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1 Introduction

Let us fix K > 1. We say that I = (a,b) is a k—local interval whenever
0 < a < b< ka and we will call critical intervals to those of the form
(a, ka) for a > 0. Also we shall denote with Z, the family of all local intervals
with respect to k. With this notation we introduce the definition of the x-
local Maximal Operator on RT = (0, 00) as follows: Given any measurable
function f: Rt — R, we set

M (@) = sup o [ 1)l
xelel, ’]| I

for any x € R*. This operator, being smaller than the regular Hardy-
Littlewood maximal function, is bounded on Lebesgue spaces LP(RT) for
1 < p < o0 and of weak type for p = 1. However, as it was shown in [4], LP-
weighted inequalities hold for a wider class than Muckenhoupt’s A, weigths,
the Afocﬁ classes, which require control of averages only for local intervals.
Nowak and Stempak studied this problem in connection with transplantation
theorems associated to Hankel Transforms. Such classes of weights were also
used in [2] to prove weighted inequalities for the maximal operator of the
diffusion semigroup associated to Laguerre functions systems.

To be precise, we call a weight on RT to any nonnegative and R*-locally
integrable function. We shall denote by A?  the class of all weights w on

loc,k

R* such that there exists C, > 0 satisfying, for all I € Z,,

(/Iw(x)dx) ” (/Iw(g;)—p’/pdx) W < Cl1], (1.1)

when p > 1, and
w(l) < C|I ingw(x), (1.2)
€
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when p = 1.
The semi-norm [w],, ,; is the least constant C' for which (1.1) or (1.2) holds.

In [4], the authors prove that, for a fixed p, the classes are independent
of k, namely, that A7 = A} .. for any x > 1. Therefore we will denote

that class just with A} . Nevertheless let us observe that the semi-norms
[w]p,~ actually depend on x and could happen, for some weight w € A} . that
[w]px — 00 as k — 00. Such is the case of w(x) =1/x.

In the same article, the authors also show that M. is bounded on LP(w)

if and only if w € A} ., for 1 < p < oo, and that M is of weak type (1,1)
with respect to w(x)dz if and only if w € A}  with boundedness constants

depending on x only by [w]p..-

On the other hand, it is well known that M, the usual Hardy-Littlewood
maximal operator, is not bounded on BMO, the space of John and Niren-
berg. In fact, it was shown in [1] that for a BMO(R™) function, M(f) is
either identically oo or it does belong to BMO. They also show that if the
underlying space is a cube then M is actually bounded on BMO.

The purpose of this work is to investigate the behavior of the Local Max-
imal Operator on appropriate weighted BMO spaces. We believe that our
result (see theorem below) is new even in the unweighted case.

2 Some preliminary results

From their definition it is clear that A} . classes satisfy

1. A?

loc

CA?0071SPSQ7

2. we AP if and only if w7 € AP

loc®

As usual, we denote A7, = Up>1 A} . The following property, that we

borrow from [4], will be useful in the sequel.

Lemma 2.1. Let w € A? 1< p < oo. Then, for every k > 1, there exists

loc?
a constant C,;, depending on k, p and the A} -norm of w, such that

for any I € Z,; and any measurable set S C I.



Remark 2.2. The case p = 1 of this Lemma arises directly from A class
definition, since for all S C I we have inf,c;w(z) < inficsw(z) < |S|w(S).
Thus, (1.2) give us
I
w(l) < C’,QH(U(S) (2.1)
for any I € Z,, and any set S C [.

Next we introduce the precise definitions of the Hardy-Littlewood maxi-
mal operator supported on a given cube and the corresponding BM O space.
Let @) a fixed cube in R". The Hardy-Littlewood maximal function Mg
supported on @) is given, for any (-locally integrable function f and any

r € Q, by
1

a1 | i

where the supremum is taken over all cubes )’ contained in () and containing
x.

Mqf(x) = sup

Given a weight w defined on @), the weighted Bounded Mean Oscillation
Space on ), BMOg(w), is defined as the set of (-locally integrable functions
f that satisfies

ﬁﬂ[uwwwwmsc, (2.2)

for all cubes I C @, where f; = \%I [; f(z)dz. The semi-norm || f|| srrog(w) is
the least constant C' that satisfies this condition.
With BMO,,(w) we denote the space when () = R" andd in that case we
required f to be locally integrable and satisfying (2.2) for any cube I C R".
In [1], the unweighted version of the following result is established (see
theorem 4.2 there). We claim that the same proof, with some obvious mod-
ifications, can be adapted to this setting.

Theorem 2.3. 1. Let Q a fived cube in R™ and w a weight of A*(Q) class.
If f belongs to BMOg(w) then Mqf belongs to BMOg(w) and

Mo fllBmogw) < CllfllBrog ),

where C depends only on the dimension n and the AY(Q) constant of
w.

2. Letw € AY(R™). If f belongs to BMO,,(w) and if M f is not identically
infinity, then M f belongs to BMO,(w) and

| M fll BrMOnw) < Cll Il BMOW (@)

where C' depends only on the dimension n and the A' constant of w.



3 Local BMO space

For k > 1 and a R weight w, we denote with BMOj .(w) the family of all
functions f € L} (RT) that satisfy the bounded oscillation condition

loc

1
—_ — fildx < C,, forall I € Z,, 3.1
7 [l = fldz < 0 toran T e (31)
and the bounded mean condition
o)
—— [ |f(x)|de < C,, forall I € Z;, 3.2
i @ (32)

where we consider Z¢ = {(a,b) : a > 0,b > ka}.

The BMO; .(w) norm of f is the least constant that satisfies both con-
ditions and will be denoted with || f[|pror (w)-

Observe that, since ﬁ [ 1f(@) = filde < Qﬁ [; 1 f(@)|dz for any mea-
surable set I, we have that the bounded oscillation condition (3.1) actually
holds for any interval I CC RT. Also, if 1 < k < &’ then BMO? (w) —

loc
/
BMOY (w). Moreover, we have:

Lemma 3.1. Ifw € A, then BMO} (w) = BMOF (w) for any k, k' > 1,

with norms and equivalence constants depending on w, k and K'.

Proof. Consider 1 < k < k’. By the observation made before, it will be
enough to prove, for f € BMOY (w) and I € Z¢, that ﬁfl|f(x)|dx <
C“fHBMog’C» with C' = C(k, k', w).

If I € Z§,, then there is nothing to prove. If I = (a,b) € Z)y N Z: we have
ka < b < k'a. Then, using Lemma 2.1, we obtain

JACIE

/

e

11l asop ((a, 5'a))
C||f||BMOfD’CW((aa Ka))
CHfHBMOfD'cw(])’

INIA IAIA

and this complete the proof.
O

The following Lemma says that is enough to prove the bounded mean
condition (3.2) only for critical intervals to conclude that a function is in

BMOy: (w).



Lemma 3.2. Letw € A If a function f satisfies (3.2) for any I = (a, ka)
with a > 0, then f satisfies (3.2) for any I € Z¢.

Proof. Let I = (a,b) with b > ka and let jo > 1 an integer such that
k0a < b < k*lq. Then

nj'Ha

JCIEE 2 | i@

Since each (k’a, k’T1a) are critical intervals, by hypothesis we have

.

0

/I\f(x)\dx < C, w ((Ka, " *a))

< Cplw() +w ((K°a, s a))] .

<.
Il
o

Since the interval (k%0 ~'a, k/°*1a) belongs to Z,.s, Lemma 2.1 implies

w ((/ijoa, fijOHa)) < w ((Iijo_la, /ijOHa))
< C. w((K" a,a))
< Cuw(D).
Thus, we have obtained f[ |f(z)|de < C, w(I) for any I € Z¢. 0

Another useful property is the following one. Note that, in the classic
BMO context, this is a consequence of John-Nirenberg inequality.

Lemma 3.3. Equivalence of norm’s property. Let w € A} —and k > 1.
For 1 < r < p/, there exists a constant C,, = C(r, kK, [w]p.) such that if
f € BMOy, (w) then

1 r, 1-r Hr
(M/I’f(x) — Jil'w (Sc)dl’) < Cx I fllBmog, (@) (3.3)

forall I € Z,;, and

1 . 1/r
(m/llf(x)rw _T(x)d‘w) < Ci, |fllBmog, ) (3.4)

forall I € Z;.



Proof. Let w € A}  and f € BMOy, (w). First, we will prove that (3.3)
holds. For any i € Z let J; = (K, /@”3) Then, w € AY and J; € Z,1 implies
w € AP(J;), with [w]ar(s,) < [W]pk, for any i € Z.

Since BM O} .(w) C BMO(w), the BMO space supported on R*, f|;, €
BMOy,(w) and from the known equivalence of norm’s inequality for BM O, (w)

we have

loc

1/r
( 1@ - oG >dx) < Cll fllmon o

for any I C J;. Since the constant C; depend of i only by [w]ar(s,), We can
replace it by a constant C, independent of J;. Thus, since every I € Z, is
contained in some J;, i € Z, we obtain the desired result (3.3).

To prove that (3.4) holds for I = (a, ka), observe that

@) (@) de " < |[f(z) = fil' W' (2)dz "
(& ) ) = (e fe )

§ (wwu() )> il

The first term of the right side is bounded by || f||pmor (), We can prove
this following the same argument as is the proof of (3.3). For the second
term, observe that I belonging to Z,.» and w'™" belonging to A7 imply that
Wi T(I)I/T (Y™ < C, |I]. Then

(o) 1l < o iy f1swas
< .Ul

loc )

loc

A

To extend this result to intervals I = (a,b) with b > ka, we proceed as
we did in the proof of Lemma 3.2. O]

We now state our main result.

Theorem 3.4. If k > 1 and w € A}, then there exist a constant C =

C(K, [w]1 k) such that

Hl\/[locfHB]WOfoc
for all f € BMO;: (w).

loc

< C|fllBmor, )



Proof. Let f € BMO} (w).
We will prove first that the bounded oscillation condition (3.1) holds for
f. Consider I = (a,b) € Z,, i.e., 0 < a < b < ka. We want to prove

loc

1
—_— ~ < K .
5 | Mr (@) = dde < €l lawor, o (35)

for some constant ¢ depending on f and I and C = C(k, [w]1 ).
Let jo € Z such that k% < a < k%! and call Iy = (k7! k%T3). Then,
for any € I and any J = (d/, V') € 7, with x € J, we have J C I;. That is

true since I N J # () implies @’ < b and b’ > a and therefore i/ < ka’' < kb <
k%a < k03 and ' > V' /K > a/k > ko7 Then, for any z € I,

My f(x) < My, f(z),

where M, is the Hardy Littlewood maximal operator supported in I,. That
is, for z € I we take averages only over intervals contained in /.

We bound the left side of (3.5) by the sum of A and B, where

/‘Mloc MIO (l’)|dl’

= L[/|M10f(x) — c|dzx.

We first consider A. Since for all x € I we have Mj f(x) < M, f(z) <
Mfocf( ) + Mlocf( )

where

and

Vif(@) = _sw o / £ (w)ldy

x€JClo,JELS

A / Mloc

If J eIt ={(a, 3) : O,ﬁ > ka} and J C Iy = (k%71 k70F3) ] then
|J| > (k — 1)%30 1= 21 ][0|. This implies that

we have

Mf f(x) < Cy £ (y)ldy

|I | J1o
w(lo)

S C ||f||BMOlOL(UJ ’[ |

for any x € I, where the last inequality arises from (3.2) since f € BM Oy .(w)
and I € Z¢.



Then

1] w(lo)
A<C, ||f||BMozc<w>m|I—o(|)'

Since w € A} ., Iy € Z,s and I C Iy, (2.1) implies

locy

(3.6)

w(lp) < CH|I—()||w(])

and then A is bounded by || f||zamos () times a constant C' = C(k, [w]1 k).
In order to obtain the same for

1
B =75 [ 1M f@) = cia

consider ¢ = (M, f);. Observe that M, f < oo a.e., since f € BMO(w).
Also, w € A} and Iy € Z,s implies w € A'(Iy), with the A'(I;) constant
depending only of [w]; .5, that is, independent of I, and hence of I. Then,
we use Theorem 2.3 with @ = Iy to obtain B < C||fo| smoy, ), with C' =
Clrw). Since |follmmoyw) < Iflerrow < Ifllaiog, @y We obtain the
desired inequality.

Now we will prove that the bounded mean condition (3.2) for Mji_ f. By
Lemma 3.2, it will be enough to prove

1 K
w00 / M (2)]dz < Collfllmaror. (3.7)

for I = (a, ka), where a > 0.

Let I* = (a/k,(k + 1)a) and write f = f; + fo, where f; = fx;+ and
fo = fxi1+c, where the complement is taken on R*. We will prove (3.7) for
Mj . fi and Mj _fs separately.

loc
Consider first M7 _f;. From Holder inequality we have

loc

1

7 | Mien@ide < (ﬁ / IMmel(w)Fw‘l(x)dx) T e

Since w € Al C A% and hence w™! € A? | we have, by Proposition 6.3

loc loc locy

of [4], that M¥ _is of strong type (2,2) with weight w™!. Then, the right side

loc

of (3.8) is bounded by a constant times

(ﬁ / |f1(x)\2w1(x)dx) " (3.9)
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Since I* € Ty,2 and I C I*, (2.1) implies w([*) < C,; w([), and then (3.9) is

bounded by
1 ) 1/2
e (S [ P @ae)

Finally, since I* € Z¢, we use the equivalence of norm’s inequality (3.4) with
r = 2 and we obtain that the left side of (3.8) is bounded by a constant

C = C([w]ik, &) times || fl|Brror (w)-

Consider now MJ fo(x), with € I = (a,ra). Let us observe that here
is enought to take the supremum of the averages over those J € Z,; such that
x € Jand JNI* # (). Remember that I* = (£, (x + 1)a). If an interval
J = (d',V) satisfies JNT # @ , then o’ < ka and a < ¥'. If it also J € Z,,
then @’ > a/k and b’ < x%a. Then we have J C I**, where I** = (a/k, k*a).
Also, if JNT*¢ # () then ' > (k+1)a and this, together with o’ < ka, implies
|J| > C,|I**|. Thus, for every x € I we have

and

. 1
Miuh(@) < Cori [ 1wy

< Cy ||fHBMOfOC(w)W7 (3.10)
where the last inequality arises since f € BMOy (w) and I** € Z¢.
Finally, since w € A} , I** € Z,.« and I C I**, (2.1) implies

loc)

1 K
0 / M, fo(2)|dz < Co || 53105 )

Therefore, the proof of Theorem 3.4 is complete.

4 A necessary condition.

In [3], Muckenhoupt and Wheeden introduced another version of weighted
BMO. More precisely, for a given interval I, w([) is replaced by inf,c; w(z)|1].
Similarly, we consider now the corresponding local version BM O, (w), the
space of all RT-locally integrable function f that satisfy

1
T x)— frlde < C,, forall I € Z,, 4.1
T / @) - fi (4.1)



and .
—_— x)|dx < C,, for I = (a,ra),a >0, 4.2

and the norm || f[| asor= () Will be the least constant satisfying both condi-
tions. 4

It is clear that BMO;"(w) C BMOj .(w), since for any weight w and any
ball I we have w(B) > inf,c;w(x)|I|, and, by Lemma 3.2, a function need to
satisfy the bounded mean condition only for critical balls in order to be in
BMO§ (w). Also, if we suppose w € A}, then BMO;>(w) = BMO}, (w )
with equivalence of norms. Thus, from Theorem 3.4, we have that Mj _ i
bounded from BMO; .(w) to BMOZJS( ), if w e Aj},,.. We will see now that
the converse statement also holds.

Theorem 4.1. Ifx > 1, then M}
if we Al

: BMOY: (w) — BMO" (w) if and only

loc * loc

loc*

Pmof From the above remark we only need to prove the necessity of w €
Suppose then that M = is bounded from BMOj (w) into BM O} (w)

loc loc loc

and consider an interval I € Z,.. Since L>®(w™!) = {f : fw™ € L®(R")} is
continuously contained in BM O}, .(w), we have

1
Mi My f(y)ldedy < Cl fw™ o 43
inf,er w(2) \IP//‘ o] () = Mipo f(y)|drdy < Cllfw™ oo, (4.3)

for every f € L®(w™1).
We divide the interval I into six disjoint subintervals of equal measure,
that is,
Iz[1U]2U13UI4UI5U]6

where all the [; are disjoint and |I;| = F More precisely, if I = (a,b) then

Li=(a+%2%0—1),a+%%),i=1,..,6.
If we take f = wxy,, then from (4.3) we get

|| Mt - M f)ldedy < CP i), (1)
nJn A
If x € I then clearly Mj f(x II | fll |f| = 11) . If y € I, then for any

interval J such that y € J and Jﬂ[l # () we have |J| > |I,U 3] = 2|1;], thus
M (y) < 322 Then we have M, f(r) = M, f(y)| > Cw(h)/|1] for any

x € I; and y € I4. So, if we integrate over [; and Iy, (4.4) give us

w(l) < C|I|inf w(x).

zel
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Analogously, we can obtain the same inequality for the other intervals [;,
i = 2,...,6, considering f = wyy, and integrating x over I; and y over I;,
where [; is at least at a distance |/|/3 away from I;. For example, we may
compare I, with I5 and I3 with I; or I and so on.

In this way we will arrive to

w(l;) < C|I ingw(x), fori=1,...,6.
BS
Finally, adding on i we obtain the A! condition for the interval I € Z,.
Therefore, w € A}

loc*

[]
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