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SiDce Ibe fusI appIiclliolll of ~ e1cmeDlsto IOlve lIIIbotaDdecldomaiII problems. tee:b-

Diques usiD&iDile/illliDile elemeDU have appeued willi iDcreasiD, frequeacy ill lite literature.

Among Ibe many applicaliou carried 0111willi Ibis teebaiqlIe. it ••• Ibo beeII applied to problems

involviB, Wive ~ _ dytwDic iIIterIcIilIII.4.sBy uiD, iDUise deaIeau. it is possible to

model die far ield (ff) of •• bouded Media wiIboat IoosiDgtile lexibility of the clusical inite ele-

ment method. Ia effect, the _ ield <Iff) -*Ied with iaite eIemcIIts .-y be .-homos-

and Inisoaopic. However. the trelllllem of traIIIient probIew praeeu _ difIictIIIieI. Neverthe.

leis. probJems thal lie dyuac: iDDIIlIrf !live beeII IlICCeIIf1II1yuated, bat cenaiD qtIeIIioas on the

merits of the tedIDiqe IIiII ••••.

As wava travel duotIgIIa •••••• ani6ciII reIec:tioas arise due 10c:IwIsa ill tile approxillll-

lion of the discmizatioa.'" Ia the cue of traIIIieDt _ wave JIIOIIePIioIIproblems de6aed iB

unbounded doIIIIins, these pNaomeaa have received iDn5cieDt IIIieDtioaiB the 1iIerIbIre. In this

work, a Itlldy is pIeSeIIted10 qtIIIIIify tile speriou reIec:tioas prodlICedill die iMerfac:e__ Iff

and ff (far-field botNIdaIy.Ill). nil f~1iaa is reIIriCIed 10 lUIbotmdedmedia that c:aa be

.eometric:ally mocIeled iB _ dimeasioa, i.e.. Ibis fwmlllaIioII is reIIriCIed 10 cues of one-

dilllellSioaal,cyliadrically sytIIIDrtric:.IIId IpIIericaIIy~ wave popaptiolL

The ffb is defined II die iDwfaI:e __ the -.II of illite •••••••• the mesh of

iD6nite e1emeau. 'Ibe Iancr bave been deYeIoped10 replace die 1_ trIIIII8il die wava cotaiaa

&om tile '" iBlOdlc I. However. _ to die .1IICIicaI appIOlIimatioD,die I" 11:II II • ICllIIU'ud

re8ec:tspan of Ibe iKidcat wava. Tbis is ••• 10dlree fat:tDn: (a) ••••• is a -al cIiac:otIIiIIlI

on Ibe lb. produc:ed by tile c:Ilaaaeof ~t appIO&iaIIiae ia lite disClaiIaIioa; (b) dte II{

displac:emeat If'PIOlIimIIion inaoduces emn: IIIcl (c) if lite 1 appIO••••• is 8tII derived &om

euct soIetiou 10lite ~ couidesed. illeads to flIdItcr enan. By •••••• die llCpIiIi•••• IIId

dte wave JII'OIIIPIiOII•••••• on bolb IitIeaoldie It. die ICIIIeriIII••• c:u lie •• wiled



Equilibrium Equation.

Ccasidering an elastic medium discretized by finite and infinite elements. as shown in Fig.I.

\he frequency-dependent dynamic equilibrium equation, for each element e and frequeocy (I). is

Jiven' by

where K' is lIIe element dynamic stiffness matrix and •• ' and p' contain \he element nodal displace·

ments and loads. respectively. In absence of external loads. \he internal degrees of freedom for \he

finite element adjacent 10 lIIe /!b. see Fig.2. can be condensed out from Eq.(I). yielding

where k,j' are lIIe element dynamic stiffness coefficients modified by \he condensation of the internal

degrees of freedom. Subsequently the superscript e is dropped. In \he previous equation. \he sub-

JC:ript 0 refers 10 the node on lIIe Jfb. whereas n refers to lIIe node on the opposite side of the finite

clement. In particular, for n"Z. i.e .. for a second order finite clement (lhrec-node clement).

where K·(aK) is \be inlinite clemem d'ynamic stiffness maarix. Finally, lIIere must be equilibrium

on the ffb. i.•.•



where t is _ ........- wave __ ••••• IA I ••• IB I leSfIK1ively Ire Ihe ampIiIudes of the

waves lnIVeIiaI ill _ pDIiIive "lICpIive dim:liIIa 01_ .,.uaJ r. Note ••••• 1(·) is

Ilk" a.pIcx coajllpIC 01/(·). ne displac II _ 10 waves _ ••••••• over Md reftcctcd II)' lhe

lb. lIavelill. ill die ~ ••••••• _ apIaIelI by Eq.(7, (for r.SrSr.,. ne cIiIpIace.-.s_ 10 waves Iefnaed by die lb. uavelia, ill die iIIiIIiIe --.u. Ire expressed b)'

(ruSr). Note dial IA I. IBI ••• lei •• die pI'-*' 01die ••••• ftlIected _ refracted

-. rapeclively. 0. _ iIIiIe •••••••••• Ect.{7} yields

1IIeRfca.r- "'(6)" (II),.,. •••••.•• ),(5),(9)" (10), •••••••• DIios

-apeued."



~
aa + k,,1l1 + Y

IBIA I ••
+t.P1+Y

11.<101.-101.)1/01
.Ja + U: + Y

represellliDl Ihe fnclioa of lbe amplitude 01 me iDcideDe wive dill is respectively re4ecleC1 aDd

refncced by ffb. III EqI.(12).

a •• (IKI: + ko(K+K) + (tei) 1/011

fJI •• (K+lr.o)fof. + (K+/co)/oI.

III Ihe previous fonnuJae. it bas been assumed dill me finite elements IDOdel undamped media. i.e .•

to and Ir.. are real numbers.

Eurn B••••ee.

1be mean value of lbe ellCrJY lux passins lhrough me elemenu is liven by

1 '0.1
T f Relp(",,»·Relu(fIlI» dr

'.

<1' I ;...1;;: -)> •• 4 ....,u-p••

Heace. by NpIaciq info elle eqaIIiotI above. Ihe conespoadln. uprelliou lor die _ideate. reJected

ud refracted -a. tro. &p.(4), (5), (9) and (10), !be followia. IIlCIII eJIIrU aall valaea are



Inlroollc:ing Eqs.(l2; into IIw eqll3tion£ above. it is easy 10 prove thai lhe lotal mean energy nllA on

the node located over the Ib vanishes. i.e.,

represemiaJ the fJxlioo of encray of the iac:ideDt WIIve that is respeaiv.:1y rellec:lcc1 and re&acted by

the JIb.

m..... CIwacaeriIdc Ma••.••••

U•• cIuaicaI 6aite eJemClll *1IDiques,. \be d)'lWllic: Itil'IICSI •••. trica may be derived. III

puUc•••• die ..,.. Ilil'ReII IUIriceI of int aDd IICOIId order •••••••••• IIlay be obIaiDed iD

closed f_. Avoicliaa die cIeIIils of I f-.l derivlliGa, die dyauaic IIiffDeu awrica for ODe-

di-x-l, cylill*ically~. ucIlpberically ~1DIIric: •••••••••• in Table 1. 011

the OIlIer •••••• die cone.,oediDJ idllile •••• dyUMic ad8'Ilaa •••••••• ia Table 2, are

obtaiDed eIIewIIeIe.4JO.ll For the cyliDdricl1ly aDd .phericaIIy ~ ClllSIl ••••• "we ...,.



functions bave been UAlDed: (a) _ derived from die UKt aoltatioa to die wave pmpeptioa pr0b-

lem couidered; (b) aDOIberderived from die aaymplOtic:IOIaIioll;IIId (c) dle ••• _ •••••• aD

exponential decay. 'l1IeIe tIuee cues IIave been I&1Idiedto _ die capKily of die iUaite de-

menlS to numil tile incominl wavea illlOdie I. evCDfor dle cues wbClldie IIIape fUctioIII are

IOIIICWbalarbiuarily selec:tecL If oaly case (a) were aeared, s,.nou IeIecIioDs woeId DOlbe pr0-

duced bydie ialinile e~' appoUmaboa. siIIcea IIIape r- selected f_ all euct 1OI.1ioIIleads

to euct 1eI1II1S.1o•11

Wave •••••••••••• SeIu& ••••

The banncNlic IOItalion.0 _~aaI, c:ytilIdricaIlysywmDClric.•••• spherically JyIIl-

melric wave propalalioa is .iveal2 by CXJIlIHMiI' flulI:liHI, HaMel f1IactioM,•••• spMricaI HuteI

functions. respec.ively. i.e.•

w!llre H~I:J)aad h:U) •• die HanIr.e1hMlcticMtsof zero Older and !be spherical Hankel fIIIlClioftsof

lira. order. respectively.

R~ ••• Relracdoll •••••

Afler iatrodlll:iallhe equlioM JiveD ill TaIIicI Illld 2, ud Eqs.(20) into Eqa.(12). (13) _

(19) dle _plibtde aad meaa CllerJY8u mioI _y be explicidy oblaiMd for lira•••• secoad Older
elementl. In ,lie salle of Invity. only die c:aICof _-di __ ioIIII _e pmpe••••ion is JiveD haein.

For Ibis case. !be IIllpIilII* fIIiN :1ft

21"21

,J".2 +(". _".,j



= k,"!!"" = I - 3-m 2aD o A" -6-"
t"!!"" -I

m .a. .. = - "6"-• Au

k..!!.... =
01\0

240 - 2(SS-3m)'!2 + (S-2m)'!·
6(40 - (S-m,,, 2)

240 + 2(S+3m)!J2 + m,,·
6(40 - (S-m)" 2)

for the second ord" finile elemenl (II =2,. In the preceding equations Au is the area diSlurbed by the

Ir••velinl wave:, aad

where II is the element .ize and A. is the wavelenglh. The ntio A./II, number of elemenls per

wavelenBlh, is de6ned as \he nl discretization ntio. The parameler m is equal to I if the nf mass is

consislent and equal 10 0 if Ihe mas. is lumped. Similarly, \he parameter m' refers 10 the 1/ mu.

diKJ'elizalion.



The wava c:omiD. from me 11/ sbDaId 110Ibe zellec:red by me JIb. 1berefoae.!be elleraY

:aDddie amplitude of !be rdected wave aIaoIIlcIvaDala. i.e .• \<P.>I<P,,>, •.•• IIId IBIA I·.••sboII1d

be zero. This a equivalenl 10 say dial lbe eneJIY and amplilUde of die iDcideJII wave a CCllllel'Yed

by tile refnlc:red wave. i.e~ \<••c>I<P,,>'· .• •• land ICIA ••.••• 1. 'This OCCUI 0D1y for 1lqe

values of the discretizalion ratio. when lbe IIWS of die If is disc:retized consislendy (1JI·.l), as il

may be observed in Pi • .3a-el, where tile ampIilude UId mcao -IY lu ratios :lie pIotIed as fullC-

lions of the discretization ratio. The numerical relec:tioIl for low values of die disaetizaUOII ratio is

caused by Ibe dift'eR:R1 displacement approximations oa each side of !be JIb. This nUDlerical SOlln:e

of error is diminisIIed by improviD. dle 11/ displacemeDl approximation.

ReIedioa-Relnctioll Lev••••

TIle ft:8eclion-refrac:lion level associaled 10 die amplilllde is de6necl as

On lhe olber band. dle re8eclion-refr:lction level associaled 10 the IDelIIl enerlY lUll ratio is defined

0IlI

Funbem\ore. the reftection-refraction level IAaYbe COMiciered accepIabIe, if il is below 10'1.; _II.

if il is below S%; and neati.ible. if il is below 1'1. On Ibe OIlIer baDd, for If consislenl mass

discretization, die effea of assumin. consisle.. (II' buIIpecl mass in !be 11/ _y be COIISiderecIvery

small when the dilrerence between lbe conapoadiaa te8eclion-refraclion levels is below 2'1

(I£ 1.1_£0.11 <-"'I).

O••• D••••••• C•••

PilUles 3a and 3b sIlow !be amplil\lde ratios, for me cases usiD. line and secOlld order ele-

menlS. respeclively. I. Pip.3a and 3b lbe foUowina is observed:

1. IBIA I···· approac1les 11-.· 111S-",· I and 'CIA ,•.•• approacbes 411S-III·' when 1Jle

dilCret.izaaion ratio increases.



2. IBIA I···· approac:bes I wbea lhe dilCRtizaIion ratio apprOICIIa zero. and 1CIA , •.•• vanisbes

for diJc:reliza'ioIIratios equal to 21j (j.1.2 •...).

3. ID leneraJ. for diJc:retization

IIBIA , •.•• -11-••·1115-11I·,1> liB/A I,.•·-11-•••·,"5-.·,1 > 0 and

IICIA10.··-4IIS-",·, I > IICIA 1' .• '-41IS- ••• ' I >0. For second order clemenu. the firs'

ftlalionlltip is DOlvalid ill tbe nei,bborltood of AlII.2.34. w1Ienthe 6 is modeled witb lumped

aws. Tbe JeCond ftJatiollsbip is DOtvalid ill tbe neiJhborMod of AlII-2.G7 for any model of

f •• fts 3c: and 3d IIIow tbe IIIClIDeIIeIJYIu 1IlioI. for die c:ua USUI,6rst aad secOlld

order daaellU, ftspectivcly. IDfip.3c: IIId 3d die foJlowiD, II obIaved:

I. 1<P.>I<PA>J···· aJIPIOKbes -(1-",.)'/(5- •• )' aDd 1<P('>I<PA>,···· approac:bes

-¥(3- ••·)I(S-",·;2 wilen die cIiscrelizaIioI raIio iIIcreua.

2. 1<P.>I<PA>I···· approICbes -I wilen die diIc2etizaIioa raIio approadles UIO. IDd

l<Pc>l<PA>I·· •• vaDislla for di.cretizaaiolllatias",to '1Jj (j.I,2. .•.).

3. In JeMraI. for diIc:retizalioI ratios M 11>2.

II<P.>I<PA > 10.• ' +0_",·)2/(S_.·)21 > II<PB>I<PA> I , .• ' +0-.·l/(S- ••·)21 > 0 and

II<Pc>I<PA >I"··'+1I(3-"'·)I(S-.·)21 > 11<P('>I<PA>I'''' +1<3-.·)I(s-",·ll > o. for

ICCOIIdorder clements. tbcsc rc1alioasbipl arc DOlvalid ill the IlCiJbborltoodof AI II-2.34. when

the:ff is modeled with IlImpedmall.

HOle that when the ff mall is Ju.-peel the relcctccl wave docs not vanisll u the disc:retiza·

tioIl raIio becomes luJe. 111dl"CCl,

Hcace. ...,., die 8 ••••'CIIeIlIIeI waves •••• ftIeaed by die JIb wIIicIa••• to IpUrious

realls. Tbe amplitude of tbiI relcacd wave II •• Jeut 20'1(, of die amptiaIdl: of die iDcidcaI wave.

IIDddie _ CIICrJYlUll carriccIby Ibis wave '-k iIlto tbe I/( is ••••••••• of die •••• CllCfJ)'

tux canicd by die iKidcaI wave.



Polarud SpllericalS,-ear,.

In proSrelS.

GetI ••.•• a.-ILL

TIle enon cullCClby Ibe anilkial KaIfCJ'iDIelfecl due to a li.niIefuUiJliaee1c1llCll1discretiza-

tion of a _i-illftaiIC relioD are II1Idied. Two obrian rea•••• are a.-icalJy veriied; (a) Ibe larpl'

Ihe numba of eJemen•• per wav.leallb, die -uer Ibe refIeeUoN; and (11)Ibe biJher die order of

Ihe numerical displal:elDClllapproltimatioa. Ibe smaller Ibe relee1iOlll. TIle IIti6cial re1Iec:lions0.

the ffb depead ODIbe '" discmizalion. If Ibe 8displac_1 approximalioa is DOlexxi. the moo

due to Ihe anilic:ial re1Iec:Iion.011die ffb _lei inc:Jeue. No anempc is made 10Iry dift'ereal8 dis-

placemenl aJlPlOllimaliolls,siDce. for die cue of oae-di_ional wave propaaalioa, die 8 solulion

<:aabe obWaed aaaIyIicaJIyaad die. applied 10 Illy .ailable .-aJ pnlCedure. If die discretiza-

tion r:uio varies ia die II{. another __ of emx is iaaoduud.u

The disc:repaa<:iesia Ihe mulls betwee. elements of firsl and second order are si,niJi<:aDlfor

low values of die discretization ratio. k is also observed dial USial lumped mau ia die 1ft. u

oppolied 10 <:onsisIenIawa. lads 10 siSnili<:aa1emxs for low values of die discretization ratio.

However, wheD lumpins IIIe mass ia Ihe 1/. die enors be<:0IIIClar,e and do DOlvaaisb. even wben
Ihe dis<:retizationratio inl:reues.

a_•••••ioM.

From die IIlImCrical_lis sIIowII,it is pouible to obtain c:rileria for nIioaaI ••••• desiaa.

ia order to dimiDisIaumcrical re8ec:1iou prodlM:ecIby anikial boundaries. w.... IreaIiDI nasal

and wave propapliotl probIeea deiDcct ill lIIIbouadedaaedia. By usial • exact I cIis~1

approximalioa. die IOan:e of emx is restril:Ied 10 Ibe II{. Thea. die II{ ID1IIIbe diiat1iaed •• de-

IIICIIIISKb IbaI me ratio beIweeII lite ••.•••• W&YdeDJIband me ••••• ete-M is •••• dIIIt or

equoaJ 10a <:rilicaldiscretization ratio. i••.•



where fU_ is the cUl-off freqllellCYcorresponding 10 the shortesl wavelen,th. Alliin. and II••••• is the

size oC the lon,est elemetlt present in the nl discretization. As critical discretization ratio it is unJer-

siood by the discretization mio ,ivins lhe maximum allowable reBeclion·refraction level.

Then, the critical discretization ratios for acceptable. smaIl and ne,li,ible reflection-

refraction levels may be ~ directly from Table 3. where it can abo be obtained the critical

discretiZAtionratio above which lhe eaec:t of the nf mass dilic:retiZAtionis very small. In Table 3. it

can be seen that the second order element provides a ,ood solution from the SlaJldpoiDlof the model

accuracy and of the critical discretization ratio needed 10 yield thai accuracy. II is clearly disadvan-

tageous 10Jump the ,.1 mass for critical discretization ralios. if a small level of reBection-refraclion

is requITed. To reach below the same reflection-refraction levels as reached when using eonsiSlent

mass in the nf. il is neussary to use larger discretization ratios for lumped mus. leading 10a larger

number of de,rees of Creedomper wavelength.

To dilicreuze an unbounded medium Cor:analyzingtraJu:ienland wave propagation problems

it is necessary 10 lend anention 10 the size of the near-field discretization with respect to the

wave)en,th tof the waves neceuary 10 include in the solution). The finite element (or fillite

difference) numerical model should be able 10 numerically propaslte the coJrelpOndins waves

withoul introducing spurious reBec:tions comins from anificial boundaries. Considering one-

dimensional wave propaptioll, it is nu~y determined thai the critical discretization ratio

()'/h),., is equal 103.7 for finl order elements and 2.1 for sec:ondorder elements. With these critical

cliscrelizaliottratio. it is secured thai the relec:lions cominS from the numerical mode) are acceptable

(lIRIller dlUI l~). In \be case of \be second order elemenl the Jdeaion level is around Silo.

Lampins \be aws ill lilt near 6eJd leads 10 larIe reBec:tions.whereas llIIIIpilISthe nw. in the far

field leads 10lID:ICCCJUbieresallS.
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