PARABOLIC BESOV REGULARITY FOR THE HEAT
EQUATION

HUGO AIMAR AND IVANA GOMEZ

ABSTRACT. We obtain parabolic Besov smoothness improvement for temper-
atures on cylindrical regions based on Lipschitz domains. The results extend
those for harmonic functions obtained by S. Dahlke and R. DeVore in Besov
regularity for elliptic boundary value problems published in Communications
in Partial Differential Equations 22, no. 1-2, 1-16, 1997.

1. INTRODUCTION

S. Dahlke and R. DeVore prove in [DD] that a particular imbedding property
in the scale of Besov spaces By (D) when ¢ = p (By (D) =: By(D)) holds when
we restrict our attention to harmonic functions on a Lipschitz domain D of IR%.
Precisely in Theorem 3.2 in [DD] the authors prove that if D is a Lipschitz domain
inRY1<p<oo,A>0,0<a< L and L ——+°‘ then

(D) N By (D) C BX(D), (1.1)
where J#(D) is the space of all harmonic functions defined on D.

Since we can choose the parameter o to be larger than A, the result is relevant
in order to improve the rate of convergence of nonlinear methods of approximation.
For details, regarding this application of (1.1) we refer to [DD].

In this paper we aim to prove similar results for temperatures. We shall write
to denote the parabolic cylinder D x (0,7") with 7" > 0 and D a bounded Lipschitz
domain in IR? (d > 2). Let ©(Q) denote the space of all temperatures u = u(z, t)
in Q. In other words ©(Q) = {u: % = Au in Q}.

Let us briefly introduce the parabolic Besov scale BY(2) for 0 <y < 1,1 <r <
00. Among the several approaches to Besov spaces, we choose the interpolation
one. For 0 <v<1,1<r s < oo define

X
Br? (Q) = (Lr(Q), WP (@) 3
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and B)(Q2) = B,.,2 (2). Here W21(Q) is the anisotropic Sobolev space defined by
the norm
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2 PARABOLIC BESOV REGULARITY FOR THE HEAT EQUATION

For general v > 0 we can define B (£2) through the action of the derivatives % and
82
Bmic?mj :
We are now in position to state our results which give improvements of Besov
regularity for temperatures in two different directions.

Theorem 1. Let 1 < p < oo, A > 0, £ the largest integer less than A+ d, 0 < a <
min{¢, 24} and L = % + &. Then

vd—1
O(Q) N Ly((0,T); By (D)) C L,((0,T); B (D)).

Theorem 2. Let1<p<oo,/\>0,0<a<min{d(1—l) )‘d}and%:

P ' d—1
Then
O NBY(Q) C ) BI Q).

a>e>0
Theorem 2 provides the analogous for temperatures of (1.1).

As in the elliptic case a central tool for our results is the use of the charac-
terization of the elliptic Besov spaces through Daubechies wavelet bases. For our
first result we shall use the parabolic analogous of Theorem 3.1 in [DD], essentially
contained in Corollary 5.2 of [AGI1]. Our second result is a corollary of the first
one if we use Theorem 1.1 in [AGI2].

In § 2 we introduce the spaces involved in theorems 1 and 2 and the wavelet
characterization of the elliptic Besov spaces. Section 3 contains estimates for the
space gradients of temperatures which are essentially proved in [AGI1]. In Section 4
we introduce partitions of the wavelet index set at each scale and each time and
we prove some central technical lemmas. Finally Section 5 is devoted to prove
theorems 1 and 2.

2. BESOV SPACES

The literature on classical Besov spaces and their extensions to parabolic settings
is abundant, see [BIN], [Pee], [Sch], [ST], [Bow]. Let D be a bounded Lipschitz
domain in IR?. Under this regularity condition on 9D we have that the Besov space
B (D) coincides with the space of the restrictions to D of BY(IR?). A basic tool in
[DD] which shall also be used here in the proof of Theorem 1, is the characterization
of BY(IR?) in terms of Daubechies type wavelets. We shall closely follow, with minor
changes, the notation in [DD] in order to state the characterization results that we
shall use in the sequel. Let D;, j € Z, be the set of all dyadic cubes in R? of
measure 2%, Set D = U;ezD; to denote the family of all dyadic cubes in IR? and
Dt to denote those cubes in D with measure less than or equal to 1.

For any given positive integer n there exists a set ¥ of 2¢ — 1 functions 1) €
Er(IR?) , with n-vanishing moments and ¢ € €*(IR?) all of them supported in a
cube @ centered at the origin of IR?, such that the system {7 : ¢ € U, I € D} is
an orthonormal basis for L?(IR?) and {7 : ¢ € ¥, I € D%} is an orthonormal basis
for the complement of Sy, the L2(IR?) closure of the linear span of {¢; : I € Dp}.
Here, as usual, ¢y and ¢; denote the translation and scaling of ¢ and ¢ defined

i — i Jop 3 — 179 ki ki+1
by the dyadic cube I € D, ¢y(z) = 22 ¢(27x — k) with I = IT{-, [5%, %] and

k = (k1,...,kq). We point out here that the support of each v; is contained in a
cube Q(I) containing I with % =1Q| .
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Once and for ever along this paper we shall fix the restrictions of all the involved
parameters. The space dimension d is larger than or equal to two. The starting
integrability parameter p is finite and larger than one. The starting regularity pa-
rameter A is positive. The improved regularity parameter o belongs to the open
interval (0, min{¢, #4}) with ¢ the largest integer less than A + d. The final inte-
grability, which is worse than the starting one, is given by the positive parameter
7 defined by % = % + 5. Since we shall deal with these parameters when consid-
ering the elliptic Besov spaces, we will use their wavelet characterization for the

integrability parameter less than one but only for positive regularity.

It will be useful for further convenience to write out explicitly the characteriza-
tions of By (IR%) and B(IR?) with the above relationships among the parameters.

We shall also adopt here the L,(IR?) normalization of the wavelet basis introduced
in [DD]. For ¢ € ¥, and I € D, with 95, we denote the function

11

VYip =112 Py
Notice that ¢r = 912 and that Hz/q,pHLp(le) = [|¥ll, (ay for every I € D. Let us
also observe that with this notation the expansion of a function f in this wavelet

basis is given by
F=3""(fbn) s

IeDyev
= Z Z <f7wl,p’>z/}1,p 9
IeDyev

where p’ is the Holder conjugate of p. When the wavelet decomposition is only
used at the scales defined by |I| < 1 we only have the cubes in D*. And the
representation of f becomes now

F=PRf+ Y > (ftbrp)tryp (2.1)

IeDt yev

with Py the orthogonal projector on Sy = span{¢; : I € Dy}, the closure in the L?
sense.

Proposition 3. Let d, p, A\, a and T be as before. Assume that ¥ C €™ (IR?) with
n>A+d. Then
(A) f e By(IR?Y) if and only if

1
A p
1Pof N ey + | 52 SSUITE 1)l | < o (2.2)
IeD+ ype¥
(B) f € BY(IRY) if and only if
1Pl L, (may + Z Z [(fobrp)lT | < oo (2.3)

IeDt+ yev
For a proof see [FJ], [Mey].

Less standard are the parabolic Besov spaces. For our approach to the proof of
Theorem 2 we shall only need the interpolation version of this scale and no wavelet
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characterization is required. For characterizations of anisotropic Besov spaces see
[Lei] and [Bow]. Since the hypothesis o < d(1 — %) in Theorem 2 guarantees that
7 > 1 we shall only concentrate our attention to integrability exponents larger than
one when dealing with this parabolic scale of Besov spaces. For 0 < v < 1 and
1 <7, s < oo define
.
v
B2 (9) = (Lo(@), W2 (@),
v
and B} (Q) = B,,2 (Q). The parabolic Sobolev space W21(€) is the space of those

functions in L, (§2) with weak derivatives of order two in space variables and order
one in time in L,(Q) (see [AGI2)).

3. GRADIENT ESTIMATES

For a given bounded Lipschitz domain D ¢ R, T > 0 and Q = D x (0,7T)
define the parabolic distance of (z,t) € Q to the parabolic boundary of 0, a2 =
(Dx{0})U(@D x[0,T)), by 6(z,t) = inf{p((z,t); (y,9)) : (y, ) € Opar{2}. Here pis
the standard parabolic distance p((z,t); (y, s)) = max{|z — y|, /|t — 5|} in R+

Let us first introduce the two basic maximal functions involved in the pointwise
estimate that can be proved following closely the lines of the proof of Corollary 5.2
in [AGI1]. The one-sided Hardy-Littlewood maximal operator on (0,7T) is given by

_ 1/t
M~g(t) = sup 5/ lg(s)| ds
0<h<t t—h

for t € (0,T"), when g is a locally integrable function on (0,7"). On the other hand,
for a given smooth function f on D, the local version of the Calderén maximal
function of order A is given at a point x € D, by

MEAf(z) = sup ! A/ |f(y) — Pu(y)| dy
3 JB(ar)

0<r<é(=@) | B(xz,r)|'t

where 6(x) = inf{|z — y| : y € D} and P, is the Taylor polynomial of degree £ — 1
for f at x, with £ the smallest integer larger than A. With the above notation and
the arguments in the proof of Corollary 5.2 in [AGI1] we get the following result.

Theorem 4. There exists a constant C such that for each v € ©(Q) the inequality
5N V| < CM ™ [ME ] (3.1)

holds in Q, where Vu denotes the vector of all the space derivatives of u of order

L.

From the above result we shall obtain the LP estimates which shall be used in the
proof of Theorem 1. We denote by L, ((0,T); B)(D)) the space of all measurable
functions v(x,t) on 2 such that the norm

1
T P
||U|\Lp((o,T);Bg(D)) = /0 ””("t)H%g(D) dt

is finite.
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Corollary 5. For some constant C and every u € ©(f2), we have the inequality
=X |t
H5 |V UH|LP(Q) <C Hu”LP((O,T);Bg(D)) : (3.2)
The proof of Corollary 5 follows from the L,(0,T") boundedness of M~ and the
boundedness of Mﬁ’A as an operator from B, (D) to Ly(D) (see [DS]).

For the proof of Theorem 2, we shall make use of the next result which is con-
tained in Theorem 1.1 in [AGI2] and remarks following it.

Theorem 6. For v > 0,1 < g < oo and 0 < e <~ we have that
O(Q) N Ly((0,T); B (D)) C By (). (3.3)

4. PARTITION OF THE WAVELET INDEX SET AT TIME t

As before we consider the functions d(z,t) defined in Q and §(z) defined in D,
the parabolic and elliptic distance functions to the parabolic and elliptic boundaries
of Q and D respectively. It is not difficult to prove that §(z,t) = min{d(x), V/t}.
This formula allows us to produce the following partition of €2, O = {(z,t) € Q:
§(x,t) = d(x)} and Q? to be the interior of the set {(x,t) € Q: §(x,t) = V/1}.

The above partition of {2 induces a classification at each time level of the dyadic
cubes in the famlly Fj = {I S Dj : Q(I)QD 7§ @} Set Fj,O = {I S Dj : Q(I)ﬁaD 7§
@} and I?j: I'; \Tj,0. Now, for the inner cubes I EI?j and 0 <t < T, two different

1 2

position I'; (t) and I'; (¢) of the interval I raised to time ¢, I(t) = I x {t} are
still possible according to the above decomposition of €. In Figure 1, some typical
ol 02
possible situations for an interval I € I'; are sketched; I; €L'; (t2), I» €L (f2)
o 2 o 1
and I3 EFj (tl)ﬁ Fj (tg)

T

tat —

O

Q,

i1k

I I I
FIGURE 1. Decomposition of I';.

Precisely, define
o 1 o o 2 o o 1
L, ()={Iel;:I(t)cQ'} and T; (t)=I;\T; (1)
For each k € ZF set T = {1 € T : k279 < g1y < (k+ 1)277}, where g1
denotes the elliptic Euclidean distance of Q(I) to dD. With T" we shall denote the
family of all cubes in any I';, i.e. I' = U;>0l";. Notice also that I'; = Ug>0l';j .
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Let us state and prove some lemmas that we shall use in the next section.
2
. o
Lemma 7. There exist constants c1 and co such that witht > 1477 and I €T’ (1),
we have that §(x,t) > cav/t for every x € Q(I).

Proof. Since, once the regularity and support properties of the wavelets are fixed,
the cube Q(I) has measure comparable to that of I and Q(I) D I, there exists a

constant v such that Q(I) C vI, the dilation of I with respect to its center by a
2

factor v > 0, for every I € D. On the other hand, since I El'?j (t), I(t)N Q% #£ @.
So that, there exists z € I such that (z,t) € Q2. In other words 6(z,t) = v/t. Pick
x € Q(I), then

Vi = 6(z,t) < p((2,1); (2,1)) +6(, )
= |z —z| + d(z,t)
< 20279 + §(,t).

1

Taking ¢; = 1612 and ¢y = 3

we have the result, since

2w/t

NG

NG
=5 + 0(z, t).

Vit <2027 4 §(x,t) < +d(x,t)

ol
For the intervals in I'; (¢) instead, we have the following result.
ol
Lemma 8. For every t > 0, every I €I'; (t) and every x € Q(I) we have that
5(:E,t) Z 5Q(I)-

ol - -
Proof. Since I €I'; (t), then for 2 € Q(I) we have that §(xz,t) = 6(x) > dg(y. O

The next lemma contains properties of the families I'; ;, which shall be important
in the proof of our main result. The second one is a consequence of the regularity
of the boundary of D, the first and the third of the boundedness of D. With #(FE)
we shall denote the number of elements of the set F.

Lemma 9. There ezist three constants Cy, Cy and Cs depending on D such that
(9.1) #(I;) < Cp274,

(9.2) #(T;x) < C1279=Y) for every j,k > 0,

(.93) FjJC = for k> 022j.

Proof. The estimate (9.1) follows directly from the boundedness of D. Notice that
(9.3) holds with Cy = diamD, since if I € I';;, we necessarily have that

k277 < do(r) < 01 < diamD,

hence k < 2/diamD.

Let us briefly sketch the proof of (9.2) for k = 0. Since D is a bounded Lipschitz
domain in IR?, we have that the (d — 1)-Hausdorff measure o(9D) of the boundary
of D is positive and finite. For h > 0,0 <a < F, [v|=1,v € R?* and z € IR%, set
K(z,h,a,v) to denote the cone {y : |(y —z)-v| > |t —y|cosa and |y — x| < h}.
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From the Lipschitz character of 9D, there exist a positive number h and a € (0, §)
such that for every x € 9D there exists a unit vector v(z), for which the cone
K(x):= K(z,h,a,v(x)) intersects 0D only at x.

Since D is a bounded domain and the constant C is eicpected to depend on D, we

may assume that j is large enough in order to have 3 |Q|d 277 < h. Foreach I € I'; o

set @(I ) to denote the cube concentric with Q(I) with side length equal to three
times the side length of Q(I). Since Q(I)NID # & because I € T'; o, we can take a

point z € Q(I) N9D. Now since (0D NQ(I)) — {z} C (K (x))°, the complementary

of K (), we have that o(0D N Q(I)) > 10(0K (z) N Q(I)) = C5277(@=1) where Cj
depends on a. Hence I';o C Ty = {I er;: o(QU)NAD) > Cg2fj(d’1)}, and it

is enough to obtain an estimate for #(fjﬁo) of the form (9.2). Since the overlapping

of the family {Q(I) : I € T';} is bounded by a constant M which is independent, of
7, we have that

o(0D) = /]Rd Xop(y) do(y)

1

> i i Z XaDm@(I)(y) do(y)
IeT ;0
= Y o(@DNQ(I))
Iefj,o

> Cy#(T;0)277@ D,

5. PROOF OF THE RESULTS

Proof of Theorem 2. Once we have Theorem 1, Theorem 2 follows readily from The-
orem 6 in § 3. In fact, since B)(Q) = (Lp(©2), W21 (Q)) »’ L,(Q2) = L,((0,T); Ly(D))
2 9.

and since W2''(Q) is a Banach subspace of Ly((0,T); W}(D)), with W7>(D) the
usual elliptic Sobolev space on D, a classical result by Lions and Peetre (see
[BL]) allows us to claim that B)(Q) C L,((0,T); By (D)). Hence ©(Q2) N B, () C
O(Q) N Ly((0,T); By(D)).

From Theorem 1, we have that ©(Q) N B () € L.((0,T); B¥(D)). Now, since
a < d(1 — 1) then 7 > 1 and Theorem 6 holds with ¢ = 7 and v = a. So that

P
O(Q2) NB)(Q) C BY4(Q) for every € > 0, which proves the result. O

Proof of Theorem 1. Let us start by taking a temperature u = u(x,t) in the space
Ly((0,T); By(D)) with 1 < p < oo and A > 0. We have to check that u belongs to
L-((0,7); B2(D)) with £ =21 + 20 < a < min{¢, 24} and ¢ the largest integer
less than A + d.

For 0 <t < T, set U(t) to denote the function defined in D by U(t)(x) = u(z;t).
Since u € Ly((0,T); By (D)), then there exists a subset Z C (0,T) of zero measure

such that for every ¢t ¢ Z, U(t) € By(D). For such a t, since D is a Lipschitz

1
p
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domain, U(t) can be extended to the whole IR? as a Bg‘ (IR?) function V(t) with
VOl gy mey < CIU@ 2y

Set v(x t)y=V(t)(z) fort ¢ Z and r € R and v(z,t) = 0 when t € Z. Hence,
fo |V (t) Bk(le) dt < Cfo |U(t) BX(D) dt and v € Ly((0,T); By(IR")). Notice
that if we apply at each t ¢ Z Stein’s extension operator [Ste] (see also [JK]) to
U(t) to obtain V (t) we get a v(z;t) = V(¢)(x) which is measurable as a function of
the variables (z;t) € R*!.

From (2.1) and for fixed ¢ € (0,T) we have that

V(t) = RV (t) Z Z t), V1) V1p

IeD+ ¢ev

Z( )1 @14—2 Z ) 1,p) Yrp-

I1€Dy IeDt+ ypev

in the Bg‘ (IR?) norm.
We can obtain another B)(IR?) function W (t) by restriction of the above sums
to those cubes I for which Q(I) intersects D. Precisely, we define

W)=Y (Vo) er+ Y Y V), 1) b1y = Wo(t) + Wi(t)
IeT, IET $ew
which certainly belongs to By (IR?) and W (t) = V(t) = U(t) on D. To prove that
u € L((0,T); B¥(D)), it is enough to show that fOT W (1) Ba (e is finite.
Let us start by estimating fOT [Wo(t)[| pa (may dt. Notice that for each t € (0,T)

Wo(t) is a linear combination of a finite number of the ;’s. From Holder’s inequal-
ity,

IWo )l o may < D KV @), o)l o1l g oy
IeTly
< ”V(t)HLp(/Rd) Z ||<PIHLP,(1Rd) ||SDI||Bg(de)
IeTy

< CIV©O acma)
< ClIUO By -

Hence
T T
[Wo(O)ll pe(ray dt < C | U(E)] gy dt-
0 T 0 P

Since 7 < p, applying Hélder inequality with £ we obtain that

T p=r [ (T ,
/0 |\W0(t)||Bg(Bd) dt<CT » /0 HU(t)”%pA(D) dt

which is finite since u € L, ((0,T); B)(D)).
The difficult estimate, as in the elliptic case considered in [DD], is actually
the proof of the finiteness of fOT |\W1(t)||;a(md) dt, where the characterization of

B2(IR?) given by (2.3) in (B) of Proposition 3 becomes crucial. Applying (2.3)
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with f = Wy, we observe that it suffices to prove that

/ZZ| ), b1 )| dt < 0.

0 reryew

From now on we shall use the notation and the lemmas proved in §4. Hence, with
c1 the constant in Lemma 7, we can write the above integral as

[ womra-3['S S womra

IeT YeY IET; e

> [T S

IET; Pev

3 B9 > SLICRIMILY

1477 1er. yew
= A+ B.

0l
Now, since for fixed j > 0 and ¢ € (0,T") each T'; is the disjoint union of I'; o, T'; (t)

02
and I'; (t) we have that

=3[ & S

¢ 1€l oW

+Z/ Y D V) )| dt

= By + By + Bs.

So that we have to show that, under the assumption in the statement of Theorem 1
for d, A\, p, « and 7, A, By, By and By are all finite.

FEstimate of A. It follows from Lemma 9 and (2.2) in Propositon 3 after an adequate
application of Holder’s inequality. In fact since

4= / Koot (2P @V (), 0r0)) dt,

IET YeT

we can apply Hoélder’s inequality with £ > 1, the measure on I' x ¥ x (0,T")
obtained as product of the counting measures on I" and ¥, times the Lebesgue length
n (0,7) and the functions f(I,¢,t) = (2j(1)’\|<V(t),w17p/>|)T and g(I,9,t) =
X(0,e14-1)(t)279DA where j(I) is the resolution level of I € T, in other words
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I € Tj(;). Hence A is bounded above by

p—T
T 1477 p
(ZZ/ 2PV (1), ) [P dt) ZZZ/ A=
r w /0 j r; w0
T p—T
P = —i(ma=lsv2-d) :
< ([ Exrm o mara) o (3
D+ W §=0
T P
sc(/o IV gy )
T P
so</ 100y 1 ) ,
s1nce7)\ - +2- d>0because0<a<—<— O

Estimate of By. The series By can be estimated as A by using Hoélder’s inequality.
The basic difference is that, even when now the time integral is computed on a
large interval, the families I'; o are smaller than the corresponding families I'; as
Lemma 9 shows. In fact, from Holder’s inequality and (9.2),

Bo_z/ > UVl de

4™\ 1eT; o pev

SEEY [ e ) a
j Tjo ¥

SR
bS]

/22227/\;7 t),%rp)|” dt . 227;')\7-1)_%2]»((1_1)

J Tjo ¥ J

T p
sc(/o 100 1y d ) ,

since, being 0 < a < %, the exponent )\7’# —d+1 of 277 in the last geometric
series is positive. (I

Estimate of B1. Now we have to estimate

Bi= z/{w DD BCORDMIES

v
rer’y, (1 Ve

o 1 o ~
where T'; (t) = {I €l';: I(t) C Q'} and Q' = {(z,t) € Q : §(z,t) = &(z)}.
The next result contains an upper bound for [(V'(t),r )| which shall be used
to estimate Bj.
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Claim. There exists a constant C such that

V(1) 1) < ClQD)|E ( /Q . \VKV@)(w)\”dw) " (5.1)

To prove it we shall use the following Poincaré type inequality on each Q(I) for
IeDt,

‘ P
= P
W) = Pl <l ([ [ovioolac)
where, for each t and each I € Dt, P, (x) is a polynomial of degree less than ¢ in
the variable z. Since each 17, has zero moments up to the order n > ¢ — 1, and
L, norm independent of I, applying Holder and Poincaré inequalities we obtain
the claim,

(VI(t) = Prr,vbrp)]

V() Yrp)| < |
< |V(t) = Pyl

Loy 11wl (me)

< Q) </Q(I) \va(t)(w)\pdx> ’

ol
From (5.1) when I €I'; (t), Lemma 8 gives

V() )| < C277055,) < / ‘62A(x,t)’VZV(t)(x)de:r>p (5.2)

Q(I)
Hence

T
—jbr TA=0)T
Blgcz:/o N 250 (/Q
J I‘Oj

168, ) \vaa)(x)updx) ’
()

ot
p
_ 2 T
ey |1 () : /0 3 /Q (I)W—A(x,t)|VZV(t)(x)\|pdx
e 5,
pP—T
e SO—0)7\ PoT ’ ’
<C Z Z(w”%gﬁ)?*f </0 /D’(Se)‘(a:,t)‘VeV(t)(a:)dex>
J I—?j
(5.3)

where in the first inequality we have used (5.2), in the second Hélder’s inequality
for the integral in ¢ and the sum in I for j fixed with the exponents £ and -,
and in the last one we have used that for fixed j the cubes Q(I) C D and their
overlapping is uniformly bounded.

Since on D we have that V(¢) = U(t), from Corollary 5 we see that the sec-

ond term on the right hand side of (5.3) is bounded above by a constant times

SR

Bl



12 PARABOLIC BESOV REGULARITY FOR THE HEAT EQUATION

Hu||2p((07T);Bg(D)). Hence to finish the estimate of By all we have to do is to prove
p—T

p

_P_ °
that the series -, (ZI‘O (g—jfr 58(;)5)7) pT) converges. Since I'j= Up>11; 1,

from Lemma 9, we get

b—7 b—7
p \ P c2’ p \ P
—jbr A=)\ p—T o —jbr T(A=L)T\ p—T
> (2 O¢(n) ) = (2 O(n) )
Iere k=11I€T;
, p=T
c2 ¢ A—0rp\ P
< C ZQJ(dfl)Q p—T (kQ*J) p—T
k=1
pP—T
(L Arp C2 (A=0)Tp P
—C 2J<d ' P*T)Zk P
k=1
Arp . (A=) =
_1_ATP P D
§O<2 (13285 “))
(AP=T) ey,
_ o (5 aromor)
Now, since @ — AT + (A — £)7 is negative the series converge. O

Estimate of Ba. Even when the general scheme for the boundedness of By looks
similar to that for B;, we would like to emphasize that they are quite different.
This is reflected by the fact that for By, t > ¢;477 is relevant to apply Lemma 7 to

the intervals in F (t). Since (5.1) holds for each cube I in DT, appling Lemma 7
we get

Bg<2/14] ZZI B vrp)|" | dt

rer’y, 1 Ve

/014 ; Z; (/Q(I) \VZV(t)(:v)!pdx> "

Ier; (1)

=07 v
< CZ/ > o2t (/ (8, t) V'V (1) (2)])" d:v) dt.
c14—7 02 Q)
IeT; (t)



PARABOLIC BESOV REGULARITY FOR THE HEAT EQUATION 13

Applying Holder’s inequality for the integral in ¢ and the sum in I, for fixed j, with

exponents £ and , we obtain
p—T
(A—=0) P ?
. —L)T p—T
Ba < Cllull], o178 D»Z / % ()
c14—7

rer’y’ )

Hence, to finish the proof of the theorem, all we have to do is to show that the
series

p—T
(A—=0) = P
/ <2J’”t 2 >p " at =S
c14—7 o2
Ier; (t)
is finite,
pP—T
. T (A=0)Tp P
S 279t / Xo It 2e=7) qdt
2 o4 20D
I€T;
pP—T
p

0 T A=OTp
S DO D S PN

=0 k>17¢1477 rer;

Notice now that if I € T and ¢t > (k277)2, we have that v > §(Q(I)), so

ol
that I €I'; (¢). Hence in the last estimate obtained for S, the indicator function
XFO " (I) is bounded above by X(g (r2-3)2)(t). Then

i

p—T

(k279)2 (A=O)7p p

s<zzw 3 z/ (T

k> erIer; , 4™’

<C i 2_4717' 2723‘ [%Jr%] Z Z k2 [% 1] [(;(;f):)erl]
j=0

k>cr I€0;

p—7

<Ci2*j272 23[0\ E)T+_] j(dfl)% Zk [(;\(pl):)p ]

S E>1

SCigﬁeT 2—2‘7[@ e)r+7] oi(d- Hez 2Jp;72 {(A 2@) +p;7]
=0

oy 2”'(“*@)

3

Jj=0

which is finite since 7 — @ < 0. O
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