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En este tnbajo present __ -.-ma iJDpiato _ .-pecto a1 tiempo para el pnbI.Ima de - a.rpo
AJjeto a la ley CClUtitutivaelUtica perfectame.te pIMtica.
Probamos la coa-eeacia de la ooluciCoadisaeta si !as CCIIlcliciaaade cont~ im~u pan las ~
.., dependen del ~.

1:athis ••••.k we pteMII1 ail iIIIIpIicit-=heme •• time for the d~ •••••• at 1M body subjed to ••
elutk-pedectl, plaatk coastitaUw law. We JII'O"'e the con-eeace at 1M diacret soIatiaIl if the iIIlpoeed.
bowadary eonc:litiallSOIlthe sue. do IIot dep-t em time.

We suppoee that the body 0CCIII'i- a '--led nciaa 0 ill Il' .
• We ohall deoote v the MIoci&yMId, -(&.t) E •. " • , the .treu teuclr .,.(&,') E ll~ aDd f 1M loody
bees !(&,t) E ll" with :r E 0 t E (O.T]. T > o.
• 80 = 8".0 u a,o ••••i:Inpc.e the forces ia a,o aad the velocity OIl a,fi.
• L2(O) = L2(O)~. L-(O) = LOO(Of., L'(O) = Ll(O)~ and 8 = L2(O) x L2(Of.
• Let .., E 8'(0)'. _ cIefiae c(•••) the strain rate associated with w

·.il"') = H::: + ~)
• A = (AojWo) is the 4th order teMar cI elastic .--p1i ••••••fllthe mMerialuht"bitmc the __ )IPlPCtiM

of .ymmetry. boaadedaeu and coettiYity.

{
Ao..... = Aoj'" = AojWo
••{.~j $ Ao;w.{w.£'j$ 1J{o~j with •• > 0 aad IJ > 0

• We define the ocalar product [.,.}.. •• B ..a that [(~). (.:;:) L = L~bz u +LwtJIIt.

with A .yntn>eUic. bounded aDd coetti'ft.

• We define
Y = {T E L2(Q) with div T E L'(O)'}

IlEGULAJUTY ASSUMPTIONS

• ! E W1'-(O,T;L2(O)')
• We consider mixed bouDd.ery aleIIitiou. We __ that the faras are ci- em a part 80, aDd the
velocity io imp~ _ an.. = ao - BO,

..,.~=r _BO,.=~ -an..
·Thia p-per it pel\ of WQrk QQMDIkr 1M diRc\iQa of fiem SUQIIIt It Ule -Laborlloin de )lee •••
et D'Amuatique" (CNRS), ManeiBe, Fr..ce



• The iDitial state of the material is deIiaed by cre the initial stress, &1lel". the initial Ydocit,..
• We assume the emtence of (cr", ,,") such that

1

"(z,t) E K p.p.

".,,= ~
,," =~

"(0) = ere

""(0) = •••
widl doe roa-u.c repIarity ~

I".E Wl_(O. T; LI(O)')
,. E wa'-(O,T;L-(O))

lliy IT" E LOO(O, T; LJ(Ot)
c(,,") E Wl.OO(O,T;LJ(O)

if I' E 8,0 aael t E 10,T]
if I' E a..n aacI t E 10, T]

where
• K is the c:IosecICODYe:J[set in •.~ which cIelimit. the set of play.icaIl,. .dmissible sUess states.
• JJC is the inclicator funCtiOll of K .
We haft in additioB the ~ equ.atiall

where we -.une p = 1 for simplicity.
with initial conditioDs

{
tr(O) = cre
w(O) = •••

{

IT." = pi if I' E Or, t E fO.T]
" = ~ if s: E n... t E fO,T] (4)

In fact liU ia the quasi .tatic cue (see 15]) the l101ution will satisfy cml,. a weak farm ol the c:ODstitmft
law (see 11]) however, " anel cr will be uniqUit.

L A.;{t)(tr(t) - T(t)). + L(w(t) - ,,"(t)) c1iy(cr(t) - r(t». - L c(."(t)(cr(t) - r(t». ~ 0 (')



Therd'ore we obtain from (2), (3), (4) and (S) the equift1eDt problem.
Find ("', ii)•••. (t) E Je with E = {,. E Y and ,.(z) E K p.p.} nch that

fa Ai(, -")dz + fa • di. (, - ,,)u ~ fa 1&(,- T)U

for all T IUch that T(t) E Je, = {,. E EfT." = ,..}
di.,+ 7 = •

••.." = ~ ih E 8,0 t E IO,T)
j = 0 ih E 8,,0 t E 10,T)

We 1Ue & finite dil'erence discretisatkm in time.
We divide [0, T] in N interY&1s !t•• t..+1J with ~t = ~ v·(z) = ,,·(w,t.) and T(z) = ](z.t..).
h"( ••) = h( ••,t ••).
We consider ••.• = ••.•, ~ = 0 &Dd(,-+' , ..-+1) is defined by induction &I the solution ol

LA ( .....+~~.•.").{,-+,- T)U + fa .-' di~ (,"" -,.)U ~~ fa •.. +1{ •.••• , - T)U

for all T E JeF

and

for all .., E LI{O,.
with the boundary conditi<a on ,

It is poniWe to see, asine the theory of ~vu uWyeie (_ f« instance [3) and [41) that there is a unique
eoIutiOll for the implicit echem.e.
We shall sin some definitiou
For & sequence (X.)eS.SN in & ftCtGriallpace we define

t-t..1
XN{t) = (x. - X-')Af- + x ••-.
xiv{t) = x. if t E \t..-, , t,.)

• Because the tensor A is positift defined _ obtain

A{ ••.-+' - ••.•)cr ••. l ~ ~(M"+1,·+1 - ..••.•••.•)



t f (i'*1 - i")i'*1 • ~ if '••.•+111• (17)•••la Jo
UaiDg (15), (UI), (17) ud an. sqwmat- of the aaecesUft iDeqaatioaa, (11) and (12) with 'r E J:, aDd
w = r+1 _ obtaia

!. f ...,-+1,_+1.+! f fi"'+IJI. :$ t f ~rl + <Ii.•. 'r)V"+1.
2 Jo 2 Jo &=.Jo
+t f 41t1t-1(,..+1 - •.). + f A( ••.-+I - ")7'.+ ~ f AI •••.• tlz (18)

••=.Jo 10 10
PrUD the .~K- _ltaft ..,. a cUpter I, we haft a particular 7 E L-(O, T; LI(O)') and
" E L-(O,T;LI(O)'). aADc the coercinty ol A _ get from (18) the aistence of C1 and CI, poaitift
cautaItU -=h that

1,,·+lr- +1",-111.:$ Ct + CI.6t t( f " .•,2.+ f IV"I'.) (19)
o 0 ••••• Jo Jo

Therefore _ can dedaee &om a diacret -.enioD ol the GJ'OD....n Lemma that

fa '••.·+l12dz + fa 1ii"'+llldz:$ C

l
'N utd ••.1J are bOWlded in L-(O,T;LI(O»

indepeDdeDtly of N

eN aad iN are bounded in L-(O,T;LI{O)')
independently of N

We tab the additiaa betweea the (11) inequatiaa written at t = &,. wiiIt •. =,.. u telt functiaa and
written at t = t••_1 wid. •. = , ••+1 u teet function ••••d we obtaia

fa A ( ,..+1 - ~ + , ••-I ) (••.•+1 - ••.••)dz + fa (V"+1- i") <Ii.•. ( ••.••+1 - ••.•>-
:$ L(1•• +1 - ••• )( ••.••+1 - ,.)dz (21)

Now _ caD take the difference between the (12) equation written at t = &"+1 and t = &,., with • =
'-1 _ i" as teat functiol1aad we obtain

fa diy ,"(r+1 - i")dz + fa (r+J - r)(i'*1 - V")dz =

= f .-+1 - 2F' + .--1 (••••.1 _ V")dz (22)
Jo At

With &II ••• ,. computation aad usi.nc that A it poaitift d.diae4 _ •• the faDowiDcaequalit_

A( ••.••.•I - 241·+ ,.-1)(, ••.•1 _ ••.••) ~ iA(,.+1 _ , ••)(, ••.•1 _ ••.•)-

1- - A(,· - , ••-1)(,. - ,.-1) (23)
2



(••••.' - fi"' +..-')(r+'-1") ~ ili'*t -rr - -iJ-'"-r-tr
There{Oft, &- (21) •••• (22) _ obuia

From the assumptions in ChapUlr 1, ••••mow that 1 E W''-(O,T; L'(a,-) ••••
It-+! It- -r' T1E W1·-(o. T;LI(Ot) thea I. = tA~ •••• I] = ;; are ~ in L'(Ot. '1."heNfon

after summation __ " in (25) •••• usinc A paUliw tiebell _ pi

L I'-+~~'"r· +L l"'+~'" r- ~~C. +C, ~ [L I""~ '-1'-+
+ LI•••~rr-]+c,[LI'~"r-+ LI:,r-] (26)

with C1 • C,. C. podtiw~.
We take the ~ (11)"" (12) at t = fe, III = wi aDd T =,. u tesIt fuactioes •••• _ obtain takinc
iDlo acCOlUlt that __ = 0

LA(,I~")(r ~,.).+LI:,r-~L1'('~t).
+ L ({;I ~ --)( •• ,. + 1>-

TbereloI'e uaU1« A paUtiYe ddined, 1 E L-{O,T;L'(O,-) •••• 7 E L-{o.T;L·(O)·) ••••haw

with C4 a paUli"" caut ••.
Usin& (27) we CaD apply the cIiKret wnion « the Gr.waD'. (26) and we deduce that theft
exists a pOliti"" COIlstllllt Cs ...a. that

with m = 0, ..•• N - 1 .
From (12) aDd (28) it followa tllat

io a boulMIed -.- in L-(G.T;L1(O»
io. bowaded oeq••••••ce in L-fG,T;Ll(O,-)

aft bowuled oeq-c •••

in L-(O.T;L'(otl



PASSING TO THE LIMIT N - +eo

From (20) and (29), there mat , E LGO(O,T;Y)nW\.GO(O,T;L1(O», ~ E L-(O,T;Y),
• E W\'''(O,T;LI(Ot) and ~ E L-{O,T;LI(Ot) and subMq__ ol ("N,V,,), (.r1w,v1r)
•••ch that

,,, _, •• LGO{O,T;L1(O».....t •

'" -. •• L-(O,T;L1(O» wuk.
erfr - ~ ia LGO(O,T;L1(O» wuk •

cliy "" - cliY' ia L-(O,T;LI(O)I) weak.
cliy 'N - cliy ~ ia L-(O,T;LI(Of) weak •
ii" _ ii ia L-(O,T;L1(O)I) weak •

tr" _ if' ia L-(O,T;LI(O)I) wuk •

li" - i ia L-(O, T;LI(Of) .....t .
From tM defiDitiau ol "","",ii .••.,rlll, (20) and (28) it is easy to I« that

{
limM-+_("N - "'.11') = 0 in LGO(O,T;Y)
lim.N-+_(iiN - iN) = 0 •• L-(O,T;L1(Of)

{;:; (32)

'1'he appIicatioa T1 ; WI,l(O,T;L1(fl» - L1(n), T\(T) = 1"(0) is c.oatimIous and COI1Ve1. Tbeo by a
lower oemicnahnuity vgumezat

Ii ftDl.u.. to thaw that " E 1:,
• The applieatiOll T1; LI(O,T;L1(O» -I., T,(T) = DT- P•.TIIL'(o.rJl(o)) is convex and COlltinae, wit.ll
K COIlYU of plasticity. Then by a 1mNr ....we:-tiauity arcument

6{z,t) E K p.p. (35)

• For lIII wE CGO(lO,T) X n,al) willa w = 0 if •• E 8•.0 we haft fr.- tlae Green formula

"' = r p.p. in 8,n
m order to obtain the 1DOWemat equation ••• nmark tlae foDowinc
If



MOYemeDt Eqaatioa

By the clefiJlitioll or '1r. "oN' "N ••• " _ CIIIldeduce

Lr L(cIiY" +T" - .,,) ..••••••••= 0

with .., E C;o(O.T;LI(O)')
From (37) we haft in particular

{
loIJr - loI in LI(O.T;LI(O)')
TN -1 in LI(O.T;LI(O)')

Usmc (30) aDd (32) we can paN to the limit md by uoiac a lleIu.ity arpmeat we cIed••

di",,+1=.

We consider T E It, with the loIlowUtc unmptiam

{
T E JVl'-(O.T;LI(O»

cIiYT E Wl·-(O.T;LI(O)')

From (11) we set

~ [l A"-~ .,a (.,00+1- T(&'+I»U + J •.....I cIiY (,,-1 - T(&.+d)h] :$

:$ t 1. .a+1(.,oo+1 - T(t.+l»)U (to)
•••• 0

aDd we set &om (12)

t 1. di" ,,-1••.•' • = t 1. ( •...•.~ •.. -1(&.+d)r+1 •
ado ••• D

<AnbiJUDc (40) ad (41) we obtu.

t 1. A"-~'" ,,-1.••.•tL (r+~"')'-1 .••:$...=. 0 •••

:$ ~ [L A'-~ ••T(e-). + L •..••(.,.T(&'+I)+ ](t..+l »)h] .•

+t (la+I(,,"1 - -r(t...-l))dz (42)
-=.10



We .baIl •• the followiJac
• The applicatioo
T. :Wt"(lO,TJ,L'(O» ..• L'(O,T)

TaU) =! I A{(t){(I)Jz it continuoua and CQDYG:'do

!!mint! ( A6N(I}<r•. (I) ~ ! ( "'<r{t)••(t) Ik
10_+00 210 210

Uld with the lame techniq~ _ get

;'" ~ it
TN -..,.
V'N ••••

diT ~ ...• div T

lN ..•1

~ L'(O.I;L'(O» weak

in L'(O,!;L'(O))

ia L'(O,I; L'(O)") weak

ia L'(O,!; L'(O)")
in L'(O,t;L'(O)")

in L'(O,!; L'(O)")
ia L'(O,t;L'(O)") ••.eak

!(..•••.(t) ••(t)1k - !1A6•••• tlz +! (1;;(tWtlz $ /.' I An tlz rl.+
2 10 2 0 210 • 10

+ J.' 10 I>(IT - T)Jz h + [ 10<7+ div T);; tlz rl. (47)

J.' 10 A';'(, - T)Jz rl. + [ L i :iv (•• - T)Jz d. $ J.' 10 Il( •• - T)dz rl. (48)

We consider T e L-(O.T;Y) with T(I) E J:,
We define ,

IT••(Z.t) = ~ A,(')T(Z.t - .)rl.
.,th h such that

p" E Ct"'(lO. tll
J: A,(.)rl. = 1, h ~0



We .hall _ aome resulta
• We defiDr (see for inataDce (2))

J(,):: iDf {a> Of! E X}
a

with , E": and K alIl'ftX 01 pluticity
J it a convex functiOD and from the de1iDitiOD01 J. K = U E ":IJ(,) S I} beuuae K it a ek.e
CODftX.

In order to show ",.(z,t) E K p.p. we write

J(",.(z,t»:: J( r ".(I)..-(&.I - a)da)

J("'.(&,I» S r ...(a)J(",(z,t - a»)da

n... ....EI,.
Ja cwder to ahow tAt! coaftrgea«. T•• .,.. _ de6IIe

{
~(z) -+ 0 p.p. is 0
~(z)$Cp.p .• 0

n-..fOft we CUlapply tM Leb-e- ftnmi-·'ed aaYeqeDCle tMonm to •••.

lia I a:,(z)da:: 0--+-Jo
Then we have T. -< T ill L'(O.T;L'(Q» •••• _1Iaft prooecI (SO).
H we write (48) with., u lest faactiaa, puIiJlc to tAe limit • -+ +00 _ ••

a.EMAJUC

Ja lad, _ haft ,.... (W) tMt if a..u YWlIioa 01(6). It ia.., to _ that _ ha•••••••••••••••••

(" V) neb that (M), (7) •••• (8) are aabaW.
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