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ABSTRACT
Moving boundary problems in which the location of an interface must be determined as
part of the solution arise in many scientific and engineering applications, one of utmost
importance of which is crystal growth. There are three basic ways to address these
problems numerically: (1) Fixed grid methods based on a finite different or finite element
discretization in which the basic computational mesh is fixed and the interface is tracked
using either a field variable or a discrete set of points that define it. (2) Adaptive grid
methods also based on finite differences or finite elements in which the interface is
described by grid points in the computational mesh. (3) Boundary integral methods in
which the problem is cast in the form of an integral representation of the interface. Here,
we present a fixed grid method based on finite elements where the interface is described
by a set of tracer points. We solve the conservation equations of energy and solute
transport and pay special attention to the accurate calculation of the interface velocity.
We also show that the method is second-order accurate. Example applications including
the solidification of a binary alloy under a temperature gradient and the growth of
dendrites into an under<ooled liquid are presented.

INTRODUCTION

The understanding of dendritic growth requires a detailed description of the heat and solute transport
in the vicinity of the dendrite tips as well as the factors that control the stability of the shape of the
dendrites. The modeling of the heat and solute transport is complicated by the presence of the solid-
liquid interface. The position of the interface must be calculated as part of the problem solution and
interface conditions must be satisfied, resulting in a highly nonlinear problem that is very sensitive to
numerical error and is prone to numerical instability. The difficulties involved in the numerical
simulation of the “sharp interface” problem led to the development of “phase-field” methods over the
last 20 years [1,2]. The phase-field methods are diffused interface models that introduce a continuous
transition between the two phases across a thin layer of finite thickness. An additional variable called
the phase field is introduced that identifies the phase. This has the advantage that the location of the
interface does not have to be explicitly determined. On the other hand, an extra equation for the phase
field that contains very thin regions with large spatial gradients must be solved. A drawback of this
method is that it cannot be easily modified to treat other types of interface problems of engineering
interest.

Fixed-mesh methods that solve the sharp interface problem have been proposed over the last 10 years
[3. 4]. These models are based on finite-difference approximations to the governing equations and are
only first-order accurate. Finite element models have also been published [5, 6], but these are based

on adaptive meshes.
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In this work, we present a fixed-mesh finite-element model with interface tracking. The interfaces are
described by a set of marker points that move in time according to the interface dynamics. During the
development of the method, it was found that most existing models for the phase change problem
suffer from an inability to calculate the interface velocity without introducing severe oscillations.
Special techniques are developed that greatly reduce these oscillations, even though it does not appear
to be possible to eliminate them completely. Due to space constraints, we will present some of the
basic features of the method in a one-dimensional context only. The reader should keep in mind that,
because the interface dynamics occur along the direction normal to the interface, most of the concepts
can be applied unmodified to two and three dimensions.

PROBLEM FORMULATION

We consider the solidification of a binary alloy assuming that diffusion is the only mechanism for
heat and mass transport. The energy conservation equation is

n%TT‘ =AV?T, in the solid phase (1a)
%T;L =V2T,  inthe liquid phase (1b)
and at the solid-liquid interface
T, =T, (2a)
a7, dT, I
Aol ol oy (T, -T ) IV 2b,
on dn (St r(7 "')) 2b)
The solute concentration equations are
9 . L GZC, in the solid phase (3a)
d Le; 3x? P
%C—;l— = _I_glz—,%f—z{ in the solid phase (3b)

At the interface, the liquid concentration satisfies
-—ve, [i=(1-k)(c €V @)
Le,

The interface condition for the solid phase depends on whether the solute concentration at the
interface is eutectic or hypo-eutectic. If it is not eutectic, we have

Cs =kC; atthe interface (5a)
Otherwise,
1
C.=Cs t| ————— 3-¥
s =Cy ( l(l+ﬁ)V]n C (5b)
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The equations have been nondimensionalized using H as the reference length, 7= H*/a, as the
reference time, T =(T *-T,,)/AT , and C =(C*-Cg)/(Cg - Cp), where the asterisk (*) indicates a
dimensional quality.

The parameters are 17 =pc, [P1cp, . A=ag/0y, St=c,, AT/L, y=(cp, _cpz)/cm'
C=GCo/(Ce-Co). Le; =ay/D; . Leg =y /Dy, and B =(p, ~pe)/py . where @ =K,/ pyc,, and
a, =K,/plcpl.

Here, the subscripts s and ¢ refer to the solid and liquid phases, respectively; p is density; Cp is
specific heat; V, is the interface velocity; x is thermal conductivity; D is mass diffusivity; & is the
equilibrium partition ratio; T"'o is the initial meiting temperature of the alloy; Ty is the eutectic
temperature; Cg is the initial concentration; Cg is the eutectic concentration; AT =T, ~Tg; L is the
latent heat; and 7# denotes the unit normal to the interface pointing into the liquid phase.

The modet is closed with a Gibbs-Thompson interface condition of the form

T,.(C,, -C
T,-r,,,o=mc,-+_—""LT'" 2 ______"'( P‘L ) [T,ln(%’-)+T,, —r,] (6)
7 m

T, and T, are related through the liquidus line in the phase diagram by
T, =Ty, +mC, Q)]

where m is the slope of the liquidus line, C; is the local interface concentration, o is the surface
tension, K is the local interface curvature, and u is the kinetic mobility.

NUMERICAL METHOD

The equations are discretized using a Galerkin formulation with linear (1-D) or bilinear (2-D)
elements. It suffices to consider two types of intersections with bilinear elements as shown in Fig. 1.
In these elements, the mass matrix is integrated separately over each phase with the aid of two
isoparametric transformations. This results in the exact mass distribution when the solid and liquid
phases have different heat capacities.

(a) (b)

Fig. |. Element intersected by an interface: (a) triangular: (b) quadrilateral.
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Figure 2 illustrates the oscillating velocities that are typical of these simulations if the stiffness matrix
is integrated exactly, as was done for the mass matrix. To resolve this problem, we utilize the
equivalent diffusivity proposed by Patankar (7] in one dimension,

ha,a,

Tea ™ (h~x; ), + 2,0,

(8)

where h is the element size and x; is the interface position. We have successfully extended the

concept to two dimensions by applying it at every point in one spatial direction and then integrating in
the other direction. This yields anisotropic equivalent conductivities in two and three dimensions.

V(mvs) Interface velocity vs. position
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Fig. 2. Interface velocity versus position in one-dimensional solidification of a
Pb-5.8w1%-Sb alloy showing oscillations.

The direction normal to the interface and the interface curvature are calculated at each marker point
using a local quadratic interpolant centered at the marker. The distance between markers is kept
between 0.3h<d <0.92. If the distance becomes larger, a marker is added in between and, if it
becomes shorter, a marker is taken out.

The interface position and velocity are calculated iteratively using the method depicted in Fig. 3. The
quantity e, is evaluated using Eq. (2b), where the derivatives are approximated using the
temperatures 7; and T; along the normal to the interface and h, is chosen as h, =1.5h,
guaranteeing that these points are not in the element containing the interface in the two-dimensional

case. The same idea has been extended to a quadratic interpolant of the normal derivative using four
points along the normal to ensure quadratic convergence.

EXAMPLES AND DISCUSSION

Error analysis of the current method will show only a linear convergence rate because of the lack of
smoothness of the solution at the interface where the derivative of the temperature is discontinuous.
However, we can show that the method is second-order accurate through detailed calculations
performed in two cases involving a pure substance for which analytical solutions are available {8, 9.
The first is a one-dimensional problem in which the domain is at a uniform temperature larger than
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Fig. 3. Calculations of the current interface position and interface velocity.

T,, and at time ¢ = O the temperature at the left-hand end is lowered below the freezing temperature.

This was also solved in {10]. The second is an axisymmetric probiem with a central sink that we solve
as a two-dimensional probiem in Cartesian coordinates. A typical result for the first such problem
measuring the error in the location of the interface after 150,100 seconds of solidification, together
with the data, is shown in Fig. 4 where the second-order convergence rate is evident.

The next example involves solidification of a Pb-22wt%-Sb alloy. In one dimension, the region length
is Ly =0.02 m, an initial temperature gradient of 10,000 K/m is imposed with the temperature at x = 0

equal to the initial melting temperature Ty =385.474 K. This temperature gradient is applied at all
times at x = 0.02 and at ¢ > 0. A cooling rate of 0.03 K/s is imposed at x = 0.0. The rest of the material
propetties are p, = p, =10,190 kg/m®, D, =7.53x10"'" m?/s, k = 0312, Cg=112wm%,
Tg=524K,m=-6.83, L =28770J/kg, C, =1411J/kgK, Cp, =151 J/kgK, x, =20 J/m-s-K,
and x, = 15 J/m-s-K. Results obtained on a 200-element mesh for the temperature, a 200-element
adaptive mesh for the solute concentration. and a time step Ar=0.25s are shown in Fig. 5. For

Convergence rate
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Fig. 4. Convergence rate of the interface location.

203



ENIEF - XI Congreso sobre Métodos Numéricos y sus Aplicaciones

xi{mm) Interface position i
15 L
i |
14 A
. o
(@) 12 / ;
10
8
g
4
2 - 7
!
0 - - d
c 1000 2000 3000 4000 5000
time(s)
V(m/s} Interface velocity
3.08-C8
8.0E-25
7.0E-36 /
(b) 5.0E-05 /
5.0€-C8 /
! 4.0E-38
3.0E-35
2.0E-C5 ?
1.08-38 {
C.0E-ZC § i
2 5 10 ) i
Xi(mm} i
C (%) Concentration at different times J—:(10005) l
s {—c(17508)
; —-c(zsoos)j;'
s —c(32505) ]
——(4250) |}

-~

¢ 3]

(©)

4
N \
N \ N
2
DL
T
Lol o
L 5 19 15 Kimmlogq |

Fig. 5. Resuits for solidification of Pb-2.2wt%-Sb alloy: (a) interface position versus time:
(b) interface velocity versus position; (c) interface concentrations at different times.
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Fig. 6. Dendritic solidification into a supercooled melt; interface position at intervals of Ar=0.05.
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Co =2.2wt%-Sb , the eutectic concentration is not reached at the interface and therefore steady
solidification is not achieved. Figure Sc shows the concentration profiles that show the sharp
concentration boundary layer that forces us to use an adaptive mesh in the solution of the solute
concentration equation. Unfortunately, we cannot discuss this in more detail here; for details, see [11].

Finally, we present an example of dendritic growth into an undercooled liquid. At the center of a
square domain 4 units long and at uniform initial temperature lower than the melting temperature
(T.. <T;,) . we place a solid seed at temperature T, specified by x=x. + Rcos@, y=y. +Rsin8,
where (x..y.) is the center of the square and R=0.1+0.02c0s48 . The undercooling T, =T, is
chosen so that St = -0.5 and ¢ = 4 =0.002. The heat capacities are uniform and x; =1.0, x, =0.1.

Results obtained in a 100-by-100 square mesh are shown in Fig. 6, where the innermost curve is the
initial condition and the rest of the contours are the interface position at intervals Ar=0.05.

These results cannot be compared to exact solutions. Two-dimensional cases similar to our last
example compare very well with previously published results in some cases. However, in other cases,
our solutions are very different. We also observe that in those cases where our solutions agree with
previously published ones, we can obtain comparable accuracy in coarser meshes, typically with half
the number of nodes in each direction. The extension of the two-dimensional model to include the
solute conservation equation is currently being performed and will be reported in the near future.
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