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Se present. una corta revisiOn sobre .etodos aproxiaados. nUlliri-
co. y teoricos para resolver proble.as de frootera libre para la ecue-
ciOndel calor de tipo Stefan.

Wepresent a short revi_ OIl the approx~te. _rical and
theoretical aethods to solve free boUDd.aryprobl_ for the heat
equation of Stefan type.



The present paper presents a s~rized version of the lecture
delivered on occasion of the Sixth American Congress on Computational
Methods held in Parana and Santa Fe (Argentina) on October 15-18, 1985.

The free boundary problems that belong to Mathematical Physics,
particularly those related to the heat and/or diffusion equstion, have
been of great concern for aatheaaticians, physicists and engineers due
to the wide variety of different process •• which involve a mathematical
.adel of this kind; .cae probl ••• that deserve special consideration
are those where s phase-change probl •• occurs, which are better known
as Stefan probl •••

The free boundary probleas of Mathematieal Physics sre connected
vith various branches of Mathematics, Physiea and Engineering, in
particular, with continuoua _chanica,. heat transfer, ordinary and
partial differential equations, fuDctiocal analysis, elliptic and
evolution variational iDeq~itiea, nu-ericalanalysis, etc. A.ong
other free !JoQndary probl_, we _y Ilention: daaprobl_ (Bai, BaCa],
seaic:ondue:t.on probl_ [Bulla], obst.acle problem (BaCa, KiSt], Bingham
fluid (Cll, seai-penaeable vall probl_ or ''black body" [Duli], Stefan
problem Owl. A survey of all these problet18 with a _thematical
analysis through yariational inequalities vas done in (Tal]: see also
(BaCa, Cr2, ElOc, Fr2, KiSt, Lun, Mal, Oz, aul, Sa, ray].

Free boundary probl... for the heat and/or diffuaion equation may
be classified into:
i) of explicit type: when S appeara explicitly in,

of the two conditiOlUl on the free boQDd.ary, e.g ••
probl •• [LaCl].
of iaplicit.t.ype:.... S .4oa!
condition on the freebouJK\ary,
consu.ption of oxygen in living

at least, one
the Stefan

aot. 4PPOSr explicitly on aeither
e.go.,dtoe probl •• of Giffuaion-
tissuell (CrGu].

In general, the free bowdary probl •• of explicit and implicit
type are mut.ually related [Fa, Sc].

A discussion on fixed, lIOVing and free boundary problelBS for the
heat or diffuaion equation of the explicit or iaplicit type is given
in (Ta4] and several lonl bibliographies on IIOving or free boundary
probl ••• are given in [Cd, PI', au1, T&2, WiSoTr].

Amonl the free boundary problems for the heat or diffusion
equation we aay cite: Stefan problem [LaCl, St1, St2, We], diffusion-
consumption of oxygen in • living tissue (CrGu], noncatalytic gas-solid
diffusion-reaction probl_ [We], cont.inuous caating probl_ [Rod],
optiaal control (Sal, solidification processing [Fl], _tals solidifica
tion (Bil], solidification of roads (AgFr, AgFrCo], ablation by •• lting
[SzTh], the welding of two steel plates [Tay], the shape of laser _It-
pools [Tay], ablation by a high power laser [ABAt), and several other
applications in (Cr2, FaPr1, Lun, Ma2, Oc tto, WiSoBo], i.e., electro-
•• chanica! aachining, Bele-Shaw flow, solidification of binary alloys,
storage of solar energy, etc. A relation among different free boundary
probl •• ia analyzed in [10].

A discussion on the conllict among physical reality, mathematical
rigour and engineering applications is analyzed in [Szl.



applicationa related to free aDd_in, bowIdaryprobl_ for tbe beat
and/or diffuaiOll equation, __ y _tiOl1:

i) KeetiDpl, conference. or _iDar. cOllPletalydevoted to the .ubject
[AlCoHo,IoDaFr, 'aPrl. ,,.1, Bo, 1fa2,0c:II0,Ta3, WiSolo]. III
additiOll, there exi.t •••• r.l other _tinp wherepapers OIlthis
.ubject, which are DOt.pecified beret are preaented.

ii) Ioo1taCOlapletelydevoted to daia nbject [Ca. Cd, Da, ElOc:.'d.
lul, Tall.

Hi) lleviewpapers on the subject. ~h frota tile theoretical cd/or
n~rical point of vi_. aach •• [Ia. Cr3, Cr4. CrId, Du4,Po,
Fu2, GaSa,Mal. Me3,MUSu,Miel, RoI, Prl, Pr2, Se2, SoBi, Ta2].

iv) Booksthat devote .everal chapter. to the .ubject, for exa.ple
[CaJ•• Crl, EcDr. FrI. Co, Je. liSt, Lui. Lun. Oz. SzTh]. In
additiOll. there are vari~ other boob where the .ubject i. tree!.
ed to a lea.er ext_t tlbida are DOt.pecifiAcl here.

SOlIeof theae papers aa- •••••uaed •• backpouDdto the prea_t
lecture thua citinl. in the -.jority of t1le_. tM original refer-
ence or revi_ paper OIlthe IIUbject.

The outline of what.will be further given _isu in a selectioa
of theoretical, n~rical and approxiAate•• thocls that have been USM
in free boundaryprobl_ of the Stefe t~, .uch u:

1) Exact solutions
II) Approxt.ate •• thod. or .cdels
III) Integral formulation •• thoda
IV) Front-tracking methods
V) Front-fixing methods
VI) Fixed-doaain methods.

Wesuggest readers to refer to the oriaiDal papers and the refer-
ences thereby •• ntioaed in order to have a aore extensive iaforMtiOll
OIl the differeat methodologieaused. in particular, conaideriag the
sbortness of the pre.ent cLaaaifieatiOll.

i) The •• theaatical aodel for the fusion of a s•• i-infinite •• terial
x > 0 • initially in the solid phase at the •• Iting temperature
Tm• O°C, is given by [LaCl]: Find the functions - T· T(x.t) aIIIl
5 -Set) sucb tbat

i) pc Tt - k Txx- 0 , 0 < x < Set) , t > 0

iii) k Tx(S(t).t) pI Set) , t > 0

iv) T(o,t) - B > 0 • t > 0

v) 5(0) - 0

where k is the tbermal cOilductivity coefficient, p is the
mass density, e is the specific beat, 1 is the latent heat of
fusion and B > 0 is tbe te.perature OD the fixed face x - 0
Tbe condition (Iiii) is kDowaas the Stefan condition.



I xT(x.t) - I - erf(t) erf (2a It) • 0 ~ x ~ s(t) • t > 0

where a2 - k/pc is the tber.al diffuaivitJ coefficient aII4 t
is the _ique solutiCIIIof the equation:

Ste - £-! > 0 is the Stef.m DUmber.
I

ii) A aatheaatical ~del for the aolidification of a semi-infinite
aaterial x > 0 (initially in the liquid phase at the temperature
e > 0 and for t > 0 with a te.perature -B < 0 on the fixed
face x - 0 • CODSiderinl the j\aP density at the solid-liquid
interphase) is liven by [CaJa. we): Find the f~tions T1•
TI (x.t) • T2 • T2(x.t) and S. S(t) such that

PI c1 '12 - k1 T2 • 0 • 0 < x < S(t) • t > 0
t xx

P2 c2 T2 + c2(PI-P2) S(t) T2 - k2 T2 • 0 • S(t) < s.t > 0
t x xx

kl 'II (S(t).t) - ~ '12 (S(t).t)· PI 1 x(t) • t > 0
x x

where i. I represents the solid phase and i • 2 the liquid
phase.

T1(x.t) • - B + I erf(----x---)
erf (0 /a1 ) 2a

1
It



k
( 1__)1/2 (1 • 1 2)• •Pi ci

2 2k1• ezp(-o 1.1)

1 PI a1 ~ erf(al.l)

2 2~ C exp(-o 1.
0
)

1 PI a2 J( erfc(o/ao)

iii) The solutions previously presented are iacluded within a ~re
general •• thodology known as the s~larity •• thod which consi.ca
in tiDding the solution of the fona f(x.t)· u(I'l) where n·
xllt is the similarity variable [Iou].

i) Quasi-stationary •• thod.
It consists in replacing the heat equatiGD (Ii) by (Stl. St2]:

If the boundary condition (liv) on the fixed face x. 0 varies
with ti.e. Le.. B· I(t) • then the solutiGD of probl_ (tibia.
Iii-v) is given by:

!illf(x.t) • I(t) - S(t) x • 0 ~ x ~ set) • t > 0

tSet) • [ 2k f I(C) dc]1/2
pl 0

If the data I(t). I > 0 is constant aDd the Stefan ntBber
~te • Bell « 1 • chela the Larae-Clapeyron and the Quasi-

stationary solutions are very close. A recent analysis witb a
convection-type coadition:

ii) Balance integral ••thod.
It is based on ~he physical concept of the tber.al layer. It is
ass~d that the temperature :s propagated in a bounded interval
(O.o(t)] (o(t) represents the thermal lay,r) aDd that outside
that interval the teaperature remains equal to its initial value.
The _thod consists in aasUlling that aCt) coinci •••• witb tbe



free bouDdary S(t) aDd in replacina coaditioaa (Ii) aDd (liil) by
(litria) aDd (liiibis) respectively, where [Coo):

(litris) :t I~(t)T(x,t) dx - :c [Tx (S(t),t) - Tx (o,t») • t>O,

(liiibis) It T~ (S(t),t) - pI Tt (S(t),t) , t > 0 •

Then, _ suUest a polYDoaial distribution in the x variable for
the teaperature T(x,t) of the fora

C1 and S beina in function of S and then S bung a solution
of a Cauchy prOblea.

iii) Biot' s variati_l _thocla.
We introduce the vectorial heat displace.ent field H - B(x,t)
such that:

If ve consider that H is also a function of a given number of
seoeralized coordinates, H - H (x,t ,lll •••• ,~) suitably chosen,
_ have the following Lagrange equationa (siailar to thos. of
analytical .ec~ica) [Bio):

V -tIIIc~dz
D • 2~ J J J til2 dx

Q --IIr.1!!..ndy
i 34i

In general, for n - 1 , •• take q - S (free boundary) and we
sUllest for the te.,erature a pol;!oaial distribution, then fiod-
ine for s an ordinary differential equation.

iv) Series expansion.
If the initial and boundary data can be developed in a series,
then the teaperature (of both phases) and the free boundary can
be sugsested also as a series [RuFaPr, RuSh, Tao] •

•) Perturbation series expansiOD.
We choose a sisnificant parametre of the syste. (e.,., the Stefan
n~er) and vedo a perturbation seriea expansion vith respect to
that par_tre [Ji, Pello).



i) lubinstein-Fri~ Method.
It consists in finding an equivalent integral formulation to the
problem under study. For exa.ple [rr3]: {u,s} is the solution of
the problea:

v) u(S(t),t)· 0 , 0 < t <T

iv) u (S(t),t) - - Set) • 0 < t < T ,x

if the function v(t)· Ux (S(t),t) satisfies the integral
equation

R(v)(t) • 2 [h(O) - f(O)] R(S(t) , t ; 0,0) +

+ 2 fb h' (t) B(S(t) • t ; t,O) dt -o

t •- 2 f f(c) B(S(t) ,t O,c) de +o

+ 2 It v(c) G (S(t) ,t S(c),c) deo x

set) • b - It v(c) deo

2
l(x,t;t,c) • 1 up [_.!!:.Q:] fUDdaaental solution

2{n(t-c) 4(t-c)

v • {v £ C·[O,c] / II v II • Max Iv(t) I ~ H}

t ~ CO,e]
for a happy choice of e, H > 0 • Moreover. the procedure can be
extended in time, thus obtainilll the solutiOD for each arbitrary



T > 0 • aDd _ the unique fixed poiat: caD be obuiDed as the liait
of the aucceasiGD Yo' defiDed by:

Other SeDeral methods are shen in (-.aI, Ru2].

ii) Other methods.
We CaD cite:
a) Green function (ChSx. 10].
b) ElIbeddioc technique (11011, Bo12].
c) lIoundary ele.ent method (IrFuTa. IrTeWr. RoUlllti.TaOaI:uHa. Wr].

'These methods coapute, at each tilllestep. the positioo of the free
boundary.

i) Fixed finite-difference grid.
When the grid is fixed in the domain .pace-time the free boundary
will be. in general. between two points of the grid at each tillle
step and thus we shall need special formulas to ca.pute T aDd
S in a neilhbour of the free boundary (Cr2. Fu 2]. x

ii) Modified srids.
The grid is ~ified with the passing of time, e.g.;
a) Finite-difference grid with variable ti•• step: We determine as

part of the solutiOll, a variable tilllestep such that the free
boundary coincides with a grid line in space at each ti•• level.
To do that we use for Set) an integral equatioo equivalent to
the Stefan conditioo [DoCa].

b) Finite difference grid with variable space step: Since the
nUlllberof space intervals between the fixed boundary x· 0 and
the free boundary S (t) are tsken constant for all time, and
the free boundary is alwsys on the s••• grid line, then the
space step is different in each tilllestep (MuLa].

c) Space-ti •• finite eleaents: We use a spatial discretization
which we adapt in each time step for buildinl quadrilateral
finite ele.ents in space-time (BaJa, Ja].

d) Moving finite ele ••nts: We use a finite difference procedure in
time with finite ele.ents in space which are adapted at each
ti•• step to fit the DeW position of the free boundary [AlHaKi,
MiMola].

iii) Method of lines.
The time variable is discretized aDd the partial differential
equation is replaced by a sequence of ordinary differential
equatioae It dilcrete time levell. The pOIition of the free bound-
ary is calculated at each ti.e step (Mel, Me2].



iv) .The Polygonal Method.

To aol_ problea (14) _ divide the internl [O,T] in 0 sub-
intervals of e· TIn length. For t£[O,e] we put SS(t). b -
hi (b)t and we deteraine ue• lie (x,t) , defined in < x < SeCt)
aDd 0 < t < 8 , •• the aolutiOll to probln (14i_). Then, we
calculate a18· -ex (S8(6),8) • 'or t£ [e,26) we put:

and we deteraine ue• ue(x,t) for 0 < x < SeCt) • e < t < 28 •
and so forth. Thuswe obtain a polyaonal Sa· SeCt) , defiud for
t£ [O,T] , and a function ue• ue(x,t) , dafi_a in O~x~Se(t)
and 0 < t < T • When e + 0 we 6btaia •• lillit the aolution
{s,u} lor the probl•• (14).

v) btarded arg~t lDl!thod.

To sol_ probl•• (14) for b > 0 we built, for each 8£ (O,b) , a
succeaaiODSe(t) aDd u8• ue(x,t) defined in the following way:
For t£ [O,e) we put Satt). b aDdwe deteraine ue• ue(x,t)
in 0 < x < SeCt) IlIId ~ t < 8 •• the solution of the probl_
(14i-v). Then, for 8 ~ t < ze • we calculate

SeCt) • b - r: Us (Se(~)'~) dn
x

and we deteraiu ue• ue(x,t) in 0 < x < SeCt) and e < t < 2e
as the solution of proble. (14i_), aDdao forth. When e + 0 we
obtain •• lillit the solution b,lI} of probl•• (14) [Ca, Calli].

vi) Equivalent Stefan ConditiODMethod.

For the case b • 0 and cODllitiOll

on the fixed face x· 0 instead of (14ii), the Stefan condition
(14vi) is equivalent to:

Set) • r~a(e) de - l:(t) u(x,t) dx , 0 < t < T (24)

where r(t) is defined •• the second memberof (24) with u tbe
solution of probl•• (14i,.), (23) with b. 0 •

Then, we Calldefine a succeaaion {S ,uo} (0 2:. 0) in the follOll-
ing way: If S is known,we calcullte Un aa the solution of
problea OU,d,v) with b-O and tben va eampute SDtls 11(S ) •
In [Iv, Sel] , we study the c... g(t) = 1 with SortT = t • a
thus obtainina the followinc results:



S and 11 are convergent to the solution of problem (l4i,v,
v!), (23) lad S(O). 0 •

With this methodolol1 _ can s.e that the free boundary problem
can be interpreted as the lillit to a succession of IIOving boundary
proble ••••

A Method to track the free boundary is to fix it by a suitable
choice of new variables:
i) lnaobilization method.

The Landau transformation

fixes the free boUDdary x· Set) at t· 1 for all tt.e t > 0
[La, CrS]. By using this methodology, in [Co, FaPr3, FaPr4] we
prove the general e7i~tence and unicity results. Some coaple.ent-
ary variants have b~!"!.done, e.g.:
a) In [lit], _ use the double transformation

for a oae-phase Stefan probl •••
b) I. [Ful], we use the transformation

x-I
t • 1
1 Set) - 11

for a tvo-phase Stefan probl •• in the interval [11,12] •

ii) Isothera .igration method.
It is a curvilinear transformation in which the dependent
temperature variable 11 is exchanged with one of the space
variables. In the ODe dimensional case, u· u(x,t) becomes
x • x(u,t) • The expression x· x(u,t) indicates haw a specific
temperature u moves through the mediu., i.e., haw isotherms
migrate (in particular, the free boundary) [Cb) •

.It consists in reformulating the probl_, over the whole fixed
domain occupied by the two phases, such that the Stefan condition
is included within the new formulation of the equations and the
initial and boundary conditions of the problem. Moreover, the
position of the free houndary will l.ter reappear, as a eonseque~
ce of our bowled •• of the solution of the new problem posed.



i) EDthalpby•• thod•
..,.. enthalp)' fuoctiOil ia defined by:

H(T) • I: [pet) c(t) + I pet) 6(t - T.)] lit
o

where T « T) is a fixed tellperature. T is the •• ltinl
temperatSre an~ 6 is the Dirac distributiol. The enthalpy
function has incorporated the heat jl8p pI at the free boundary.

lor the two-phase aultidi •• nsional Stefan problea the problea is
reduced to the followinl differential equation in the distributio~
al sense:

.L!!ill. • V • (I: VT)at
with the corresponding initial and fixed boundary conditions.
where

{ ., (T) if T < T•I:(T) •
12(T) if T > T•

With the Kirchoff transforastioe

y • I~ I:et) de
0

III tryinl to avoid the difficulties that the B jUllp produces.
we have the followillg possibilities:
a) Weaksolutioe: It satisfies a suitable integral fora of the

differatial equation in which the deriyatives of H and T
(or y) do DOtappear [At, ero, EIOc, Fr4, Ka, 01, loa].

b) Resularization enthalpy •• tbod:

bi) Due to the discontinuous jl8p of B· H(T) at the _ltinl
teaperature T· T • we suglest to _Ite it relular over a
small te-perature·zone T - E < T < T + E where E> 0 •
i.e. H • B (T) i_ a co!tinuou. fUnc!iOll. In [Je, Jelo.
R02] weEfiDdEerrorestiaates n T - T h II in teras of the
resularization paraaetre E. ti_ stipC c and spatial
atep h.

bii) Wereplace the enthalpy ju.p at the phas_change inter-
phase by an equivalent heat capacity e(T) , expressinl
the problea in the followinl [loColaPr]:

C(T) Tt • V • (I(T) VT)



c) Various numerical •• tbods are used, e.g., i~licit and explicit
finite-differences, t.plicit, explicit and space-tiDe finite
ele~nts, regularization method with iaplicit finite-differences
or finite-ele.-nts, for exa.ple [At, auSous, Ci, VoCr]. For
numerous references on this subject aee [Cr2, EIOc, LUll, Ma3,
Ta2].

d) In [At] we describe aD enthalpy •• thod to solve a welding
probl •• in which a ~hy region appears •

•) The convergence for the approximate free boundary ia given in
[H03].

f) A seai,roup approach fa liveR in [ae8rllo, MaVeVi].

ii) Variational inequalities.
We consider the fol1011inl ODe-phase fusion probl.:

~e-Ae-o~t

~I -0~n r
2

~el- - - b(e-e )~ r 1
1

where b > 0 , e > 0 ,
phaae and 11u f 2 u r
rial Q. In [Dul, Du2~
known (au-ilar to [aai]

t·1(x) represents the solid-liquid inte!.
is the boundary of the phase-change aate-

we realize the change of the function un-
for the daa problea):

J I~(x)oe(x,c) dc
u(x,t) -1

which satisfies the following variational inequality (see alao
[Frl:i]) :

~ - ~ (v-u) dx



y • {v £: .1CU>/y/r 3 • O}

I • {v £: V/v ~ 0 ia Q}

a) Other prObl~ bave been studied with an analosous fo~latioa.
for 81UUIPle: electrocheaical .achillina [El). diffusion-
consuaption of oxysen i8 a liviDI tissue [DuS], injection of
fluid into a laminar cell under the assuaption of Rele-Shaw £lOll

[ElJa]. si~latioo aDd cootrol in a Stefan proble. [Sa].
b) For the two-phase Stef_ problea. the DeW function [AgFr. Du3.

Fr. Pa, Ta6]:

It + -u(x.t)· 0 [k2 e (x.c) - k1 e (x.c)] de

is introduced to obtain a variatiooal inequality fo~lation.
c) A numerical analysis correspoadinl to the variatiooal inequality

fo~ulation is liven in ~Fe. I~i. laSa, lilc. Nie2. PiVe, TiTi].
d) In [FrS]. a quasi-variational inequality for.ulatioo is given

for the unidi.ensional one-phase Stefan probl •••

iii) Alternating phase truncatioo •• thod.
It consists in solving a heat conductioo prOble. in either the
liquid or the solid phase alternatively ill succeasive time ste,.
[BeCiRo. loBeCO.

~: Nuaerous references (other than the ones hereby cited) can be
found in recent publicatiooa and in the references within th•• ,
e.g •• [BoDaPr. Ca, Cr2. Tal, WiSoTr] •

2 . la pc
a
0

- B < 0
c
C

C > 0
D

f

g

G

h

h

H

H

k

ther.al diffusivity
coefficient defined in (6)
temperature on the fixed face
specific beat
equivalent heat capacity defined ill (31 bis)
initial temperature
dissipation function defined i1l (12)
function defined in (14ii)
functioo defined in (23)
Green function de~'~ in (18)
function defined in (14iii)
coefficient defined in (9)
enthalpy function defined by (30)
heat displacement field defined ill (11)
thermal conductivity



~ fUDd_tal solu~iOD defined ill(18)
~ convex set defined in (38)
I. latent heat of fusiOD
• lCe__ fUDc:tiondefined in (18)
qi leneralized c:oordinates
Qi aeneralized theraal forces defined in (12)
_ O'peratordefined by (16)
-I operator defined by (25)
S solid-liquid interface
Ste Stefan n~er
t _.time variable
t te.perature
tL coefficient defined in (9)
T. meltinl talperature
u traoafonllltiOlldefiDed by (36) and (39)
u functiOD defined by probl_ (14)
v ~irchoff transforaatiODdefined by (33)
v f.-c:ti_ defined by (15)
V theraal po~_tial defined iD (12)
V Banacb spac:edefined by (19)
V Hilbert space defined in (38)
x spatial variable

Ill,S

£

coefficients defined in (10)
dimensionless parametre defined iD (6)
diaensionless parametre defined in (6)
coefficient which characterizes the boundary S by (5)
•••s deuity
function defined by probl•• (35)
dimensionless paraaetre defined in (2)
di••nsiODless parametre defined by the Landau transformation
iD (27)_

dimensionless parametres defined in (29)

i-I solid phase
i-2 liquidphaa.
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