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En este articulo se presenta la formulaciOn de un nuevo elemento triangular de limina plana Para
el a.n8.lisis de estrueturas laminares de materiales compuestos. La formulacion del elemento esta
basada en una combinaaon de la teona degenerada de laminas y el usa de un supuesto campo
de tensiones de corte. La interpolacion IObre el espeseN' ata basada en una aproximaci6n lineal
Kleyer-wise-. Los grados de libertad sabre el espesor IOU eliminados en !os nivdes de ensamblajc
lIHDdo una tecnica de subestrueturac:iOL Se present. lID ejcmplo del buen comportamiento del
elemento.

In this paper the formulation of a new triansular facet shdl element for analysis of composite
laminate shdl structures is presented. The element formulation is based on a combination of
degenerate shell theory and the UK of an assumed shear strain field. The thickness interpolation
is based on a linear layer-wise approximation. The thickness degrees of freedom are dim.iJlated at
assembly level using a substructurin« technique. An example of the Sood behaviour of the element
is presented.

Composite laminates are nowda)'s widely uled lor a ftriety of structures in automobile, &erOIIpace,
building and medicine equipment industries, amongst many others. The analyais of such structures
is performed today Yia numerical techniques Uld in particular using the finite clement method
(FEM) [17,18J. A classification of the mOllt popular theories lor the analysis of laminated plates
and shdls in the context of FEW could be the foDowiOS:



1) 3D elasticity theory

2) S"aqIe la;,er theory

3) Layer-__ 2D theory

ObYioulT the ue or 3D elasticity modcla introduces little limplificaticmsin the analysis. Bowner,
3D FE modcla for real laminated atructura are DOwdaysatiD costly due to large number or
tmb.owu inYCllheclplWl the diSiculties mtriDsic to pre and postproceuing.

Single layer (SL) theory pJ'OYiclesthe limplat approach for analysis or laminata. Displacements
in SL theory are expanded alone the thickneu direction in the form (I)

••••
-i(Z,r,:I) = L:-/(z,r)";

j=t

wbere mi are the number of terms or the expusion for the ith displacement component. Note that
(1) leads to a contiDOu•• hear str~n field alonl the thickneu direction which in turn produUll a
discontiDUOWIshew .treu field at the laminate interfaces iI each laminate has different material
proporlia. Eq.(I) is the basis for deriving first order (m! = m2 = 1 and m3 = 0) (1]and hi&her
order, quadratic [3,16]or cubic [2,11]SL theories. A recent survey of different finite element models
based on 51 theory can be found in (141.

The layer-wise 2D theory was proposed by Reddy 112,13]to overcome the Ilreu continuity
limitations or 5L models. in layer-wise theory the 3D displacement field is first expanded as a
linear combination or the thickness coordinate as

to;

_i(Z,r,z) = a?(z,,) + L a{(z,,)z;+j(z)
;=1

where Ri is the number of divisions across the thickneu. The displacements a{(z,r) are now
interpolated over each layer interface using a standard finite element approximation. The thic:1aless
interpolating functions +; are piece-wise constant across the thickness direction. This implies that
displacements are continuous across the thickness but the shear str~ns are discontinuous. This
allows to obtain a continuous field of transverse shear strains at the layer interfaccs.

in this paper a triangular facet shell element for the analysis of laminate shells bued on layer-wise
2D theory is presented. The element can be considered as an extension of the linear/quadratic
triangular R.eissner-Mindlinplate element based on an assumed shear strain formulation pzcsented
by Zienkiewicz d al. (171, Papadopoulus and Taylor [101Onate et /II. 14,51. The in-plane
displacements are linearly interpolated within each layer and th.:y arc eliminated during the global
assembly proceu using a s·.1bstructuring technique. Recent successful applications of this dement
for analysis of laminated plates carried out by the authors have beell the motivation. of present
work 16). Details of the element formulation arc given in next section.

Figure 1 sbows the element geometry and the local coordinate system ;r',v,I defining the local
displacements a', 11', vI', respectively. Axcs ;r' and y' are cont~ned ill the element plane, whereas
z' is normal 10 such a plane. The clement has III layers with III + 1 interfaces. The in-plane local
di&placcwcnh ,,', ,,' in loca.! coordinala within the kth layer lLI'einterpolated II



•+L:N.U, ,,)e.-I [NI:«()tlut + NI:+l«()tlut+1]
=4

where {~~} are coutant in-plane displac:ement through the laminate thickness. {:i:}
are variable in-plane displac:ements through the laminate thickness and tlut are displa.ceIIWlt
incrementa in the mid-aide nodes and in the direction defined by the unit vectors e._I (see F'lgUre
1).
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The normal displacement v/ is assumed to be constant through the thickness. Following this
assumption we can write

3

.l = 2:N.u,,,)uJi
i=l



N~(,'I) = ~ •• i = 1,2,3
N.«(,'I) = 4LI~ , Ns«(,wr) = 4L,Ls , N.«(,.) ••••.aILs

N'({) = 1-{
2

Eqs.(3) aDd (4) imM a lUenrchical quadratic iDterpolatioa Cor the horiaoDtal ctiaplacementa .'
aDd tI OYereach iDten- whereu a IiDear iDterpolaticm Corw is used. Note that for a aiDgle layer
the element simplifies iD ita flat form to the liaear/quadratic triaDgle based on R.eisaner-MiDdIin
plate theory proposed by ZienlUewics d eL [171, Papadopoulus and Taylor (10) aDd Oiiate d aL
14,51·
lt haa been shown that the lIJIdesiraMe det'ec:tor "JockiDg'" iD thick plate elementa when used for
thin plate aDalyais caD be avoided by imposiDg "a prion'" a ahear strain field compatible with
the discretized displacement field 15,61. In the element praented a linear ahear stram field with
constant ftlues of the tangential sheu strains along each side is imposed. Further details or the
element formulation, iDcluding a discussion of tbe compatibility conditioDII to be satisfied by the
displacement. rotations aDd ahear strain fields can be found iD 14.5.17,181.

The local strains {or the kth layer C&Il be obtained as

c.= B••'
c~= B.a'

[
1Jv' 8,/ (1Jv' 8rJ')] T

•• = /k" OV' OV + 8z1

, [8./ 1Jv' (lJw/ W)]T
c. = 8z1' 8z" IJV + 8z'

Note that C. are the local straiDII due to the cambinatioa of membraDe and bending drecls and "
a.re the transversal shear strains. The form of matrices B. and B. is given in Table I.

For conftJlience we write the local displacement vector a' for the !rth layer as



,It 1,It ,It ,It ,It ,It ,It ,t ,t ,1:.. l •• I: •• lIT• = "I'" ),10 1'.2''D 2'.2.1& 1'.". ".u ••• ,U.tI,,Q •••..

• '0 = 1.'01, ,,' ••• 'Ii 0" .'112, 'II'ft•• 'ft,.' os. 'II'os. vlllll)T

.l = I.~,~,,,,~.•~,,,~.w~,.:,,,:,VI: ,l:.1&:•• l:.u~, Au~T

ao = luoh 'IIol, VlOh 1&02, '1102,1De2, UCD. 'lIeD, tou)T

t
(12 K 12)

1"
(OKO)

IUId ~r.,the cosine which the local lLXez' fOnDSwith the global lLXeZ. etc (Figure 2).

The element stiffness matrix for the kth layer can be written as

Kl(e) = f B'DBtlV
JA("

••.here B = {:: } (see Table I) and D is the constitutive matrix for orthotropic laminate:. (11-14).



B~+l• •
(Sx 12)

Br)
(SX .)

o 0]
~O
~O

B~ = J-IM IB~ . Bhl • B",),
(2xUl (Sx 12) (sxU) (Sx .)

[au hn 0 412 h12 0 0 0 0 en 0 :]B~ = 0 0 0 ~ ~ 0 ~ ~ 0 0 ~
413 h13 0 0 0 0 Cl32 h;n 0 0 0

B~+l ='-B~

B. = [:
0 -1 0 0 1 0 0 ~]0 0 0 0 1 0 0-72
0 -1 0 0 0 0 0

_ [1-" -vii" "]111- , vIi'I-(

Li; = length of side ij

h~ = Idh layer .



A more explicit form of the local element matrix K'(e) i. given in Table U.
It is worth noting that the ta.ngential shear must be defined by a.n unique directioD on each

edge of contiguous elements. The signa in matrix B •• of Table I correspond to a definition of the
directioa of ei in the directioDs of increasing (global) node numben for the end paints of each
element edge [4,5,17J.

The volume integral (12) involves integration OYer the layer thickness hi a.nd the &rea A(e) of
each 1&yerinterfa.ce. The simplicity of the J.ineu thickness shape functions Hi allows to perform the
thickness integration explicit)' whereas a 2 x 2 Gaussian quadrature must be uaed for the interface
area integral.

The global assembly process has the followmg steps. F"ust the element equations for each la,.
are assembled at the interface level giving a global stiffness equation for each individual layer. Thaa
the dillerent layer equations are assembled through the thickness to give the total pbal equatioD
system.

The assembly of the stillness matrices of the dillerent layers ressembles the assembly oflD bar
elements (see F"lgUre3). This allows to eliminate the degrees of freedom, ai, of ala,. alter they
have been assembled the global stifrness matrix. From Figure 3 we deduce that alter assembly of
Ute stiffness equations of the first 1&,., the variables a1 caa be eliminated as

If the stillness equations or the second layer are DOW o.ssembled the sIobaJ equatioas can be written
in terms of a', a' and ••• variables using (13) as



K'(·) = lC'1e)+ lC'!e)

[2K'" K' •• 6:~]r1e
)= ~ K~•• 2K' ••

0

where

K"= f •• ce) BiDBh,u
(12.12)

with

B. = (BP~tl _
Bt = IB••,By, B••)

aad

K' •••• = fACe) Br DBrL(
(1.1)

K,~e) = Ilt f.•(e) B;DB.dA

cr~1+ Jti~I- K!'I ~~I+ICt~I_ C" + K~~)IK~~1-1r
12

-~lfEi~1-1r~») _.q~)«~1-1r~l)

{~}=
r

SitIl-u, Ie") ~I••
(x:g»- r

r~)IIe~~1-11e~;» f. + K~~)IK~~1-tr'

The variables of the secoad iDtena.ee .f can _ be elimiDaled by an equation similar to (13).
The procedure is repealed by subsequently usemblinC the equation of a new layer aDd eliminating
the ftriablea of the kth interfaoe, a 1, in terms of those of the i: + 1 interface, • .H 1, and the
displacements &0.

This elimiDatioa tec:lmique yields a final systems of equatiODS inYOlvinc only the variables of the
last (upper) interface .a,+I &lidthe others variables a., i.e.

[~11 ~12J{8..,+1} = {""~+1}
K21 K22 a., Co

where \-"> means that the coefticieDts have been adequately modified by the elimiDation process.
Solution of (IS) allows to recover all the nriables of the lower interfaces in tenns of thoae of
the upPft ones and the tlUckness independent variables &0. This elimination technique was lUst



](1) ](2) 0 0 K!1)
11 12 13

1(1) (](12)+ ](2) • (~)+ .1 (I
21

+]('~»
12

+IC~~» .' ,..' ,.
0 ](2) (](~~)+ ](J) (~)+2J 12

+K~~) +~~»
=

~ ](Itf ••• ,..
23 •• t

I(Itf
U

I({") = .u«- matrix all:tIa 1&,-
.(1:) = nodal displacements aaociated to l:tll iDten-
ao = o&1aernodal disp1a.cemeDu

S1lggested.ill tile ClOlltex:tof Jamie." plate ~ by 0- •• Li ('1J,&ad it _be euiIr
extended to mn.u- a _ linear aualysis [7,8,9).

The e:umple .twIied • tlIe Ulal,. etl a lamiDate cyliaclrica1abeD _ply aapporled ecr.- ••
boundary. The lamiaate ia composed etl tIuee 1&yersof Grephite-Epai _peG'- ..no. arieetetioes
90/0/90 with respect to u.e pbal axe , etl F"lpft ( wheR tIaee-tric:al_d maierial prapertiea
are alao ahcnna.

The analym w '-u peri'or-.i lUIiDc tIuee JD«:S1lesof 4 x 4, 6 x 6 Uld 8 x 8 demaata. TIle
thicknesa direetion W been di'rided ill 3, 6 and 2( 1&,.. far the 4 x ( -It _d 24 1&,.. far
lhe other two maMa. Table III .1Iows_ etl tile numerieal resulta obtaiDecLA180tlIe iD-pIaM
diaplacemeat eaou tlIe tllich_ diredioG are si- in F"Jgure5. Finally Fipre 6 abowathe at.-
'F _d ,_ diatributiall &cra.a the ~ ill tile indicaiecl c:oordiDdeI z".

The triangular facet abeJl __ t propwed _bina the edftDtepl fill tlIe 2D 1&,er-..n.eeaIid
model ..nth tlaoK of uaumed ahcac atraiD modck to deel with thia .w situatioDa. 'I'1a.eIiDev



Ficuu i Simple •• pported Iquu Iamia&kd pkk t3 I&~" of Gr~~Epam _",,",Ia totO '90 ••hit~
reAped I<>ax. 1/) Geom<trv •••d m&t.rial pro~r\l" i' IC"
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l4ESl! LAWIN. DISP X DISP Y ". tI ••

poiU Ya111e poiId Y&1M paiat .,ai. poiat •••••
«x« 3 MAX (•••&.1) • .257E-t (•••••1) 0.325&-5 ("'f'O) •••• (...t·f 3.1S

Mil. (0.t.1) -o.«S7B-6 (••••• 0) -0.2'2&-5 (•••• 1) -1.17 (.., . ) -0.1$

6 MAX (...t·1) 0.33«&4 (..,O,A) 0.337E-5 (.•.lO) 11.1. ("i'~ 3.50
MIN (D. 2.0) .o.507E-5 (..,0.0) -G.294&-5 (.., 2·Il) -9.47 (••• 2' 2 ) -0.50

2« MAX (•.t·A) 0.3'79&4 (•••0. h) 0.346&-5 ("'i·O) 10.90 ("Ir 3.10
MIlt (0. 2 .0) .0.5251:-5 (•••0,0) -0.3031:-5 (••, 2,A) -10.10 (.., , ) -7.00

6 x, 2« MAX ("'i·h)
0.374&4 (..,'.h) 0.3581:-5 (...t··) 10.70 ("'j'~ 3.14

MJJ( (0. 2.0) .o.535E-5 (•••0,') 004.3121:-5 (••• 2,h) -10.30 (... , ) -7.31

8x' 24 MAX (.•.t·A) '.3731:-' (••,O,h) 0.3611:-5 (••,t,O) 10.80 ("'i'~ 4.00
MIlt (0, 2.0) -0.5391:-5 (••,0,0) -0.3171:-5 (". 2,h) -10.20 ('" •• 2) -7.34
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DISPLACEMENTS (_10-4)

Y..- 5 CompariooB 01 iD-pIaM dispIau...,nt (•• :r = O. , = L) aaoa the t1ud:_ for cIilrnent rnah.
ud layer clix%etis&t~

Lhiclmess interpolation used allo.s to dliminate the thickness ftriables at usembly left!. thus
reducing considerably the computational don. The example presented shows the capability of
Lhe element lor the analylli.s ollaminate composite shells.

Curreat research OD this topic by the authOR includes the erleJUioa ol the element lormulalioa to
account for geometrically and material DOD linear effeda.



oJ....
..•
....• ..
i• ......

.•.

.•..• ..•
i-. II ........ ..

..

..

1. Basset, A.B., "On the extension aad Flexure of Cylindrical aad Spheric Thin FJastic Schdls",
Phil. TraDs. Royal Soc., (London) Ser. A, 181 (6), pp. 433-480, 1980.

2. 1.0, K.lL, Cristensen, R.M. aad Wu, E.M., "A higher theory of plate deformation", Parts 1
and 2, J, Appl. M~ch tnzns., ASME, Vol. 44, pp. 663-676, 1977.

3. Nelscm, R.B. and Lorch, D.R., "A refined theory ior laminated orthotropic plates". J. Retriew
of 407De pro.lu,u in gloMI. local strus Analysu·, Workshop on Computational Methods for
Structural Mechanics and Dynamics, NASA Langley Research Center, Hampton Va., June
19-21, 1985. •

4. Oilate, E., Taylor, R.L. and Zienkiewia., "CoiWstent formulation of shear Reissner-Mindlin
plate elements·, Discretization M~tho<U in Structurt11 Mechanics, G.Kuhn and H. Mang (Eds.),
Springer Ver1a&, 1990.

5. Onate, E., Zienkiewics, a.c., Suares. B. and Taylor, R.L., "A methodology for deriving shear-
constraiDed R.eissner-Mindlin plat~ elements", In. J. NUffL. Meth. Engng., (to be published in
1991).

6. Onate, E., Botello, S. and Miq uel, J., "A triangular element for analysis of composite laminated
plates usiDI a substructuring technique", Intemational Meeting on the Cinquant~ aru d~
RecAen:1K n& AcowtifU~ et ~n M~C4nifU~, Museille, 8-10, April, 1991.

7. Owen, D.RJ. and Li, Z.H., "A refined analysis of laminated plates by finite element
displacement methods-I. Fundamentals and static analysis; II Vibration and stability·, Compo
Struct, Vol. 26, pp. 907-923, ]987a.

8. Owen, D.R.J. and Li, Z.H., "Elasto-plastic numerical analysis of anisotropic laminated plates
by a refined finite element model". In Computational Plasticity: Models Software and
Applications, R. Owen, E. Hinton and E. Onate (eds.) pineridge Press, U.K., pp. 749-775,
1987b.

9. Owen, D.R.J. and Li. Z.H., "Elasto-plastic numerical analysis of anisotropic laminated plates
by a refuled finite element model", Compo Metk. Appl. !.fed. Eng., Vol. TO, pp. 349-05,
1988.



10. Papadopoalu P. aad Taylor LL., •A trianplar elemeat baled _ ReiImer-KiDdJia plate
theory" ,.bat. 1. Num. Jlct1. EY&pf., Vol 30, pp. 1~, 1990.

11. Reddy, J.N., •A simple JUPer order theory for laminated CQIIlpomteplates", Jo.,.".] of Appl.
11«1&., Vol. 51. pp. 7e-751, 19M.

12. Reddy, J.N., ·A Jdined nonlinear theory of plates with tranavene shear deformatiaa', h. 1.
SoIUU StMJLt. Vol. 20, pp. 881-896, (1987a).

13. Reddy, J.N., "A JeneralisaUoa of two-dimensioaal theories «laminated _pomte plates",
Commu •. Appl. Numer. MctlaotU, Vol. S, pp. 11'-180, 1987b.

l4.. Reddy, J.N., "On Jdined computatioaal models of composite laminates" Jwt. J. N •••• Met1.
Engnl., Vol.. 21, pp.361-82, 1989.

15. StavsEy, Y, "BcadiDc and sbdc:hinc allaminated aeJobopic plata", ASCE1.EftP*. Md,
Vol. 87, pp. 31-66,1961.

16. Witney, J.M., "A Jrllher-orci« theocy Cor mella-a! motioa oC laminated compoUter', 1.
Sou"d .nd Vib...w-. Vol. 30, pp. 85-97,1973.

17. Zienkiewia, D.C., aad 'hylor:, R..L., Papadllllf b I, P. aad Diate, L, "PIaae -dins
elements with discrete _traiIda: N- tria.npllla- eIoaDeat", 0-,. •• SIrwd..Val SI,
pp. W5-22, 1990.

18. Zienkiewic:s, O.C. and Taylor LL., -nae bite ~ method", 4th Editica, Val 1(1989)
and n, Me. Graw Hill, 1991.




