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llESUMEN

Se _tuma ua procedimieD&osimple pea obtea_ el _palme de ciominic. cilindricoe por el mItado
de difereDcias fiDitas. Se realisaD traulormadooe. de coordenad •• ell cada dOnUnio para conaeguir
normalizaciones apropiadas y • desarro1la un alCoritmo para empalmar perfiles de temperatura y
f1ujOllcal6riCOllea !as interfaces. Eate pracedimiellto • &plica a UDa camara de reacci6A c:ilindrica
para eYaluar el grAdo de vukanizacicSn de ClDmpuestc.de caucho ell fuDcioa del ~iempo de reac.ci6G.

ABSTlUCT

A simple proeed ure &0 obtain the matchiD.cof cyliDdrical domaiDs in the &Bite difFerence method is
studied. Coordinate traasfarmaUona are carried ou~ in each domain to get 8f'FOpriate normaliDtiOllll
aDd an alcori~hm to match temperature pro61ee aDd heat fluxes at interlaces is developed. This
procedure is applied &0 a cy1iDdrical reaction chamber &0 eYaluate the decree of vulc&Diz&t.ioDof
nabber compouada as functioo of readioD time.

Heat transfer coupled &0 chemical reactioa is an importan~ phelloln8nODin tire vulcanization. This proc••
OCCW'8 in two s~es: firat, ~here exists aDioductioa time where the curiDg reactiaa does ao~ take place, and
then, ~he chemical reac~ion starts aDd proceeds with a rate that varies in time. Now, it is weD recognized
that aD appropriate description of the sta&eof cure in a rubber compound requires the consideration of both.
induction time due &0 ~hermal history and non-iIotMrmai Y'dcanization kinetica (11. With Lhispurpoee. cae
dimensional models are freq_t1y ued with timpliliecl bouadarJ conditioas (11. [21.
The presen~ work is devoted &0 generete a simple aumerical algorithm through finite dilferences &0 describe
~b.eprocess oCcurinc in ~he reaction chamber showa in Figure 1, which •••• desicned by researches of FATE
S.A.I.C.I. for quali~y ~nc procedures.

The reaction chamber is com~ of a cyliadrical rubber NlDple that. receives heat £rom the moicI (upI'«
and lower disks aDd well). The disks are ill direct contact with heat sources. at constant temperat ••••. Other
parts of the mold exchance heat with unbient air. •

One should no~e that the greeD sample, initiaDy at ambien~ temperature, receives hea~ from the mold. aDd
since the rubber has a very low heat conductivity. tempera~llre profiles vsries in space aDd time.

A numerical alcorithm deocribiac this problem must be simple enollch (shan compu~ational time) .., that
it can be uM<!in microcomputers to lenerate raplcl feed.back informatiOll.l £or ~e COIl~rolof yariables ia
the productioa line. Therefore, _ show bere a procedure to ~ in discrete form cyliDdrical tIoanaiM of
the chamber. allowiDCone to fonnulate the numerical alcorithm in simple finite dilfere...,...



This work only presents the formulation or the mathernaLiul model and also the procedure for maLchinC
the cylindrical domains. Temperature pro6les and decree or vulcanization are also presented in a Benre.
Howewr, the vaiiduiDll or thi. a1corithm throuCb co~ witb experiment.al results wu carried out
with raearchera or FATE S.A.I.C.L in aD uapuhlisbed \ecluUc:aI report.

I••--olYc

Figure 1: Curiae chamber.

MATHEMATICAL MODEL

Since there is not momentum transfer in the chamber, the balance of thermal mercy in cylindrical coordi-
nates , and ;r can be simplified as follows,

8T.· 1 8 ( iJT..) 82T. 8Q';"'~ = I:..{-- ,-' + -'} + -8t , 8, i)r 8z2 at
and it muR be aatiolied in the rubber CIDIIlpound• the diob and the...n. In equation (I), T; is the
tempemUle, ,; is the density, I:.. is the thermal conductivity and '" is the heat capacity. The IIUbindexj
taka Yalua I, 2 and S to indicate rubber, wall and dioka, reopect.ively. The term ~ is the rate of heat
seneraLion due to the curine naction and can be exprased, .

k.(T) (1 - iL)a
Q-

Ek.(T) = k. tzp( - RT)

l'fT') dt
r. =. -t.-t-ZP-(T.-.-/T-.-)

.•••here k.(T) is a rate coutant .•••itb aD Arrhenius type temperaLure depeDdence and Q_ is the total heat
of reaction. A1Bo,E, k.. T. and t. are kinetic constants independellt of telllpemUle aDd ~ is the desree
or vulcanDatiCli that depeoda on WIle and position.



When dimensionless time 1', reaches unity in eqaatiaD (4), the upper runit c in the iDtecral corresponds to
the onset at yuleaDisation. Further physieal up«:bI or thia problem are discussed in [1).
The next otep coD8iatain writtiDJ equtiaB (1) to (4) for each domaiD of the chamber in dimenaionJ_lorm
by uaine ~ales debed in FiCure 2. 1Il tIUa &pre _ mow the compllta&ioDal domaiu obtaiDed ~Ia
conaiderations ot 8)'IIUJ1etry.
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where T,o io the initial temperature of the rubber c:ompoUDd(ambieet temperature) aDd R,. io tbe ,_
constant. Theretore, equatiou (1) to (4) ,eDerw the followine c1imeuionJeso problem.

af. 1 8 ai, , iP', N 81 (5)a; = i iJll R iJR + A iJZ' + ih

81 A,- = A.. czp(--) (6)
81' '.r" h

r,; =. r. cq(T-1'.) (7)

with the followine conotraiDto,

/=0 /- r. <0 1'10 for r,; ~ 1 (8)
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aU_ rubber -.aD iIlter£ace wi&IaX" = "',1. aDd ~ = T,/TlO• tmd

at tae disk - rubber interface, with Xn = ""1:.,. aDd 'a = T~/T, •. It is aI.o cJe. that equatiOIl8 (12) and
(13) inlply equal heat luxes at iDterf-..

• Hal BaJaaec ia the Wall

We cleIiDeC2J = ~,to IiDd that,

aI, I a 111, , ;p~
Cu ;;;- = i aR R BR + A ap

EqaatioD (14) baa tDe fo1lowiDSiJlitial COIIditica•

•.<0 • OSRS~ , OSZSI •

aI. 111,
aR = Xu aR IJftIl " =',

R.
R= R; , OSZSI • aI, (T.)-=-11> ~--BR TlO

at tDe .a11 - air interface. T. beins the air '-mperature far a.a, from the.aIl. B. = ~ is the Biot
number and h is the heat transfer coellicia& by II&tW'a1conwectiOll. Also,

R. aI, aI.o S R S R; , Z = I • az = Xu az IJftIl ',='a
at tae wall- disk interface, with Xu = "./~. FinallJ, the symmetry IllIIIWDptiollrequires,

OSBS~ , Z=O , 81'=0
az



r<O , O;SR;S: ' I;SZ;S ~; , "=1

Be H. T.
O<R<- Z=-, 'a=-- - R;' H. T.e

where T•• the temperature of the heat -..:e ill COIltactwith the disk,

at the rubber - disk iDterface,

I;SR;S~ ' Z=1 ,

at the disk - wall interfac:e, and

R. Be a'a - Too)
R; ;SRS R; , Z=1 , az =B.('a-T ••

at the disk - air horizontal iDterfKe; So = !l;beiDc the Bio&numbez at this iDterfKL lD additica,

R,
R= R; ,

ae. (Too)-=-B, e.--az T.o

at the disk - air vertical iaterface; B; = ¥: heiDe the Biot namber at this iDterfaee. FiDally,.,mmetry
implies.

O<Z < Ho
I - - H, t

a'a =0aR

COORDINATE TRANSFORMATIONS

It is clear th&t the ranc. of 'lViaLions ol eoordiJWes. described by equati~ (15), (21), (25) aDd (27) aDd
summarized as follow.,

l;SR;S ~

R.<R<Rc
R;- -R;

1< Z < H.
- - H.

are Dot suitable for the purposes of writtinc the coupled heat tr&DSferproblem iD fiDite dilfereDCeO.with an
appropri •.te decree of freedoD in the choice of Crid lis •• iD each eomputation&l •••I>-domain. This problem
C&Ilbe solved with the following eoordiDate lransformatioas in each domain:

• R,,66cr Do"";.
CoordiD•.t •• are kept the same.

• WellDome.



R = •.-B; , O$R$1R,,-B;

aDd cIe&ae\be CIlIn.-pODdiq diJrermlia! operaior,

aii== 1 a
(lC-l) as

• Dial: Domai"
n. traDSformation is.

i=~=:'
aDd we de6De tile conespondiq di&reDtial opera&«.

a 1 a
aR == 7 ai

where lC' = Be/B;.
In ~. it is neceaary a DeWaxial YViabIe.

i = %-H. == Z-1 • O$i$1
H.-H. 7=t

••beno ••- == 11./ H•. The CDn"MP"""ins diflereBtial operator is,

a 1 a
az = (••- - 1) ai

n ill then clear that new coordinates in &hedisks aad the wall &Ddold coordill&ies in &herubber YVy in the
l&Dp (0,1) as wished for the numerical alsorithm. Neverthel ••••• _ have to match derivative. at interfaces
with different coordinates and this must be solved by an appropiate consideration of the metria in each
clomain.

Since _ haft to equate temperuures &Dd&heir derivatives at interfaces from each aide. and &he physical
cfiAaaces are measured with cillferem dimensiOD1eu radial and axial coordinates. it is nec:asary to localize a
point at any interface by requirins that the metria meuured from any side of the interface be both equal.
Thua, if h ••the arc Iensth, we ha .•••

w!left d.; &lid h; are arc Iensths deIiDed in domaiu i and j respectively. &lid Po, is a IC&1inSfunction as
fon-..

j
tlR=lCtlR
tlR = re' tJ.i

tJ..; = Po; hi = _ {iC=lJ
tl.Z=~tlZ

(lC - 1)

CODlIiderthe inten.ce of two domains deaisn&ted now • &Dd•. Let A4 be the end me for domain. &Dd
ll.h for domain •. If i. &lid i. are intesera so that.



~.=2... Ai=..!..
N. N.

it • dear that for a DOCiei. of ~ • _ CUI W a zeal Jalllllber t.of cJOmam 6 that aatiII6ea.

• = I' - it. I (40)
where i. is the iIIt.eger pan of t.. Theil, ally flUICtioJaF evaluated at i. ill domaiJa • Call aho be evaluated
at the same Dode OD the other side of iDterface. (domaiJa 6) with the foll-mg weichted approximat.ioD.

where the upper iIIdex 6 iIIdicatee that the fuDctiaa F ia evaluated at the illterl.,. from the aide of domain
6 at a place that ia coincideDt with .ade i. OIl the IIicIeof domaiD 4.

Thus, since Dodes of grids in diffen:ut domaia are Dot DeCesaarilly coiJlcident at illterCaces aDd grid sises are
mooten accordinr to the Deeds Corcomputinc sharp temperature profiles, it ia dear that the above equations
allow us to match temperature aDd their derivative from different domaiDs. We Call choose freely the grid
sizes ill each domain llGCordiDcto diff.rat physical situationa aDd DWlage any desired crid reli.nl!llloftt Cor
the accuracy of results. FillaDy, _ ha•• &0 _goa that transient partial differeDtial equatiooa are eo1ved
Uarourh the Alt.ernatinr DirectiaR Implicit (ADI). Fipre 3 shows isotherms ill the rubber and liJaes of
constant decree of vulcanizatiDD Cora typical nUl (_ Table I). It is o'-rvecl a u-mal ~ layer on
the rubber. disk imerCace.

Tabl. 1:Data ued ill the run of Ficure 3.

1:1 6.107 10-6 egl
eX F em Ie,

h 1.195 ~em

h =h 7.85 ~em
1:,=10 O.QII tal

eX,r em ",

Ct O.u. ~
~ =~ 0.128 ~

B 2%.6511Cf #:!oz
• 1
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T. 110 ·C
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