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Biot'l theory describing the propaptioa 01 waftS ill luid-.atarated parous solids is applied to show
numerically the presence 01 t7Pe n compressioDal waftS ill such media, a dilfuaion-tJPe waft due to
the motioa in opposite phue 01 the solid lUld luid ph.ua. TIM equatioDl 01 matica are solved usmc
finite element techniques aad DUJDericalrenka are shown and uaal7zed.

S 1. INTIlODUCTION

In this work we will show the applicaLioD01 Biot'l theory (2). Is]. [4]. describiag the proptlgatioa
olwaftl ill a luid-saturated ~ solid (which will be nlened to as a Biot medium) to problems
arisine ill aploratiQll geoph7lia.
In aD elastic solid, 01117two clift'eNId l7Pes oIbod7 waftS can propagate, a compresaiODal and a lhear
wave. On the contr...,. ia a Riot medi1Im tlIae exist two compreuiODal waftS ill addition to the shea:r
wavel. In the fastest compresliou1 _ft, deDotecI u TJPe I wave. the solid and fluid coaatituentl
move ill phase. while ill the slower TJPe n wave the solid aad fluid move ia opJ>C>llincphase. The
t7Pe n wayes are dilfusion-t7Pe __ • sodI'eriaclUsh attsuatioD OYer a wide ruge of&equencies. To
observe them it is DecellU1' to conIide!' ftr7 high &equl!llcie•• 01 the order 011 mlb. The aperimental
observation of thil waft was tint doDe b)' Ploaa (11\.(t).
In thi. paper we will apply Biot'l theory to describe the simulation of _ayes ill a cilindricall7 1)'1DIDf'tric
domain coosisting ill a fluid-filled cilinde!' 01 about the centerline and I-uis r. IUJTOlIDdedb)' a
Biot medium n•.. After compreuioDal poiat lOUttes are aited at poiDta ill r.. the dilp1acemeDti are
recorded at YVious points ialide np• TIM oqaaisation of this paper is as follows. In SectioD 2 a brief
reYiew of BioI's theory is given. Thea ill SectioD 3 the modellUld wte eea-t tedmique is described.
FiIlall7, some numerical resultl are showIl ill SectiQll <t.

S 2. REVIEW OF BlOT'S THEORY

Let Q denote a cube of bulk material aad let ,," = (tat). iI = (;;[) be the aftnlCed solid aad

fluid dilplacement vecton over Q. TIM laid ~ ftCtor is defiBed such that L ~I ." tUr

representl the amount 01 fluid displaced tluoaP the face S 01 Q •• beiac the elfectift ~t)'. Let

.1 = ~iil _ .')

be the fluid displacement relative to the solid frame and .et

e = ~ • ,,' , ( = _~ •• 1.



Lee TiiC.I. ,,') and pc"I, ,,') deDOte the totalltra. teIlIor ohhe bulk materia1 and the hid prasUft.
FoIlowiDc [4J. in the ilOtl'opic cue the .treu-ctraiD relatiau are ci- br

Tii = 2N Iii + ItJ(k- Bt).,= -Bc+JI(.

where Iii z !(ht + ~) is the did maiD t.- . .u.o. N • the ah..,.lD04luhu of the did
2 Bej BZi

matrix aad A = K. - iN. where K. iI the balk modulus of the •• tvated rock. The codiciat, K"
B and JI CAllbe computed usmc GassmAllll thearJ [e] &ad the compreuibilitr &elt. deaaibed.iD (5J.
Fe. ccmlplet_ we include the formulas below:

I _K Jr. + Q Q _ K,(K. - K.)
• - • K. + Q • - #(K. - X,) •

B _ K.KICK. - X.)
- KICK. - K.) + K.~K. - K/) •

JI- K:XI
- XICK. - K.l + K.#(K. - XI) .

Ben K., X. uad KI cIeDote the balk mociullll 01the did cra.iDs. the did matrix ad the thud,
reapec:tiwly.
Biot I,eqaa&iou 01 motiOD .iDthe 1Dw-&equenq range are

/p,,' /p,,1
i) 'liiJ + PI 8t

'
= V • .,.

tJ' u· '8'ul hI
ii) '18i2 +, at' +.81 = -V"

wida , = (1 - ~)P. + ~PI' ,. &ad PI beiDc the did &ad 1Iuic1IDUI densities, reapectift1r. Abo,
• = ,./It. where p is the lIuid TilCOIitr. J: the rod: permealtilitYlllld I = S~ where S is the 'o-<aIIed

ItnIcbaft factor. FaIlowiDc (I), to estimate S we ued the formula

Ia tile hicJt-frequesacy range, Biot ahowed that the mall and TiICOIU coupling coefti.cienta I and •
.-d to be modiied and become &eqUeJlCr dependesat. DeDotiDc br lo/ = 2•.f the aDJular frequener.
the meatioaed coefticienta are Ii- br (3J

il 1("') = et(S + Fi(I) ~ .!...) I

f lo/ i PI

ii) ~lo/) = iFr(I)



In the formulu above k •.z aDd ki z an the real and imaciDarJ pull 0( the KelYia functions of the
first kind and sero order. The pore-siH parameter Ap ill (2.5) has to be estimated &om the data of
the siven formaticlll. Using the fann 01 the coefticieDli , and i ill (2.4) implies solYiDc the equations
0( motion (2.2) in the Fourier transform domain for each angular frequency ••• and then obtaining
the solution in the time domain by ClOIIlpUtiq the invene Fourier trauform (for example using lUl
FFT algorithm). Since resulll _ the emtence and uaiqumeu of the oolutioll of (2.2) ill the Fourier
trauform domain with the coneepOl1d.iDc boundary COIlditicru are diD ~. we wiD _ in oar
model the low-frequency ftJ'sioll of Biot equations. (or which results on the uiatence and UDiqueoeu
on the solution of the equations an sho.•• in (111-

0 RI
r. 1'••

r.
OJ

%8 r, RI r.

z
Figure 1

Let •• = (., •. 0'''10). ". = ("2.,0.1&2.) UId ••• = (tos..O,IIb) be the fluid displacement in OJ
and the solid and fluid displacements in fip. Assume sera initial displacements and velocities in
both OJ and Op and let It = 1,(".z,l) be the source term in OJ. Then the problem is to IiDd
,,( •••z.t) = (."u.,,,.), t = J = (O,T) such that

i) PJ~t~' - V(KJV·.d = I" (",z,t) E 0/ x J,

ii) .A8%(:; ",) +c8(~,,·) - (V '7",-V,) = 0, (,.,z,t) E fip x J ,

with boundary conditions

i) -KJV.", = ylpJKJ ";:' '''/ (••,z,t) E f, xJ,

••) ( 1 • .2 ) B(8t&t 8t&t, Bu. • 8t&a ). ( )
u -"-"p"p. -"-""x",. -"-"pA.",,' = lit'''"" lit' Xp' /iI'XP' lit'''P ,",z.' Ef. X J,

(302)

ill) "-"p+ KJV. ","p = 0 (r,z,') E f. x J

iv) (u. + "')'''p+ ",'''J = 0 (r,z.')E f. X J
v) •••• ,,'"=0 (••,z,') E f. xJ
In (3.2) '" = ("i.,O." ••) i = I". the 1IIIitoutward DOI'IUlOll 8n; ad X,.., X,.. _ onoc<mal UDit
vectors alone 8flp. Alao the 4 x 4 matrices .A aDd C are siVeDby

A;;; [ pI ,/1] C = !:. [0 0]
p/1 ,1' i 0 l'



where I is the identity matrix in RI"I. A it positiTe definite and C it nonnegative.

The pO&itivedefinite matrix B in (3.2) it giTen by [11}. Exi,tence and uniquenesl relults for the
,ystem in (3.1) (3.2) were given in (11}.

To formala&e the finite element ]lIOCedure. we pnceed as follOWI. Let H(diT.O.), i = I., be the
cIoMd"pace of H(diY.o,) gi_ by

H(diY.o,) = {"" = ("",IP"""') E H(diT.o,): op, = O}

SimiJady. let

[HI(0,,)]I = {op = ("",,,,,-.,,.) E [HI(Op)]' : "", = O. 8; = 8;- = O},

whidl is a cbed subapace of [HI (0,,)]' • Let

V = H(diT,O,) x [.ilJ(Op)]' X H(diT.Op)

v = {v = (VJ,IIJ.va) E V: (vr - ",).1', = O••• '1', = 0 em r,}
V is a cbed aubapace of the separable Hilbert spaee V.
The weak form of problem (3.1)-(3.2) it fouDdby multiplJiuc equations (3.1) by test functions in V
aDd 1UiDcintecration by parts. We obtain

( 81". ) (8'("1. UI) )
P, 8t2 • Vi ,+ A atl • (vr.va) ,,+

(c 8(u~ul) •(VI. va»)" + A.l"~v)+ (-./p,K, 8;. '11,. VJ '11,)r, +

( (
8101 8... a... Bus) •

B lit' II". lit' x.pl • lit' Xpl • lit' vI' •

(VI '11". VI' xr, VI ·Xpl •••• v")·)r.
=(/l.vt), ' v = (VJ.vr.vr) E V. t E J , (3.3)

A.(V.III)= (K,'tl ."t. 'tl •••••), + (T••.(vr.vr), <pp(llI1»"
+ (T.(IIJ,vr).<.( ••••»p + (T•• (IIJ.vr) •••• (••••»p
+ 2(Tp.(vr ••• )•••• (IIIJ»" - (P(1IJ,vr). 'tl ,,,,,),,

The finite element procedure it defined as follows. Let 0 < h < 1 and let T[ and .-: be quaairegular
partitions of Oland 01' into elementl generated by the rotatiOll. of rectangles in r and z about the
.-aJtia. witla the diameter of the re<:tangles being bounded by h. Let PI•.('.Z) denote the piecewiJe
biliDear poIJDOmiais in r and z &ad let

oM" = {cp = ("".0,,,.) E ce(li,.): "" E rPII(r.z), ". E PII(r,z)}

It is clear that M" C [HI (Op)] I . Let W,,(O.). i = I.p, be the vector part of the lowest order mixed
finite element tpace defined by Morley (1). Away &om r = 0 the functions in W,,(o,) haTe locally the
form (; + ••.,c + dZ) , while in the iDDennoate1emaItl aboat r = 0 have the local form (ho, c + dz) .

Then, let V" = W,,(o/) x oM" x W,,(Cl,.) and set

V" = {v E V" : (VI - vd '1'1 = 0 • vr '11, = 0 on rs}



then V" C V and V. satisfies the approximating properties (T].

iDf llwt - ",0..0, + 11(111.t>s) - ('1'1.'1'1)11..0.]
toEV.

~ ela[lIwtlt.o, + ll(vt.t>s)lh.o.] •

iDf' n- - 'PI •• ~ cla[Bwtlt.o, + IIV. ".111.0,
.EV.

+ 1111101.0.+ Ilt>slh.o. + UV ••• U,,n.! .
In order to obtain an explicit proc:edare. aD integrals inYalving time clerintives are computed usiD&
the quadrature rule

••here Ii denotes the ftll1e 01 I at tile comer •• of the ~tangJe Q ia the fiDjw ete-t partition.
Let us denote by (1.."') ••••d «•..•.)) the ianer products (••,w) llIld (•••• ) computed uiDc (3.5).

Next. if L is a pO&itiveiDteser. At == T/L ••••d U· == U(aat) we let

tl,~'"= (er*' - rr)/At.
au· == (rr+1 - rr-l)/(2~t).

tJlrr = (er*' - 2rr - U·-l)/(~tr .

The disaete-time Galerm proceoIare CODSistsof fiadin& U· E V"••• = 0.1•...• L such that

[P,a1ui.wt), + [.AtJl(U,u.)·.(1IJ,t>s)!.
+ [C8(Ut.U.t.( ••••t>s»)p + A(U",.)

+ «.jp/K/8Ui,"/otlt 'I'/})r,
+ «B(Bv;' . I'p,aUi ·x~.8ui· x;. au: '"p)'.(t>s. I'p.t>s. x~.111· x;.t>s· I'p»))r.

=(Ii. tIt)/. ••E V". 1 S •• ~ L - 1 . (3.6)

Stability and eODVetgeDteresults for (3.6) are pven in (11). In the Mrt section. the procednre (3.6)
will be applied to show numericaDy the presence ollhe type ncompreaional waves in fluid-saturated
porous solids.

The fiDjteelement procedure (3.6) •••• used \0 show JIUIIlericaDythe prelellCe ol t7]>eD comprasiODal
waves in fluid-saturated porous melts, •• oppooed to dry rocks. where ouly type I aDd shear waves
can propagate. The fluid in 0/ ,... taken to have deuity 1.4 rr/cm' Uld eound velocity 1250 m/I«.
The porous material •••• chosen 10 be Teapot SaDdstOl1ewith the physical data taken &om (10). The
.alurant fluid in Op was cho_ to be water of delllity 1 rr/cm1 vise";ty lcp and bulk modullll
2.25 x 10" dynes/em'. Setting the density. bulk modulus and vi.cooity of the saturant fluid in Clp
equal to sero, and the parameter, equal to aD arbitrary nODsero COIIItaat, the aJccritlun (3.6).now.
us 10 treat the case of dry formatiOlll. TIM data'" the l\QIDftical tests is alaoonain Tahle 1. The
compresaioDal point souree. have the form

{ being related to the principal fnquency. dloaell \0 be 1 mHs. TIoe mesh •• Jo was cI>oRa to
he .0089 em, wiaidl is approximately 1/1001 tk shortest wave1enctl. (i.e .• the type lJ wavelength).



The time .tep Wallcho-en to be .02 I'tee, which aatiafiea the "ability c:aastram deriftd in (11). The
domain aUe Wallch_ all follows: rw01II of 0/ = 2 em. radi01U of ° = 3.3 em, Depth = 6.4 em.
Fipn 2 ahow. uacea of the tot&! cliaplacemeat in the r-directioD (i.e., -.r + ua~) for water saturated
and dry 1U.pot Sandatone at the 1ocati0ll indicated in the &pre. The new eYent due to the arrival
of the type II wave it c1earJ obswftd. with a much larger amplitude of the type II waft all compared
with the type I wave.
Fipre 3 showa uacea of the tot&!cIiaplacemeDtin the r-direction for water-laturated Teapot SandatoDe
at a di.tllDCIer = 2.1455 em from the centerliDe of 0/ and for receiven equaDyspaced in depth. The
aIopea of the liDeamarkiJl& the arriY1lbof the type I. type II and shear w&Yeapve the velocitiea of the
correaJXlllClin&wava. In a dry rock. the last event would not be preaent.

YIpU .•ahow. numerically a property of the type I and type II fint .hawD theoretically by Biot in

(2). It caa be obaerved that the diverpac:e of tIJ and U. = UJ + ~.. have the .ame lip for type I

wa_ and dift'eft:D1ai8na for type II waVel, ~ that for the type I wave the tOlid and luid move
in pbue while for the type II waft they move in op~ite ph_.
Oar next objective i. to include the frequency correctiOll fadon in the mal' and mC01ll couPlia&
coe1ficienb I and • in Biot's equationa and the elfect of dillipation due to internal frictiOll via the
incluion of frequency dependent coeftiOenta in the .uea_tram relations. This will be the subject of
rc.thcomiDg publicationa.
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lolal Displacement in r-direclion at r-2.1455 cm
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Solid versus Fluid Diverge!"'ce at r•••2.33 cm z=3.76 cm
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