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Abstract. Application of domain decomposition techniques for structural analysis and design
are outlined in this paper. This technique divides the whole finite element problem into subdo-
mains in order to solve for each subdomain a smaller problem, and interface unknowns should
be explicitly treated. Procedures for structural analysis are described either in the so called
primal or dual solution of the interface problem.

Structural size optimization problems are also addressed. Element size (i.e. plate thickness)
are design variables of the optimization problem, and the structure volume the objective func-
tion. The nodal displacements may be introduced as optimization variables in the so called
Structural ANalysis and Design (SAND) problems. The number of variables in this case is in-
creased, but there is no need to solve the equilibrium equations, and sensibility matrices are
explicit. Interior point algorithms are used to solve the minimization problem.

2999

Administrador
Cuadro de texto
Mecánica Computacional Vol. XXIV
A. Larreteguy (Editor)
Buenos Aires, Argentina, Noviembre 2005




1 INTRODUCTION

Domain decomposition techniques are efficient tools to solve large equation systems resulting
from structural analysis. They proceed by solving separately the interface unknowns and those
internals to each subdomain.2,7,11,13Iterative methods are followed, and domain decomposition
offers a technique which range between direct methods (in the case of a single subdomain) and
pure iterative ones (in the limit, if we think in a number of subdomain equal to the number of
elements). Domain decomposition leads to efficient preconditioners for the interface problem.

These techniques have been successfully applied to analysis problems. In this paper their
use in the frame of optimization problems is discussed.

There are problems where the structural elements size are the design variables (for instance,
the area of the cross section of truss elements; or the thickness of plate elements; etc.). In
other class of problems not only size, but also shape (node positions) make part of the design
variables. Finally some kind of problems aim to find the structural topology which minimizes
some objective function. Size optimization is addressed in this paper. The objective function
will be the total volume of the structure.

Inequality constraints are present as limitations on the maximum stress and maximum dis-
placements. Bounds on design variables are also stated.

In the so called SAND (Simultaneous ANalysis and Design) optimization, the state variables
of the problem (for instance, nodal displacements) are solved together with the design variables
(for instance, plate thickness). In this case there is no need to solve the state equations at each
iteration, since they are solved together with the design variables in the optimization process.
But the size of the problem is greatly increased. Some methods are required to solve such large
equation systems.

Interior point algorithms have been proposed to solve such optimization problems with
nonlinearities and inequality constraints. The Feasible Directions Interior Point Algorithm
(FDIPA)5 corrects the search direction at each iteration so as to let it to remain within the
feasible region. The Feasible Arc Interior Point Algorithm (FAIPA) proposed by Herskovits4

introduces a nonlinear correction to this aim.
In this paper a general formulation for domain decomposition methods is given, including

the so called primal and dual solution of the interface problem. Then a brief presentation of
the nonlinear constraint SAND structural problem is given. The ideas of the FDIPA and FAIPA
algorithms are presented. The use of domain decomposition methods in optimization is intro-
duced. Finally some examples are given for simple plane stress problems. They include op-
timization via interior point algorithms, and application of domain decomposition for analysis
either in direct way or by minimizing the interface error in displacement compatibility.

2 DOMAIN DECOMPOSITION

In this section the nodal variables for the original finite element model and for the subdomains
are defined. The description of this technique will be introduced with the aid of a simple ex-
ample. Let’s consider the plane stress problem discretized with a finite element mesh as shown

MECOM 2005 – VIII Congreso Argentino de Mecánica Computacional



in figure 1-a, which includes the numeration of nodes and elements. The model degrees-of-
freedom (dof) are numbered in figure 1-b.
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Figure 1: Simple example of a finite element mesh. a) Node and element numbers; b) D.O.F. numbers

A non overlapping decomposition into four subdomains is shown in figure 2. As it can be
seen, the interfacedofare shared by different subdomains.

2.1 Global and subdomain variables

Let u ∈ Rn0 the vector containing the global nodal displacements:

u = [u1 u2 . . . u30]
T (1)

with n0 = 30 components.
Denotingus ∈ Rns the vector of nodal displacements for subdomains, we can write for

subdomain 1 :

u1 = [u1 u2 u3 u4 u7 u8 u9 u10 u13 u14 u15 u16 ]T (2)

which hasn1 = 12 components, and so, for the other subdomains. The subdomain displace-
ments may be reorder:

u∗1 =

[
ů1

ū1

]
= [[ u1 u2 u7 u8 ] [ u3 u4 u9 u10 u13 u14 u15 u16 ] ]T (3)

beingů1 a vector withinternal displacements for subdomain 1, andū1 a vector withinterface
displacements for the same subdomain.

Collecting vectorsus for all subdomains, one can write:
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Figure 2: Decomposition of the finite element mesh into 4 subdomains

u =


u1

u2

u3

u4

 (4)

u ∈ Rnu containsnu = 48 displacements instead of then0 = 30 components of vectoru
since there are redundant interfacedof.

Formally the subdomain displacement vector (fors = 1) may be written:

u1 = L1 u (5)

L1 is a matrix withn1 = 12 rows andn0 = 30 columns full of zeros except a single 1 at
each row, where the subdomaindof (rows) corresponds to the globaldof (columns).

Therefore the previous formula may be written:

u = L u =


L1

L2

L3

L4

 u (6)

The displacement for thedofof the subdomaininterfacesare:

ū = [u3 u4 u9 u10 u13 u14 u15 u16 u17 u18 u21 u22 u27 u28 ]T (7)
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a vector for the interface displacement for all subdomains may be written:

ū = L̄ ū =


L̄1

L̄2

L̄3

L̄4

 ū (8)

whereL̄1 is a matrix with 8 rows and 14 columns, with zeros anywhere except for a unit value
at rows and columns associating the subdomain to the global interface variables.

2.2 Multiplicity matrix

Let’s define amultiplicity matrixM. The simplest form forM is:

M = diag(Mii) (9)

whereMii is the number of subdomains that share thedofi. ThereforeM is, for this example,
a 30× 30 diagonal matrix whose entries are 4 fordof 15 and 16; 2 fordof along the rest of the
interfaces (i.e. 3,4,9,10,13,14,17,18,21,22,27 and 28); and 1 for the rest.

2.3 Mean interface displacements

In the iterative process iterated displacements are obtained for eachdof of each subdomain. At
interface nodes, amean value (from those computed at different subdomains) may be com-
puted:

ũ = (LM−1)T u (10)

whereũ is an approximation to the globalu vector, with the interface displacements taken
as the mean value of those for each subdomain.

If we restrict to the interfacedof this equation may be written:

˜̄u = (L̄M̄
−1

)T ū (11)

hereM̄ corresponds to the same definition asM but restricted to interfacedof.

2.4 Nodal forces

Nodal forces applied on adofof figure 1-b may be considered as shared by subdomains touching
thatdof. This may be stated:

f = (LM−1) f (12)

heref is a vector with the global nodal forces (sizen0 = 30, for the example of figure 1),
while f is the vector with nodal forces for all subdomains (figure 2) (sizenu = 48, for the
example). It can be seen that a force belonging to vectorf acting on an interfacedof shared by
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two subdomains, results in two entries in vectorf each with half the value of the original nodal
force.

The same relations, for the interface values only results in:

f̄ = (L̄M̄
−1

) f̄ (13)

2.5 Displacement compatibility

If solution is accomplished by subdomains, compatibility must be enforced at the interface
displacements. This may be written:

Bu = 0 (14)

Matrix B has a number of columns equal to the total displacement for all subdomains (nu =
48 in the example), and a number of rows equal to the compatibility conditions. The latter are
one for eachdof shared by two subdomains and additional equations if there are more than
two subdomains sharing interfacedof. For instancedof 15 in figure 2 leads to 3 compatibility
conditions: one equating displacements from subdomains 1 and 2; other for subdomains 1 and
3; and other for subdomains 1 and 4. The same could be said fordof 16. In the example the
number of compatibility equations is 18.

Matrix B is formed by subdomains contributions. Therefore, in the example:

B =
[
B1 B2 B3 B4

]
(15)

beingBs the18× 12 matrix for subdomains.
Compatibility conditions restricted to interfacedofare:

B̄ū = 0 (16)

whereB̄ has 18 rows and 32 columns. It has zero everywhere except for two entries at each
row: one with value 1 and the other -1. They are placed at columns corresponding todof of
vectorū intervening in that compatibility equation.

It may be verified that:

• B̄L̄ = 0

• L̄T (L̄M̄−1) = I

3 STRUCTURAL ANALYSIS WITH DOMAIN DECOMPOSITION

Applying the finite element method to a linear static structural problem the following equilib-
rium equations are obtained:

K u = f (17)
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whereu and f are the displacement and force vectors, andK is then0 × n0(30 × 30 in the
example) stiffness matrix, which is formed by assembling the contribution of the element ma-
trices.

3.1 Primal solution for the interface problem: Schur complement

The stiffness matrix for subdomains, reordering variables as made for equation (3), may be
put:

K∗s =

[
K̊s ~Ks

~Ks,T K̄s

]
(18)

where the size of matrix̄Ks is that of the interfacedofof subdomains.
Equation (17) after reordering variables is:

K∗ u∗ = f∗ (19)

with vectors:

u =



ů1

ů2

...
ůs

...
ū


and f =



f̊1

f̊2

...
f̊ s

...
f̄


(20)

and the stiffness matrix:

K =



K̊1 0 . . . 0 . . . ~K1L̄1

0 K̊2 . . . 0 . . . ~K2L̄2

...
...

...
...

...
0 0 . . . K̊s . . . ~KsL̄s

...
...

...
...

...
L̄1,T ~K1,T L̄2,T ~K2,T . . . L̄s,T ~Ks,T . . . K̄


(21)

being the size of̄u, f̄ and

K̄ =
NSD∑
s=1

L̄s,T K̄sL̄s (22)

that of the global interface problem.
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The equilibrium equation (19) may be partitioned into the following systems
K̊sůs + ~KsL̄sū = f̊ s , s = 1, NSD

NSD∑
s=1

L̄s,T ~Ks,T ůs + K̄ū = f̄
(23)

beingNSD the number of subdomains.
Eliminatingůs from the last equation:{

K̊sůs = f̊ s − ~KsL̄sū , s = 1, NSD
KI ū = fI

(24)

where:

fI = f̄ −
NSD∑
s=1

L̄s,T ~Ks,T (K̊s)
−1

f̊ s, (25)

and isKI is the Schur complement matrix:

KI = [K̄−
NSD∑
s=1

L̄s,T ~Ks,T (K̊s)
−1 ~KsL̄s,] (26)

and taking into account (22):

KI =
NSD∑
s=1

L̄s,T (K̄s − ~Ks,T (K̊s)
−1 ~Ks)L̄s, (27)

Solving the equations system based on (24) may be realized as computing in the first step the
global interface displacements (ū) and then the subdomains internal displacements (ůs). The
Schur complement is not explicitly constructed. Instead procedures like the Dirichlet-Neumann
are performed.7,8

3.2 Dual solution for the interface problem

The equilibrium equations may also be written in terms of the displacements for all subdo-
mainsu instead ofu. Remind thatu have redundant displacements for the interfacedof. The
equilibrium systems may be written:

K u = f (28)

For the example of figure 2 the size of this problem isnu = 48. Since there are redundant
displacements, compatibility conditions should be enforced:

B u = 0 (29)
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(28) and (29) allows to obtain the solution of problem (17). Constraints (29) may be intro-
duced into (28) via Lagrange multipliers:

K u = f + BT z (30)

z contains Lagrange multipliers to enforce compatibility (29) and physically they represent
the interaction forces needed to keep equal displacements of different subdomains nodes at
common interfaces.

Matrix K is

K =



K1 0 . . . 0 . . . 0
0 K2 . . . 0 . . . 0
...

...
...

...
...

0 0 . . . Ks . . . 0
...

...
...

. ..
...

0 0 . . . 0 . . . KNSD


(31)

and eq. 30 may be written:

Ks us = f s + BsT z , s = 1, NSD (32)

If matrix Ks is not singular (that is, the subdomain is -at least- isostatically supported) one
may write:

us = (Ks)−1 (f s + BsT z) , s = 1, NSD (33)

If however subdomains is afloatingone, i.e. their rigid body motions are not prevent, (32)
can be solved only if the rhs is orthogonal to the null space of the matrix. This means that:

(f s + BsT z) Rs = 0 (34)

whereRs is a matrix with the rigid body modes of subdomainss. It hasnr columns,nr being
the size of the null space: at most 3 for 2D structures or 6 for 3D ones.

Physically the orthogonality condition means that (32) has a non trivial solution if the forces
are self-equilibrated. In this case displacements may computed as:

us = Ks(+) (f s + Bs,T z) + Rs αs , s = 1, NSD (35)

Ks(+) is a generalized inverse ofKs, defined such as:2

Ks Ks(+) Ks = Ks (36)

αs is a vector of amplitudes which gives a linear combination of the rigid modesRs

Introducing (35) into the second equation of (24) and taking into account (34), one can get:
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[
FI GI

GT
I 0

] [
z
α

]
=

[
b
−c

]
(37)

where

FI =
NSD∑
s=1

BsK∗sBs,T

GI =
[

R1
I R2

I . . . R
Nf

I

]
Rs

I = BsRs (s = 1, Nf )

b =
NSD∑
s=1

BsKs invf s

cs = Rs,T f s (s = 1, Nf )

c =


c1

c2

...
cNf



α =


α1

α2

...
αNf


Ks inv =

{
(Ks)−1 if subdomain s is not floating

Ks(+) if subdomain s is floating

andNf the number of floating subdomains.
Equation (37) allows to compute the Lagrange multipliers and the amplitude of the rigid

modes for each subdomain, while equation (35) allows to compute the subdomain displace-
ments.

This is the dual Schur complement method or FETI, proposed by Farhat and Roux.2

3.3 Solving the analysis problem by minimization of the error in compatibility

The problem stated for all subdomains (28) required conditions (29) due to redundant degrees
of freedom at interfaces.

Instead of introducing (29) an iterative solution may be performed minimizing the error in
compatibility equations. This problem may be stated as an optimization problem:

Problem 1:
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find u andz such that:
min f(u) ∀u ∈ Rnu

subject to:
es(u, z) = 0 s = 1, . . . NSD

whereu ∈ Rnu is the vector with nodal displacements;f is the objective function which, in
this case, is a norm of the error in compatibility conditions:

f(u) = ‖Bu‖
and

es = Ks us − f s − BsTz = 0 , s = 1, NSD (38)

represent the equilibrium equations for subdomains, andz ∈ Rnz are the interaction forces
between subdomains at interfacedof.

The minimization problem is solved as described in the next section, for optimization prob-
lems.

4 STRUCTURAL OPTIMIZATION

Structural optimization problems may be expressed as:

Problem 2:

find x such that:
min f(x) ∀x ∈ Rn

subject to:
g(x) ≤ 0

h(x) = 0

wherex ∈ Rnx is the vector of design variables;f is the objective function;g ∈ Rng is a set
of inequality constraints; andh ∈ Rnh a set of equality constraints.

In the so calledone shot optimizationor simultaneous analysis and design, the state vari-
ableu are included among the problems unknowns and the state equations are included among
constraints:

Problem 3:

find x andu such that:

min f(x,u) ∀x ∈ Rnx and ∀u ∈ Rn0

subject to:
g(x,u) ≤ 0
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h(x,u) = 0

e(x,u) = 0

whereu ∈ Rn0 is the vector of state variables ande ∈ Rne a set of equality constraints
representing the state equations.

First order optimality conditions, with Karush-Kuhn-Tucker conditions reads:

∇x̄f (x̄) +∇x̄g(x̄)λ +∇x̄h(x̄)µ +∇x̄e(x̄)ν = 0
G(x̄)λ = 0
h(x̄) = 0
e(x̄) = 0
λ ≥ 0

g(x̄) ≤ 0

(39)

wherex̄T = [xTuT ] is the vector of unknowns;λ ∈ Rng, µ ∈ Rnh, ν ∈ Rne are Lagrange
multipliers;G(x̄) = diag(g(x̄)); and∇x̄ denotes derivation with respect tōx.

The equations in system (39) may be put as:

φ(y) = 0 (40)

with yT = [xTuT λT µT νT ]. Newton iteration to solve (40) leads to:

∇yφ(y) dk = −φ(y) (41)

being

dk =


xk+1 − xk

uk+1 − uk

λk+1 − λk

µk+1 − µk

νk+1 − νk

 (42)

superscriptk refers to iterationk. Equation (41) may be written:
Sxx Sxu ∇xg ∇xh ∇xe
Sux Suu ∇ug ∇uh ∇ue

Λ∇xg
T Λ∇ug

T G 0 0
∇xh

T ∇uh
T 0 0 0

∇xe
T ∇ue

T 0 0 0




dk
x

dk
u

λk+1

µk+1

νk+1

 = −


∇xf
∇uf

0
h
e

 (43)

Matrix

S =

[
SxxSxu

SuxSuu

]
is the hessian of the lagrangian function

MECOM 2005 – VIII Congreso Argentino de Mecánica Computacional



S = ∇2f + λT∇2g + µT∇2h + νT∇2e

andΛ is a diagonal matrix withΛii = λi.
The same equation may be used by replacingS by the quasi-Newton matrix; or by the iden-

tity matrix, in a first order iteration scheme.
Eliminatingdk

u andνk+1 the system may be expressed as:

Sxx − Sxu∆u−∆uT Sux + ∆uTSuu∆u ∇xg −∆uT∇ug ∇xh−∆uT∇uh
Λ(∇xg

T −∇ug
T ∆u) G 0

(∇xh
T −∇uh

T ∆u) 0 0

  dk
x

λk+1

µk+1



=

−∇xf − Sxuδu + ∆uT (∇uf + Suuδu)
−Λ∇ug

T δu
−h−∇uh

T δu

(44)

where

δu = [∇ue
T ]−1e (45)

∆u = [∇ue
T ]−1∇xe

T (46)

4.1 Interior Point Algorithms

Interior point algorithms are based on starting with a feasible variable vector, satisfying all
constraints, and moving along descent directions always within the feasible region. A linear
correction to the search direction is introduced:5

d = d0 + ρ d1 (47)

d0 results from solving (43), andd1 results from


Sxx Sxu ∇xg ∇xh ∇xe
Sux Suu ∇ug ∇uh ∇ue

Λ∇xg
T Λ∇ug

T G 0 0
∇xh

T ∇uh
T 0 0 0

∇xe
T ∇ue

T 0 0 0




dk
x

dk
u

λk+1

µk+1

νk+1

 =


0
0
−λ
0
0

 (48)

beingρ a measure associated to‖d0‖ (see Herskovits and Santos4).
A further improvement to the search direction is introduced in the FAIPA algorithm,3 where

a line search is made in the direction
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xk+1 = xk + t d + t2 d̃ (49)

givend by (47) andd̃ resulting from equation:


Sxx Sxu ∇xg ∇xh ∇xe
Sux Suu ∇ug ∇uh ∇ue

Λ∇xg
T Λ∇ug

T G 0 0
∇xh

T ∇uh
T 0 0 0

∇xe
T ∇ue

T 0 0 0




d̃k
x

d̃k
u

λk+1

µk+1

νk+1

 =


0
0

−Λ ω̃g

−ω̃h

−ω̃e

 (50)

ω̃g ∈ Rm, ω̃h ∈ Rp, andω̃e ∈ Rq are given by

ω̃g = g(x + d) − g(x) − ∇gT (x) d (51)

ω̃h = h(x + d) − h(x) − ∇hT (x) d (52)

ω̃e = e(x + d) − e(x) − ∇eT (x) d (53)

4.2 Multidisciplinary Optimization

Optimization including two different fields may be stated as:

Problem 4:

find x, u andz such that:

min f(x, z,u) ∀x ∈ Rnx ∀u ∈ Rn0 and ∀z ∈ Rnz

subject to:
g(x, z,u) ≤ 0

h(x, z,u) = 0

e1(x, z,u) = 0

e2(x, z,u) = 0

beingz ∈ Rnz a set of variables representing the interaction between both fields; ande1,e2

the state equations of each filed.
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Figure 3: Problem divided into two subdomains

5 DOMAIN DECOMPOSITION IN STRUCTURAL AND MULTIDISCIPLINARY OP-
TIMIZATION

We focus on a linear elastic 2D, plane stress, optimization problem. Let the whole structure be
divided into two subdomains (figure 3).

The optimization problem may be stated as in Problem 4, where both, the design (element
thickness) and the state variables (nodal displacements), are split into those belonging to each
subdomain:

x =

[
x1

x2

]
u =

[
u1

u2

]
beingx1 andu1 the design and state variables for subdomain 1 andx2 andu2 those for

subdomain 2.
Including the Karush-Kuhn-Tucker conditions, as in Problem 3, the following system, simi-

lar to (43) is got:



Sx1x1 Sx1x2 Sx1u1 Sx1u2 ∇x1g
1 ∇x1g

2 ∇x1h ∇x1e
1 ∇x1e

2

Sx2x1 Sx2x2 Sx2u1 Sx2u2 ∇x2g
1 ∇x2g

2 ∇x2h ∇x2e
1 ∇x2e

2

Su1x1 Su1x2 Su1u1 Su1u2 ∇u1g
1 ∇u1g

2 ∇u1h ∇u1e
1 ∇u1e

2

Su2x1 Su2x2 Su2u1 Su2u2 ∇u2g
1 ∇u2g

2 ∇u2h ∇u2e
1 ∇u2e

2

Λ∇x1g
1T Λ∇x2g

1T Λ∇u1g
1T Λ∇u2g

1T
G1 0 0 0 0

Λ∇x1g
2T Λ∇x2g

2T Λ∇u1g
2T Λ∇u2g

2T 0 G2 0 0 0
∇x1h

T ∇x2h
T ∇u1h

T ∇u2h
T 0 0 0 0 0

∇x1e
1T ∇x2e

1T ∇u1e
1T ∇u2e1

T 0 0 0 0 0
∇x1e

2T ∇x2e
2T ∇u1e

2T ∇u2e2
T 0 0 0 0 0





dk
x1

dk
x2

dk
u1

dk
u2

λk+1
1

λk+1
2

µk+1

νk+1
1

νk+1
2


= −



∇x1f
∇x2f
∇u1f
∇u2f

0
0
h
e1

e2


(54)

gs are the inequality constraints associated to subdomains, in this case we consider bounds
on elements stress:

σj − σadm ≤ 0

for elementj. The Lagrange multipliers associated to this constraints areλs.
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h are equality constraints for the displacement compatibility at interfaceΓ.
es are the equality constraints for equilibrium of nodal forces at subdomains andνs their

Lagrange multipliers.
The terms of the hessian matrix are of the form

Sαβ = ∇2
αβ f + λT

1∇2
αβ g1 + λT

2∇2
αβ g2 + µT∇2

αβ h + νT
1 ∇2

αβ e1 + νT
2 ∇2

αβ e2

In this case, the gradients of the objective function contains the element area while the hes-
sian is null.

Derivatives with respect tox are null for constraintsg (stress) andh (compatibility) in this
SAND formulation. Derivatives with respect tou are non zero for both constraints. But the
second derivatives (for the hessian) are also null.

For the equilibrium equation we can see that derivatives ofe1 with respect tox1 are not zero,
but those with respect tox2 are zero. Similarly for derivatives with respect tou. Finally second
derivatives with respect to the same variable are zero, but∇x1u1 e1 are not zero, and the same
for subdomain 2.

In this way the global system reads:



0 0 Sx1u1 0 0 0 0 ∇x1e
1 0

0 0 0 Sx2u2 0 0 0 0 ∇x2e
2

Su1x1 0 0 0 ∇u1g
1 0 ∇u1h ∇u1e

1 0
0 Su2x2 0 0 0 ∇u2g

2 ∇u2h 0 ∇u2e
2

0 0 Λ∇u1g
T
1 0 G1 0 0 0 0

0 0 0 Λ∇u2g
T
2 0 G2 0 0 0

0 0 ∇u1h
T ∇u2h

T 0 0 0 0 0
∇x1e

1T 0 ∇u1e
1T 0 0 0 0 0 0

0 ∇x2e
2T 0 ∇u2e

2T 0 0 0 0 0





dk
x1

dk
x2

dk
u1

dk
u2

λk+1
1

λk+1
2

µk+1

νk+1
1

νk+1
2


= −



∇x1f
∇x2f

0
0
0
0
h
e1

e2


(55)

where it has also taken into account that∇usf = 0 for subdomains in this particular prob-
lem.

We can therefore perform the solution of the global system by solving at each subdomain 1
the following:


0 Sx1u1 0 0 ∇x1e

1

Su1x1 0 ∇u1g
1 ∇u1h ∇u1e

1

0 Λ∇u1g
1T

G1 0 0
0 ∇u1h

T 0 0 0

∇x1e
1T ∇u1e

1T
0 0 0




dk
x1

dk
u1

λk+1
1

µk+1

νk+1
1

 = −


∇x1f

0
0

h +∇u2 hTdk
u2

e1

 (56)

and similarly for subdomain 2. One can see thatdu2 andνk+1
2 from subdomain 2 are needed

to solve the above system for subdomain 1, and viceversa. The interface forcesz are also
required to compute the interface residual forces:
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e1 = K1 u1 − f1 −B1z

On the other hand the Lagrange multiplierµ is computed at both subdomains. An iterative
scheme is proposed.

6 EXAMPLES

Some examples are shown of analysis and optimization of a linear elastic plane stress problem.
The aim is to show how domain decomposition methods may be used in this context. The
examples correspond to small problems as they are preliminary results of these techniques.

6.1 Structural analysis by using the Schur complement matrix

A plane stress problem as shown in figure 4 has been solved by domain decomposition, com-
puting the Schur complement matrix and solving a primal interface problem. It has been de-
composed into four subdomains as shown in figure 6. The deformed structure is given in figure
5, the maximum horizontal displacement at the upper right corner is 6.8924, which coincides
with the result of the standard finite element solution.

Figure 4: Plane stress problem: mesh and boundary
conditions

Figure 5: Domain decomposition analysis of the
plane stress problem: deformed mesh

6.2 Structural analysis by minimization of the interface displacement errors

The same problem as previously described has been solve by minimizing the error in compati-
bility of the interface displacements. This time the structure has been divided in two subdomains
(figure 7). Figure 8 gives the deformed mesh, where the upper right corner displacement was
6.3212. The tolerance for the function evaluation was 1.E-5. Figure 9 shows the evolution of a
norm of the error in the interface displacements, for the different iterations.
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Figure 6: Domain decomposition analysis for the
plane stress problem of figure 4
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Figure 7: Domain decomposition for analysis with
minimization of the interface displacements errors

Figure 8: Analysis with minimization of the interface
displacements errors: deformed mesh
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Figure 9: Domain decomposition for analysis with
minimization of the interface displacements er-
rors, norm of the displacement errors at interface

6.3 Structural optimization using interior point algorithms

Structural optimization using interior point algorithms is illustrated with an elastic plane stress
cantilever, subject to concentrated loads as shown in figure 10, where the finite element mesh is
also drawn. The beam dimensions are 10x10 units and the initial thickness is uniform with unit
value. The initial volume, which is the objective function is 100.

The finite element mesh is composed by 128 triangular (linear) elements and 81 nodes. The
total variables for the optimization problem is 272, corresponding 128 to the element thickness
and 144 to the nodal displacements (state variables).

The initial values for the state variables correspond to an equilibrated configuration.
Inequality constraints are defined so as to limit the element stress under a maximum value

and the element thickness are bounded by a minimum value 0.01.
A feasible directions interior point strategy has been followed to solved this problem.
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Figure 10: 2D cantilever beam
Figure 11: Optimization of a cantilever beam: final
element thickness

After 67 iterations the beam volume is 14.65, the gradient of the lagrangian reached a value
of 3.62359e-005 and the residual of the equilibrium equation, 4.22405e-014.

Figures 12 and 13 show the evolution, with iterations, of the objective function and a norm
of the residual of the equilibrium equations.

The final thickness map is shown in figure 11. It can be seen that it roughly (with the
limitations of the finite element size, and with element uniform thickness) corresponds to what
is expected for a beam like the example.

Figure 12: Optimization of a cantilever beam: evolu-
tion of the beam volume with iterations

Figure 13: Optimization of a cantilever beam: evolu-
tion of a norm of the residual forces with iterations

7 CONCLUSIONS

A summary of domain decomposition methods has been given in this paper. Structural prob-
lems are treated in the work and in this context both analysis and optimization problems are
addressed. Domain decomposition is used to solve these problems. Some examples are shown
for analysis of a linear elastic plane structure, solved by direct computing of the interface vari-
ables, or by minimization of the interface error in displacement compatibility. On the other
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hand an interior point technique has been used for thickness optimization of the same structural
type. The use of domain decomposition strategy for this last problem has been outlined. Re-
sults are not shown since they are work in progress. The next step will be to make use of these
techniques in the frame of parallel computation.
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