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Abstract

For the family of truncations of the Gaussian Riesz transforms and Poisson integral
we study their rate of convergence through the oscillation and variation operators.
More precisely, we search for their LP(d~y)-boundedness properties, being dvy the Gauss
measure. We achieve our results by looking at the oscillation and variation operators
from a vector valued point of view.

1 Introduction

Given a family of operators 7 = {T.}.-¢ for which it is known that there exists lim. o 7% f ()
almost everywhere for a certain class of functions f, it is classical to measure the speed of
convergence of the family by means of quadratic expresions involving differences of the type
T () — T f ()], see [1].

Along this line, in [3] the authors study the oscillation operator

o0

OTf)x)="  swp | fx) = Toy, fl2) )2,

i=1 tit1<€i+1<e:<t;
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where (¢;) is a fixed sequence which decreases to zero and the family 7 = {7.} is composed
by truncations of the Hilbert transform H = {H.} given by

miw=[ Wy

lz—y[>e T — Y

They proved that the oscillation operator O(H f)(z) satisfies [|O(Hf)||rw) < cpl| f|lLr) for
1 <p<ooand {z:|OHf)(x)] > A} < (¢/N)]|flr®). see [3, Theorem 1.1].

As an important tool in the proof of the above result they get the same result for the
oscillation of the family IT = {p.}, p. being the Poisson integral on R%, see [3, Corollary 2.6].
In the same paper they also consider the p—variation operator

(L1) VAT () = sup (3 [Tof (x) — Ty, £(2)])V7)

(£i)—0 =1

where p > 2 and the sup is taken over all sequences (g;) decreasing to zero.

As in the case of the oscillation, they obtain strong (p, p) boundedness in the range 1 < p < 0o
and weak type (1,1) boundedness of the p—variation for the families associated to both
operators, the Hilbert transform and the Poisson integral, see [3, Theorem 1.2, Corollary
2.6].

Recently, in the paper [4], the same authors have proved the (p,p) boundedness (with con-
stant depending on the dimension), for p in the range 1 < p < oo, and also the weak type
(1,1) boundedness for the oscillation and the p—variation (p > 2) of the truncated Riesz
transforms {K, .} in R?, where

Ka,sf(x)zcd/ Mf(y)dy, rer: a=1,...,d

{yerd: [z—y|>e} |v — y|¢T

Other previous related results can be found in [11], where a probability approach is used
with ideas that go back to Bourgain ([2]).

Finally, by using transference arguments, some weighted strong (p, p) boundedness, for p in
the range 1 < p < 0o, have been proved in [7] for the oscillation and the p—variation (p > 2)
of the truncated Riesz transforms. Moreover in this case the constants do not depend on
the dimension d.

The purpose of this paper is to prove similar results for the oscillation and p—variation for
operators related to the Ornstein-Ulhenbeck semigroup. In order to state the theorems that
we shall prove we need to fix some notation.

Let {S;} be a symmetric diffusion semigroup of operators acting on measurable functions
on R? with a second order differential operator —L as its infinitesimal generator. In this
context, as an important tool for studying the solutions of the heat and Laplace equations,
the following operators are considered, see [21],



(1) Maximal operator of the subordinated Poisson semigroup: P*f(z) = sup,.q |P.f ()],
where P, is defined by the following subordination formula

(1.2) P f(x te="/1 8, f (x)s~ ds,

>=j2_ﬁ/0°°

(2) Riesz transforms: For 1 < a <d,

0

_ 9 s
= 8$aL f(x).

R f(x)

An expression for L='/2 can be derived from the identity s° = ﬁ Joe tPte e dt.

In the classical Euclidean case where L = —A and S} is the Gauss-Weierstrass semigroup, all
of these operators are well known. We refer to [22] for their LP(dx)-boundedness properties,
where dz is the Lebesgue measure in R?. However, since the technique we shall use involves
comparison with the Ornstein-Uhlenbeck semigroup given below, we will rather deal with
the semigroup W, whose infinitesimal generator is —%A, that is

_Jz—y|?

(1.3) Wef(z) = @rt) =2 [ 55 f(y)ay.

R4

Anyway we notice that the operators (1) and (2) defined above are modified only in a
constant after this change in the infinitesimal generator.

In this case the Riesz transforms can be viewed as principal values of the integrals against
the kernels Ky(z — ) = ca(za — ya)|r — y|7%"!, which appear as the corresponding par-
tial derivatives of the kernel associated to the (—1A)~!/2 operator. Moreover the maximal
operators

Kif(@) = sup Ko f(@)| =sup| [ Koolz = 9)f(0)dyl, 1<a<d,
e>0 e>0 R

where Ko (v —y) = Ko(® — ¥)X{jo—y|><} (7, y), are bounded on LP(dx), 1 < p < oo, and
of weak type (1,1). This implies both the almost everywhere convergence of K,.f for
f € LP(dx), 1 < p < oo and the convergence in LP(dz),1 < p < oo, or the weak-L!(dz)
convergence, see [22].

In the case where L = —%A + -V, S, is the Ornstein-Uhlenbeck semigroup O, given by

_leTte—yl?

Ouf(a) = (r(1 =)™ [ &= fy)dy,

(see for example [20]). In this setting the natural measure is the Gauss measure dy(z) =
e~12* dz. The above operators have been intensively studied in the last twenty years by several
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authors. For the LP(d~y)-boundedness of the maximal operator O* we refer to [21] and [20],
for the Riesz transforms, R,, see [15], [8], [14], [18], [5], [9], [23] and [6].

As in the classical case, the Riesz transforms can be viewed as principal values of integrals,
this time against the kernels

e — y]?
1—e 2

0o —tp
(1'4) Ra(x,y):cd/o t_1/2€_t € To — Ya exp(—

(1 — e~2t)d/2+1 )dt,

which appear as the corresponding derivatives of the kernel associated to the (—%A%—x-V)’l/ 2

operator. Namely, for functions f which are good enough, we have

Raf(x> = hr% Ra,sf(x)7 a.ce. x,

where Ro(7,y) = Ra (2, Y)X{jo—y>e} (T, ).
Regarding the speed of convergence of the families R, = {Ra.}, 1 < a < d, we shall prove
the following result:

Theorem 1.1 Let 2 < p < co. Given p in the range 1 < p < oo, then

IORaNLrzt,ay) < ClifllLr@egn, @=1,....4d,

and
”VP(R&f)HLP(Rd,d"y) < CHfHLP(]Rd,d'y)? a = 1, . 7d.

Moreover we have

(e ORA@ > ) < [ @), a=1,..d

and

Y VR P@] > M) < S [ If@ldr(@) a=1...d

We remark that the LP(d7y) boundedness of the operator O* mentioned above, implies the
corresponding property for the maximal operator of the Poisson integral. In turn this implies
the almost everywhere convergence of the family P = {P,} when acting over functions in
LP(dy), 1 <p < 0.

Concerning the speed of convergence of the family P we have the following result:

Theorem 1.2 Let 2 < p < co. Given p in the range 1 < p < oo, then

||O(Pf)||LP(Rd,dfy) < CHf”LP(Rd,dy)a

and
HVP(Pf)HLP(Rd,d'y) < O”JC“LP(Rd,d'y)‘

4



Moreover
Y 10PH@] > M) < § [ 1@l @),

and

(e WPH@] > A < S [ 17y )

The organization of this paper is the following. In section 2 we present some known facts
from the Gaussian analysis that we need for our purposes. Also, following [7], we present
the oscillation and p-variation of a family of operators, see (2.8) and (2.10), from a vector
valued point of view. This setting allows us to apply the general machinery for Gaussian
operators just described. In section 3 we prove the results concerning the Riesz transforms,
while section 4 is devoted to the Poisson integral.

2 Preliminaries

In proving the Theorems, following the technique initiated in [15], we will use systematically
a partition of the operators into their local and global parts, according to some particular
region, where Lebesgue and Gauss measure are equivalent, and its complement. In the
literature, depending on the operator under consideration, two kinds of regions have been
used, either

Ny =A{(z,y) : |z —y| < ’}, for some fixed t > 0

L+ |z + [y

or
t

N ={(z,y) : | — y| < min(¢, ﬂ)}7 for some fixed ¢ > 0.
T

See [20], [5], [17] and [6].

For the global part of the operators we want to make use of estimates given by different
authors for the kernels in the complement of regions like N;, while for the local part sometimes
it will be convenient to work with the N;-regions. However, from the relationship:

(2.1) Ny CN; C Nyra),

it follows that we may use one region or the other when estimating positive functions. On
the sequel we shall denote by N the region N for t = d(d +3) and by N that corresponding
to Naga+3), when working on RY.

Now we remark that the operators we will handle, the oscillation and variation, are not
linear; however, as we shall see, they can be viewed as linear operators taking values on



appropriate Banach spaces. For this reason we shall consider a class of operators like those
given in [6], but this time in a vector valued setting.

Given By, B, Banach spaces, let du denote either the Lebesgue or the Gauss measure on R?.
Let T' be a linear operator defined in L', , the space of Bj-valued, compactly supported and
essentially bounded functions on R?, into the space of Bs-valued and strongly measurable
functions on RY, satisfying :

(a) T extends to a bounded operator either from L% (dp) into LG (du) for some ¢, 1 <
q < 00, or from Ly (dp) into weak-Li (dpu).

(b) There exists a L( By, By)-valued measurable function K, defined on the complement of
the diagonal in R? x R?, such that for every function f in Lgs,

(22) Tf(x) = [ K(a.y) fly)dy.

for all x outside the support of f.

(¢) The function K satisfies the estimate

for all (x,y) in the local region N, x # y.

As in [6] we introduce the following definitions.
For an operator T' as above, given ¢ a smooth function on R? x R? such that ¢(z,y) = 1 if
(z,y) € N, p(x,y) =0 for (z,y) ¢ N = Nagay3) and

(2.3) 00z, y)| + 10yp(2,y)] < Clz —y| 7 if z #y.
We define the global and the local parts of the operator T' by

Tuwf (@) = [ K(z.y)(1 = olw.1)f (0)dy,
(24) ,I’locf(x) = Tf(CL’) - Tglobf(x)u

and accordingly we shall call Ky, and K, their kernels.

We shall use the following results, see Proposition 3.4 and Lemma 3.6 in [6]. Even though
the authors give the proof in the scalar case, the same arguments work in the vector valued
setting.

Proposition 2.1 If T is an operator satisfying conditions (a),(b) and (c), then Tj,. inherits
from T either the L1— boundedness or the weak type (1,1) as the case might be. Besides the
corresponding boundedness holds for both Lebesgue and Gauss measure.
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We shall say that an operator T' defined on Lg% into the space of Bj-valued strongly
measurable functions is local if its associated kernel in the sense of (b) is supported in N.

Proposition 2.2 If S is a local operator, then strong type (p,p),

1<
and Gauss measures are equivalent. The same holds for weak type (p,p

p < oo for Lebesque
).

In order to apply the above results and following [7] we shall give vector valued versions of
the Oscillation and Variation of a family of operators. To simplify the description of the
Oscillation we introduce the equivalent operator

[e.e]

1/2
O'<Tf><a:>=(z up miﬂf@)—nif(xn?) |

i=1 tit1<6;<t;

that clearly satisfies
(2.5) O(Tf)(x)~O(Tf)z), ae.ux.

Consequently it will be enough to prove Theorem 1.1 and Theorem 1.2 for the operator O
instead of O.

Let us denote by F the mixed normed Banach space of two variable functions A defined on
R X N such that

1/2
20) Il = (S b)) <
Let T = {T;}+~0 be a family of operators defined on LP(R? du), for some p in the range

1 < p < oo. Given a fixed decreasing sequence t; \, 0, let J; = (t;41,%;] and define the
operator U(T) : f — U(T)f, where U(T)f is the E-valued function given by

(2.7) U(T)f(x) = {Ti,,, f(x) = Tuf ()}

s€J;,ieEN

Here the expression {T oo f (@) = Tsf (m)} O ien is a convenient abbreviation for the element
seJ;,i

of E given by
(57 Z) - (Tt¢+1f(x) - TSf(x))XJi(S)'
Then

28)  OTNE) = |{Tn.f@) - Tf@)

= @@l

seJ; ieN

Let © = {e : ¢ = {g}, & € R, g \, 0}. We consider the set N x © and denote by
F,, 1 < p < oo, the mixed normed space of two variable functions ¢(, ) such that

1/p
ol = sup (S latie)l) <



For a family 7 as above, we also consider the operator V(7)) : f — V(7)f, acting on
functions f belonging to LP(R?, du), and V(7)) f being the F,-valued function given by

(2.9) V(T)f(z) = {1z, f(z) = Tt f(2) }eeo -

Here the expression {7
by

v f(x) =T, f(x)}eco is an abbreviation for the element of F), given

(1,¢) = (i, {ex}) — 1oy, f(2) — T, f ().
As in the case of the oscillation operator it is clear that
(2.10) V(T f) = IV(T)fll,
Proposition 2.3 The identities (2.8) and (2.10) imply that each of the inequalities
NO(T )l Le@aany < CllfI Lo,

and o
p({z: O(T f)(x) > A}) < XHfHLl(]Rd,du)
18 equivalent to the corresponding inequality

NU(T) fllze a,apy < Cllf || 2o ,ap

and
C
p{z U f(@)lls > AN < T fllet e g -
A similar result holds for V(T f) and ||V (T)f||F,-

Remark 2.1 In the case that the family T = {T,} is such that each operator T; has an
associated kernel M, , the operator U(T) has also an associated kernel U, where U(x,y) is
the element of E given by

(5,8) = U(w,y)(s,7) = My, (2,y) = My(x, 9))x.(5),

i other words
2.11) U(T)f(2) = [ Ule,)f@)dy = [{(Mi,(2,9) = Ml 5)x, ()} ().
Analogous formulas can be given for the variation.

For a family 7 = {7;} as in the above remark, we define its global and local parts by

,]_:)lob - {E,glob}7 ,]Eoc = {E,loc}-



Lemma 2.1 Given the family T = {1;}, such that each operator T, has an associated kernel
M;, we have

(2.12) U(T iocf (2) = U(Tioc) f ()
and
(2.13) U(T ) giovf (x) = U(Zgion) f ().

Parallel properties can be shown for the operator V associated to the variation.

Proof By using (2.11) we have

UT)f(z) = {th+1 Tif(x )}SEJi,iGN

= { y (My,,, (2, y) Ms(fl?>y))f(y)dy}

= /RdZ/l )dy.

s€J;,ieEN

Therefore
UT) S (@) = [ Ulay)(1 = la.p) /)y
= {[, (Mo (2y) = M) (1 = (@ 9) F )y sesien
= {Tinanf @ —Tegaf @} _,
U(Ty) (1),
Hence, as U is linear, the lemma is proved. n

3 Riesz Transforms

In this section we shall deal with the family R, = {Ra.}es0, 1 < a < d, proving the results
stated in Theorem 1.1. We start by recalling a known result for the global part of the Riesz
transforms.

Lemma 3.1 The global part of the Riesz transforms kernels satisfies

|Ra,a,glob(mv y)| S |ROé,glOb(xv y)| S Q(ZE, y) o = ]-7 s 7d7

for some nonnegative kernel Q(z,y), independent of €, supported in N¢ and such that its
associated integral operator is of weak type (1,1) and strong type (p,p), 1 < p < oo, with
respect to the Gauss measure.



For a proof see [5] and [17].

Remark 3.1 These results imply in particular that the integrals [ Ro . gov(z,y)f(y)dy and
[ Ragiob(z,y) f(y)dy are finite almost everywhere, for every f € L'(dy).

The next lemma shows that the local part of the oscillation and variation operators for the
Gaussian Riesz transforms are, up to a good operator, the same as the corresponding local
oscillation and variation of the families IC, associated to the Euclidean Riesz transforms.

Lemma 3.2 For any a=1,...,d, we have

IU(Raoe (@) = UKol @)1 < [ | L, y)| S (0)ldy

and

IV (Raioo (2) = VKoo @), < [ L) F W)y,

where L is a nonnegative kernel supported on N and satisfying

(3.14) sup/d L(z,y)dy < oo and Sup/d L(z,y)dx < 0.
x R Yy R

Consequently the integral operator associated to L is of strong type (p,p),1 < p < oo, with
respect to either Lebesgue or Gauss measure.

In order to prove the result above we need the following technical lemma, see [10] Lemma
3.4.

Lemma 3.3 For (z,y) € N we have the following estimates:

© 0 dt 1+ |z
Duly) = [ IOl ) ~ Wil )|y < 0L

0 a ’x_y’d_l,

In particular the above kernels when truncated by x 5(x,y) satisfy conditions like 3.14.

Proof of Lemma 3.2 We shall give the proof only for the operator U associated to the
oscillation. The result for the variation follows exactly in the same way.
The kernel for R ¢ joc — Ko ioc 1S given by

cx{|xfy\>5}(x,y)s0(x,y)/o %(Ot - Wt)(x’y)ﬁ'
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By using Lemma 2.1 we have

“U(Ra)locf(x) - U(’Ca)locf<I>HE - HU(Ra,loc)f(a:) - U(Ica,loc)f(‘r)“E
= I{ /]Rd( Raoc(, y) — Ko joc(2,Y) ) X{tit1<|z—y|<s} (z,y) f(y) dy }seJi,iGN”E

IN

C/]Rd Da(xa y)QO(ZL’, y) |’{X{tz+1<|a}—y|§s}(m7y)}SEJZ,zGNHE |f<y)| dy
< C/Rd Da(z,y)¢(z,y) [ f(y)] dy.

Then Lemma 3.2 follows from the estimates given in Lemma 3.3. [

Proof of Theorem 1.1 Again we give the proof for the oscillation, since the estimates and
results we will use remain valid for the variation with the obvious changes.
By using formula (2.8) it is enough to prove that

(3.15) [U(R) Fll g stan) < Clf iy a=1,....d
and

C
(3.16) T{z  UR) (@) > A}) < X/Rd |f(@)ldv(z), a=1,....d

Moreover, as U(Ra)f = U(Ra)giovf + U(Ra)iocf it suffices to prove the above inequalities
for U(Ra)gionf and U(Ra)iocf-
By using Lemma 2.1, we have

0 Raf @l = |{ [, Ron ). )}

seJiieN || g

[f(y)] dy

< /Rd Q(z, y)xne(z,y) H{X{ti+1<|z—y|<s}(w,y)}
< [, Qe yl )l dy.

s€J; iEN B

where we have also used Lemma 3.1. Moreover the same Lemma 3.1 guarantees that in-
equalities (3.15) and (3.16) hold for the global part.
Now, for the local part we have

I1U(Ra)iocf ()2 < U (Ra)iocf () — UKo ioef ()| 2 + |U(Ka)ioe f () || -

By Lemma 3.2 we know that the first term satisfies inequalities (3.15) and (3.16).
Now we study the second one. It was shown in [4], see also [7], that

||O(Icaf)||Lp(Rd,da7) < CP“fHLi”(Rd,d:c)? o = 17 s 7d7

and

[z [O(Kaf)(@)| > A} < f/Rd|f(x)|dx, a=1,...d

11



That is, by using (2.8),

||L (lca)} ||Lp (R4, dx) < cp”f”LP(Rd,dz): «Q ]-7 s 7da
E
and

C
H{a : [UKa) f(@)]le > A} < X/Rd |f(2)lde, a=1,....d.
The kernel of the operator U(K,,) is given by

U(z,y) = {(Kassy (2, y) = Kos(@,y)x(5)} = {ca| f;lx{tw i<y (2, 9)X0. ()},

then
1

1
[U(z,y)||r < z — |H{X{ti+1<|z—y\§s}($ay)XJi(S)}HE < Cam
Therefore the operator U(K,) satisfies the hypothesis of Proposition 2.1, which together
with Proposition 2.2 give

||U( )locf“L” (R4, d) < OHfHLP(Rd dv)

and

Ao U Koef @l > M) < 52 [ 17@)ldr(a

Then the result follows for p = 1. Finally, for 1 < p < o0, it is known that in any dimension
(see [4] and [7])
1U(Ka) fll22 (vt dey < cpllfll ot gnys @ =1,... . d.
Proceeding as in the one dimensional case we arrive to the desired estimate for
1U(Kaoe) f () 2- n

4 Poisson integral

In this section we want to study the oscillation and variation of the Poisson semigroup
subordinated to the Ornstein-Uhlenbeck semigroup Oy, as in (1.2), this is

(4.17) Pf(z —2/450, f(x)s ds.

te
==k
We shall also need some properties of the classical Euclidean Poisson semigroup, that is

—2/4s _3/ _ t
(4.18) pif(x \/_/ te /W, f(x)s 32ds-cd/Rd R )d+1 fy)dy

For the families P = { P}, II = {p:} we consider the corresponding vector valued operators
U(P), V(P), UIT) and V(IT),

associated to the oscillation and variation, as given in (2.7) and (2.9).
In the next lemma we compare the local parts of these operators associated to P and II.

12



Lemma 4.1

[U(P)oc () = U(oef @)l < [ | LP(@,y)f(5)dy + 2 Pief (@) + piocf ()
and

IV (Piocf 2) = V(I acf @), < [ LP(w. ) (0)dy + 2P (2) + Do (@)
where LP is a nonnegative kernel supported on N and satisfying

(4.19) sup/d LP(z,y)dy < oo and sup/d LP(z,y)dx < c©.
x R Yy R

Consequently the integral operator associated to LP is of strong type (p,p),1 < p < oo,
with respect to either Lebesgue or Gauss measure.

In order to prove the result above we need the following technical lemma, see [10] Lemma
3.4.

Lemma 4.2 For (z,y) € N we have the following estimate

> el ds 1+ |22
D(l‘ay) = /0 |05(xay) - X(Loo)(S) Tz Ws(%?m? < 0(7’

In particular the above kernel when truncated by x5 (x,y) satisfies conditions (4.19).

Proof of Lemma 4.1 By using Lemma 2.1 we have

IU(P)ioef (2) = U )ioef () |2 = 1U(Proe) f () = U(Ihoe) f ()| 2
= [{Proctiir (%) = Procs [ (%) = (Proctisr [ () = Droes () sesienl
< AN Puoetiss f(@) = Procs f(2) — (Proc,tsr [ () = Proc,s [ () Yseaien<i || e
I Proctiss f () = Proe,s (%) = (Droctips [ () = Droc,s f (%)) }sedientin>1lle
+||{-Ploct1+1 () = Pocs f(x) = (Drocstir f () — plocsf(x»}sEJiO,io:min{i:ti>l}||E
< N Puocstisr J (@) = Proc,s f(2) = (Procitir f(T) = Proc,s f (7)) Ysesient<ille
( I (

+H{PlOC7ti+1 f( ) Ploc sf ilf) (ploc tir1
+2(‘Plt)cf( ) +plocf( ))
= At Ay + 2(Be.f (%) + PlocS (7))

We observe that

3?) Dioc, sf f))}seJi,iEN,thl HE

o0 2
(4.20) / (1— Lyemw/irp=3/2g, — .
0 2r
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Now we shall analyze A;. By using (1.2) , (4.18) and (4.20) we have

b= SE s B0, (0,) = Wil g)) " dr)s&(fv,y)f(y)dy}

seJ;,ieN; <1 E

/Rd / / )dU)(Or(fv,y)—Wr(fv,y))T‘g/QdT)w(m,y)f(y)dy}

seJ;,ieN;; <1 E

U
{
- {/Rd / / (1= *)T_%(Or(m,y) - e_lij? — Wr(x,y))dr)dum(x,y)f(y)dy}
{
{

lit1 T2 seJiieNt;<1|| g
YN —ly?
< L e Dmemean e nrwi
R tit1 7T2 se€JiieNti<l|| g
€7|y‘2
WL e Do) - v
R t1+1 T2
_ —3/2
Wiz, y))r d?")@@(fic,y)f(y)d:t/}s6 Jiensii||
= An+ A

To estimate Aj; we observe that, for r in the range 1 < r < oo, we have

S w2
(4.21) {/ e~ (1— “)du} <.
ti+a 2r seJiieNt<1| g
In fact
S w2 u2 s u?
{/ e (l——)du < / e 4rdu
tit r seJiieNti<1| g tita sediieNt<1|| g
1/2
ti w2 t; w2
< > (/ e~ 1 du)? < Y / e i du
ient;<1 7ttt iENt;<1 ¥ bt
1 w2 1/y/r
< / e % du = (J\/F/ e dt < C,
0 0
as claimed.
Therefore by using again (4.20) and (4.21) we have
oo s W2 ’LL2 —3/2 €—|y\2
A= 8 [T e 0= )R dn) (e ) () dy
RE I i 2r ™2 s€JiieNt<1|| g
s S u? U/Z 3/2 2
<o (f ] eFa- P2 dr)e P oo, y) £ (y)ldy
B J1 tit1 2r sediieNti<1|| g
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IN

<

cf /w 2 4r)e W o, ) () dy
O/ o(z,y)| f(y)|dy.

This proves the result for Aq;.
In order to prove the result for A;3 we observe that, for any r in the range 0 < r < oo, we

have

(4.22)

In fact,

< Cri/2,

s w2 2
{/ e (11— u)du}
tita 2r s€J;,iEN

E

t .2 X I e 1/2
< E Tar|] — —
. - ( (/ c | 27"| v) )

ieN Yli+l

s 2 2
{/ e 4 (1— u)du}
tit1 2r s€J;,iEN

<Z/ e 4r|1——|du</ e_?|1—u—|du§C’Tl/2.
41 2r

1EN ti

Now by using (4.22) and Lemma 4.2 we have

1+ |z >
Moo [ R i Ll

|z —y|¢ 2 |z — |

This gives the result for Aqs.

In order to analyze A,, we proceed exactly as for the case A; and we get Ay = Aoy + Ags.
Even more Ass is estimated exactly as Ajo. Therefore we only need to estimate As;. By using
that for any § > 0, there exists C' such that te=* < Ct~% and choosing § > 1/2, we have

Ay <

IA

IN

IN

IN

IN

L,
L a2 ane s el
r 3 dr)e W g (2, ) £ () dy

c Rd(/ol {(/t u—%du)} E

L LCS [ = e g ) )] dy

€N 41 >1 7 bt

¢/ / [ /1 P du) S dr)e V)| £ ) dy
c / (2. 9)| F(3)ldy.

U2 _ 12
L Gl ) s )l )

s€JiieNti121|| g

s€JiiENti 11 21| g

s€J;,i€ENt; 1 2>1
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This gives the result for Ay, ending the proof for the oscillation. As for the variation we
remark that, as is easy to check, all the F-norm estimates remain true for the F,-norm. m

Proof of Theorem 1.2 By using formula (2.8) it is enough to prove that

(4.23) IU(P) fll ez ra.ay) < Cll fll e wa,aq)
and
(4.24) (e 0P @ > W) < S [ @l

Moreover, as U(P)f = U(P)gobf + U(P)iocf it suffices to prove the above inequalities for

U(P)globf and U(P)lch.
By using Lemma 2.1 and (1.2), we have

U P)ganf @)z = || {Prosr.giobf (@) = Peganf(x) }

s€J;,iEN ||E

s€J;,iEN

- H{ | gtﬂ,gngm(x)dt}

E

4z = { [ [Ta- et /orgloaf)(x)dr)dt}
- = {/t;(/ooo/;(l—zti)e‘iu‘wzduiOwlob(f)(x)dr)dt}

=
\/1_ {/+ y/ (1- Z)e Ty 3/2duydt}

/OO
T J0

Making the change of variables v = ﬁ, we have

dt
/ / 1—— e~ fou 3/2du]dt—4/ / (1= 20%)e " dv|—.
z+1 2+1 ﬁ t

s€J; iEN

—_

s€J; iEN E

d

< b

Or,glob(f) (l’) ’ dr.

s€J; iEN E

Moreover

I | / (1= 20 a0l Yeesenlle = I 1o Rogs| § henienle
z+1 2

t 2 dt

A ﬁ e = hesaenlle < (X /tmszdt) 172

%

t; 2 1
—e T dt < —— e dt

7 o0 2
< / i
- Z tisr 20/7 “Jo 247
= / e dz.
0
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Hence we have

0Pt @l < <= [ H{/ml [0 e 2 audatycs el |20 () dr
S C/ rglobf )‘d?”

T

Now we make the change of parameter e™" = 2z and then we get

o d
A |d rglobf |dT—/ | zglobf( )|dZ7

where T, is the operator whose kernel is given by

1 — 22

M.(z,y) = (r(1 = )2 exp (—"y') |

We observe that the derivative of this kernel with respect to z is the multiplication of a
positive function times a polynomial of degree 3 in z. Then as a function of z, it changes
sign at most three times (for a similar argument see the proof of Lemma 2.1 in [6]). So there
exists a constant C' such that

[ Tgwf@lds =[5 / Me(,y)(1 = ¢(,9))f (1) dyldz
- [ M M(e,9)(1 — pl,y)) f(y)dyldz
< [ R@sz )I(1 = ()| (v)dydz
= L[ Ml - o) )y
< C/Rd sup O (z, y) [ (e (2, 9)) | f ()1 dy.

This operator is known to be of weak type (1, 1) see [20]. It is also of strong type (p,p), in
the range 1 < p < oco. Although the latter result is not explicitly given in the literature it can
be obtained following the steps of the proof of Theorem 4.2 in [16] and using the estimate
for the global part of the kernel given in [13].

For the local part, by Lemma (4.1) we have

U PYocf @ < UPocf () = UMoef (@) 5 + 1 (Whoef (@) |
< [ LP@.y)f()dy + 2P f (2) + 2pief (2) + U (W1oc ()

The first term of this summation, according to Lemma 4.1, is bounded in LP(R?, dv) for
every p in the range 1 < p < oo. The second term is bounded by a multiple of P* which

17



is known to satisfy the desired estimates. To handle the third term we first observe that
5. f (x) is pointwise bounded by p* f(x) that has the corresponding boundedness properties
with respect to the Lebesgue measure; therefore as pj,. is a local operator we may apply
Proposition 2.2 to get the right estimate with respect to the Gaussian measure. As for the
fourth term it is known, see [3], that

HO/(Hf)”Lp(Rd,dz) < CHf”Lp(Rd,dx)
and
o 1OMAE) >N < S [ 1@

That is, by using (2.8),
IO | 22 (wa,azy < OIS 2o (et )

and
o 0@l > N < $ [ If@)ldr

In order to apply Proposition 2.1 to the operator U(II), we observe that its kernel is given
by

U(l‘, y) = {(pti+1($7 y) - ps(x, y))XJi(S)}'

By using (4.18), and following the ideas developed in (4.25) we have

t2
U(r,y) = {/ atpt z,y dt}seJ iEN = {/ / (1——)e ?7’_3/2Wr(x,y) dr dt}seJi,ieN
'L+1 7,+1

d
= / / / e~ 4uu 3/2du) — W, (x,y)dr dt}se, ien-
'L+1 dr
Therefore,
—3/2 d
)l = 1) / ([0 = 3)e dwmﬂM%wWﬁh@me
i+1
< [T [0 e ity s el LW, ) i
i+1
2
< [Ti[ |/)LL—w4w3ﬂwwhggwm Wz, y) dr
0 tl+1 u
_le—y2
< C/ |— :L'y|dr—C’/ %rd/Q T | dr
& — y|4 yld

Hence we are in the hypothesis of Proposition 2.1 and consequently we have

1U (Mioef )|ty v, dy < Cllf Mot
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and
o U@t @l > M < & [ @)

Since we are dealing with a local operator Proposition 2.2 applies giving the desired estimates
for the oscillation. As before, we observe that the estimates and results used in the above
proof are also true for the variation operator as long as 2 < p < oco.
This ends the proof of Theorem 1.2.

[

Note added in review: We thank the referee for bringing our attention to the article [12]
where results related to those in Section 4 are proved and for pointing out some missprints.
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