj\Bj+1)
k=
< CZ/ Lj)dz
b0 Bi\Bjt1 |z — zldmah
_of e
Bl — 2|47 ?
finishing the proof of the theorem. (]
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