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Abstract. As extensively accepted, fiber inclusions lead to significant improvements of post-cracking
behavior of mortar composites by bridging cracks and providing resistance to crack opening processes.
Typically localized failure modes of plain concrete or other mortar composites may turn quasi-ductile
through the addition of steel fibers in cement mortar. In this case, the development of multiple crack
patterns lead to strain-hardening/softening processes characterized by relatively large energy absorption
prior to fracture localization. From the structural standpoint, fiber reinforced concrete structures (FRCS)
exhibit superior ductility not only when subjected to compressive but also to tensile loading.

In this work fiber reinforced concrete is analyzed and modeled with two different approaches. On
the one hand, a macroscopic continuum (smeared-crack) evaluation based on non-linear microplane
theory is presented. Following approaches recently proposed in Pietruszczak and Winnicki (2003) and
others, the microplane model is formulated on the basis of the mixture theory, by Truesdell and Toupin
(1960), to describe the coupled action between concrete and fiber reinforcements. On the other hand,
a constitutive theory is presented to model the non-linear response of fiber reinforced mortar-mortar
interfaces in the framework of discrete approach for failure analysis. Final aim of this strategy is the
mesoscopic observation of FRC failure behavior based on FE discretizations accounting for the three
main concrete constituents: aggregates, mortar and mortar-aggregate interfaces. Non linear behavior of
fiber reinforced mortar is modeled by inelastic mortar-mortar interfaces where fibers are considered to
be located. The interface model considers the quadratic hyperbola in terms of contact stresses proposed
by Carol et al. (1997) as mortar/concrete maximum strength criterion. While the microplane model is
founded on a linear function for shear and normal strengths. Their softening laws for post-peak behavior
are formulated in terms of the fracture energies release under mode I, II and/or mixed failure modes.
Similarly to the macroscopic smeared-crack based model, the mixture theory is taken into account to
model the composites mortar-mortar interfaces reinforced with steel fibers. Also the fiber-concrete and
fiber-mortar interactions in the form of fiber debonding and dowel effects are similarly treated in both
macroscopic and interface models.

After describing both constitutive models the paper focuses on numerical analysis of FRC failure
behavior. The main objective of these analyses is to evaluate the capabilities of the proposed models
and numerical tools to capture the transition from brittle to ductile behavior of fiber-reinforced concrete
when different levels of fiber contents are considered as well as different fiber directions.
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1 INTRODUCTION

Cement-based composites, like concrete or mortar, represent structural materials commonly
used in civil engineering. They are prevalently utilized for members in predominantly compres-
sive stress state being characterized by excellent mechanical properties in compression. Weaker
performances are expected under more general load conditions, especially under tensile or shear
stresses, that requires a steel reinforcement to improve the material resistance. The poor me-
chanical properties of plain concrete under those stress states can be mitigated by adding short
steel fibers into the cementitious matrix.

Furthermore, high-performance fiber-reinforced concrete (HPFRC) that exhibit strain hard-
ening behavior and multiple cracking response under tensile loading can be obtained adding
short steel reinforcements (Naaman and Reinhardt, 2006). Actually, HPFRC may achieve duc-
tility, durability and high energy absorption capacity compared with plain concrete or conven-
tional fiber-reinforced concrete (FRC), this latter characterized by low fiber content into the
past.

Several models, analytical approaches and numerical formulations have been developed to
represent the mechanical behavior of fiber reinforced concrete (FRC). Among them, several
models based on the plasticity theory are presented into the scientific literature (Hu et al., 2003;
Seow and Swaddiwudhipong, 2005); other authors treats the FRC material in the frame of the
continuum damage mechanism theory (CDM) (Li and Li, 2001). A rather innovative approach
has been inspired to the so-called microplane model (Beghini et al., 2007; Vrech et al., 2010).
Moreover, an analytical model to evaluate the prevailing bond characteristics of the composite
is proposed by Banholzer et al. (2006).

In the last decades meso-mechanical approaches have been utilized for discretizing the first
level of materials (meso-structure), by assigning to each material component its individual ge-
ometrical and mechanical properties. The so-called meso-structure can be used in several va-
rieties such as lattice models (Lilliu and van Mier, 2003), particle models (Zubelewicz and
Bazant, 1987), a combination of the particle and lattice model (Cusatis et al., 2010) and contin-
uum meso-models (Carpinteri et al., 2010; Lopez et al., 2008a,b; Lorefice et al., 2008; Caggiano
et al., 2010). These approaches provide a much more powerful and physically-based descrip-
tion of the material behavior, modeling with special accuracy the fracture processes and the me-
chanical properties of plain and fiber reinforced concretes. The apparent macroscopic behavior
observed is a direct consequence of the more complex mesoscopic phenomena that take place
at the level of the material heterogeneities. The principal disadvantages of these approaches are
related, on the one hand, to the higher computational cost, and on the other hand, to the elevate
number of variables involved in the model formulation.

The present work deals with the failure analysis of FRC material by means both macro and
mesoscopic levels of observation. In both approaches the mixture theory is used as basis for
simulating the interaction between cementitious matrix and steel fibers. The main objective
of this work is to evaluate the fundamental properties of the FRC during monotonic loading
beyond the elastic range.

For the 2D mesoscopic analysis, the FRC has been considered as a three phase material
composed by: (i) aggregate, (ii) mortar and (iii) the interfaces between them. The non-linear
behavior of steel fiber reinforced mortar is fully captured by means the zero-thickness joint
elements as schematized in Fig. 1. For this purpose the original zero-thickness interface model
outlined in Carol et al. (1997) has been reformulated to include the interaction between steel
fibers and mortar based by means the mixture theory also used in Oliver et al. (2008).
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Figure 1: 2D meso-structure configuration.

On the other side the macroscopic approach is based on the microplane theory combined
with the flow theory of plasticity in which the maximum strength criterion is given with a
linear function of shear and normal microplane strengths. As for the discontinuity approach the
composite mixture theory is utilized to account the interaction between steel fibers and concrete,
considering now the material as a macroscopic continuum medium.

The numerical analysis presented in this work include predictions of both approaches about
FRC failure analyses. The results demonstrate the potentials of the mesoscopic approach to
evaluate relevant aspects captured by means the proposed model, i.e. the direction of the fibers,
the diameter and length utilized, the amount of the fibers and so on. On the other hand, good
results can be obtained by means the microplane based theory allowing the consideration of
arbitrary and multiple directions for steel fibers and, eventually, of non-homogeneous materials.

2 COMPOSITE MATERIAL MODELLING

As in the classical plasticity theory the proposed two models have been formulated in incre-
mental form in which the stress-strain relationship of the composite model can be expressed in
a unified compact form as

σ̇ = Eep · ε̇. (1)

being σ̇ y ε̇ the stress and strain tensors rate, respectively.
According to the basis of the mixture theory, the composite is considered as a continuum in

which each infinitesimal volume is ideally occupied by all the components. Each component
is subjected to the same strain field while the corresponding composite stresses are given by
the weighted sum of the stresses on each component. For the same assumption follows that the
constitutive tangent operator Eep, is given by the following expression

Eep = ρmCep + ξfρfEep
f B

ep
f

(
nf ,n

t
f

)
+ ξfρfGep

f D
ep
f

(
nf,T ,n

t
f,T

)
(2)

depending on the volumetric fraction ρ# of each component; nf and nf,T are two unit vectors
identifying the parallel and the orthogonal direction of a generic fiber respect to the global
Cartesian reference system. The superscripts m and f refer to “concrete matrix” and “fibers”,
respectively, while the superscript t represents the transposition operation for tensors; ξ =
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1−aρf (with amodel parameter) is a reductive coefficient that considers the minor effectiveness
of a single fiber as the reinforcement contents increase. Bep

f and Dep
f are tensorial operators

constructed with the direction normal and tangential of the single fiber.
In Eq. (2) the following tangent operators have been utilized

Cep = ∂σm/∂εm;

Eep
f = dσf/dεN ; (3)

Gep
f = dτf/dεT .

General aspects of constitutive formulation, which models the mechanical behavior of both
continuum and interface mediums in presence of steel fibers, are given as follows:

• fracture-based plain material models: each constitutive model is formulated in terms of
normal and shear stresses (σm) corresponding to the relative strains (εm), also known
as “interface stresses” (and “interface relative displacements”) for the joint model and
“microscopic stresses” (and “microscopic strains”) for the microplane analysis. Further
details of each specified model have been given in the Sections 3 and 4.

• fiber bond-slip (Section 5.1): a global constitutive model (σf −εN law) for the debonding
fiber process is considered as a combination of two serial response such as the uniaxial
fiber behavior and the dissipative bond-slip between fiber-to-concrete interface.

• dowel action of short reinforcements (outlined in Section 5.2) in concrete is also modeled
in a smeared form considering the fiber as a beam on elastic foundation. The dowel
action-displacement response is expressed in terms of dowel stress vs strain (τf − εT ) in
order to be compatible with general formulation given in Eq. (2).

Both the bond-slip model as well as the dowel fiber-to-concrete behavior are similarly con-
sidered in both meso- and macro-scopic approaches.

3 ZERO-THICKNESS JOINT LAW

Following approaches recently used in literature, e.g. Lopez et al. (2008a,b); Lorefice et al.
(2008), the overall analysis are based on the assumption that continuum mortar and coarse
aggregate elements are assumed as linear elastic then the non-linear dissipative behavior is
fully considered along the interfaces.

The incremental stress-displacement relationship is given by the following expression

ṫ = Eep · u̇ (4)

where tt = [σ, τ ] and ut = [u, v] are two vectors, called σm and εm in the general Eq. (3) that
represent the relative normal/tangential stresses and displacements, respectively. The constitu-
tive tangent second-order tensor Eep, based on the general expression given in Eq. (2), can be
specified now as

Eep = ρmCep + ξfρfEep
f nfn

t
f + ξfρfGep

f nf,Tn
t
f,T (5)

in whichCep = ∂t/∂u is a second-order tangent operator referred to plain interface, while Eep
f

and Gep
f have been defined in Eq. (3).
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The elasto-plastic formulation of the plain interface model can be defined in incremental
form as follows

ṫ = C · (u̇− u̇cr) (6)

where u̇cr is the incremental crack opening components andC defines a fully uncoupled elastic
contact

C =

(
kN 0
0 kT

)
. (7)

The model is based on the original loading criterion (Carol et al., 1997) of the interface
constitutive model defined as

f = τ 2 − (c− σ tanφ)2 + (c− χ tanφ)2 (8)

where the tensile strength χ (vertex of hyperbola of Fig. 2), the shear strength c (cohesion
strength) and the internal friction angle φ are model parameters. The evolution of fracture
process is driven by the cracking parameters χ, c and tanφ, which depends on the energy
release during the interface degradation Wcr respect to the energy capacity absorption of the
contact in mode I and II, GI

f and GI
fI respectively. Further details are given in Carol et al.

(1997).

Figure 2: Three-parameter loading criterion.

4 MACROSCOPIC MODEL BASED ON MICROPLANE THEORY

Instead of the existing spherical microplanes models, see a.o. Beghini et al. (2007); Carol
et al. (2001); Kuhl et al. (2001) the proposed constitutive theory considers 2D stress and strain
fields while uses disk microplanes according to the proposal by Park and Kim (2003). As a
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result, a less number of microplanes is required. According to this approach, the fiber-reinforced
concrete is idealized as a disk of unit radius and constant thickness b which agrees with that of
the analyzed material patch, see Fig. 3.

Figure 3: Proposed disk microplanes by Park and Kim (2003).

The following assumptions are considered:

• Macroscopic stresses are uniform in the disk and are equilibrated by the surface tractions
on the microplanes.

• Microscopic strains in normal (εN ) and tangential (εT ) directions to each microplane with
normal direction n, are obtained from macroscopic strains ε (kinematic constrains) as

εN = ninjεij (9)

εTr =
1

2
[niδjr + njδir − 2ninjnr] εij (10)

• Normal and tangential microscopic stresses t = [σN ,σT ] are obtained from the micro-
scopic free energy potential ψmic0

σN =
∂ [ρ0ψ

mic
0 ]

∂εN
, σT =

∂ [ρ0ψ
mic
0 ]

∂εT
(11)

being ρ0 the material density. The macroscopic free-energy potential per unit mass of ma-
terial in isothermal conditions, ψmac0 (ε,κ), with κ a set of thermodynamically consistent
internal variables, results

ψmac0 =
1

bπ

∫
V

ψmic0 (tε,κ) dV (12)

being V the disk volume.

4.1 Microplane constitutive laws

The microplane constitutive law is based on the mixture theory by Truesdell and Toupin
(1960) and, similarly to the interface model formulation used in the analysis at the mesoscopic
level of observation, on the hypothesis of the composite model by Oliver et al. (2008).
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Then, the constitutive tangent operator Eep, given by Eq. (2), adopts the following expres-
sion

Eep = ρmCep + ρfEep
f (n⊗ n)⊗ (n⊗ n) + 4ρfGep

f (n⊗ nT )⊗ (n⊗ nT ) (13)

The constitutive model of the concrete matrix is based on a linear normal-tangential strength
criterion. The yield condition in hardening/softening regime is defined by the unified equation

F (t, κ) = α|σT |+ σN − (f ′
t −K(κ)) = 0 , α =

f ′
t

τ ′y
(14)

being f ′
y and τ ′y the tensile and shear strength, respectively.

The evolution of the internal variable is defined in terms of the plastic parameter rate λ̇ as

κ̇ =
∂F

∂K
= λ̇ (15)

A non-associated flow is adopted in order to avoid the excessive inelastic dilatancy. The plastic
potential Q is based on a volumetric modification of the yield condition by η, non-associativity
parameter

Q(t, κ) = |σT |+ ηασN − (f ′
t −K(κ)) = 0 (16)

Then, gradient tensorm to the plastic potential can be obtained by a modification of the gradient
tensor nσ to the yield surface as

m =

[
mσN

mσT

]
=

[
ηnσN
nσT

]
(17)

In post-peak regime the evolution of the dissipative stress, due to micro-fracture process
at the microplane level, is defined through the homogenization process of the fracture energy
released in the discontinuous with the plastic dissipation of an equivalent continuum of the same
high, similarly to the fracture energy-based plasticity model by Willam et al. (1985) and Etse
and Willam (1994), as

K̇ = f ′
t

[
1− exp

(
−5

ht
ur

GI
f

GIIa
f

ε̇f

)]
(18)

with the equivalent fracture strain
ε̇f = |m|κ̇ (19)

where ht represents the characteristic length associated with the active fracture process and,
more specifically, the distance or separation between microcracks. Moreover, ur represents the
maximum crack opening displacement in mode I type of failure. GI

f and GIIa
f are the fracture

energies in modes I and II of failure, respectively.
In the special case of uniaxial tension state, the evolution of the dissipative stress can be

obtained with the simplified expression

K̇ = f ′
t

[
1− exp

(
−5

ht
ur
ε̇f

)]
(20)
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5 FIBER-CONCRETE INTERACTION

In this section the interaction between steel fibers to cementitious matrix in form of bond-slip
axial behavior and dowel action is presented.

5.1 Bond-slip model of steel fiber

The uniaxial behavior of the steel fiber is approached thought a simple 1D elasto-plastic
model. The incremental stress-strain relationship, can be written as

σ̇f = Eep
f ε̇N (21)

where the elasto-plastic tangent module Eep
f takes the two distinct following values{

Eep
f = Ef → Elastic response

Eep
f = Ef

1
Ef/Hf+1

→ Elasto-plastic regime (22)

where assuming a serial structural system constituted by the fiber response and the fiber-to-
concrete joint, the corresponding total deformability 1/Ef is given by

1

Ef
=

1

Es
+

1

Ed
(23)

being Es and Ed the steel Young’s module and an equivalent interface module of matrix-fiber
interface, respectively. To complete the bond-slip axial constitutive models presented by the
Eqs. (21) and (22), the following parameters have been considered

σy,f = min[σy,s, σy,d]

and

Hf =

{
Hs If σy,s < σy,d
Hd otherwise

being σy,f the debonding strength value, Hf the strain-softening internal variable, σy,s the yield
limit of material and σy,d the equivalent interface elastic limit. The supra-indexes s and d refer
to steel and debonding. Further analytical details can be found in Caggiano et al. (2010).

5.2 Mechanical dowel behavior of fiber-to-concrete interaction

The dowel effect can be treated considering each fiber as a semi-infinite beam on elastic
foundation (Winkler theory) in order to model the interaction between the fibers crossing the
surrounding cracked medium. Considering for simplicity that the cracks develops in the middle
of the fiber length, at lf/2 for each one, the transferred load-action between fiber and concrete
by means a dowel effect can be analyzed as a concentrated load representing the dowel resultant
Vd

Vd = EsIsλ
3∆ (24)

where Is = πd4f/64 is the moment of inertia of the fiber (df diameter of the fiber), ∆ represents
the dowel displacement and the parameter λ the relative stiffness between the fiber and the
foundation, which is given by

λ = 4

√
kcdf

4EsIs
(25)

J.G. ETSE, A. CAGGIANO, S.M. VRECH12

Copyright © 2010 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



where kc is the foundation module of the surrounding matrix which typical values, for standard
RC structures, ranges from 75 to 450 N/mm3 (Dei Poli et al., 1992). An equivalent shear
elastic module can be calculated as follows

Vd = EsIsλ
3∆ =

∆

Lf
Af ⇒ Gf = EsIsλ

3Lf
Af

(26)

where As = πd2f/4 is the cross area section of the bar.
Finally the following equation, proposed by Dulacska (1972) for estimating the dowel action

at ultimate limit state Vdu is used

Vdu = kdowd
2
f

√
|f ′
c||σy,s| (27)

being kdow is a non-dimensional coefficient (kdow =1.27, for RC-structures), while f ′
c is the

compressive strength of the surrounding cement-based material.

Figure 4: three point bending test on a notched beam

6 NUMERICAL ANALYSIS

In this section several numerical analysis are performed by means both the mesoscopic and
macroscopic models regarding failure behavior at structural (on FRC structural members) and
material level, respectively.
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Figure 5: Numerical vs. experimental comparison on 3-p flexural tests on plain concrete beam

6.1 Mesoscopic failure analysis on 3-point flexural notched beams

To evaluate the predictive capabilities of the proposed non-linear cracking model for FRC
the 3-point flexural scheme shown in Fig. 4 is considered. Several interface elements have been
placed between two bidimensional and isoparametric three node elements in order to model the
fracture process of the beam loaded in a “3-point” manner as indicated in Fig. 4.

Five different steel fiber volume contents are considered, i.e. ρf = 0, 1, 2, 3 and 6%, all
with the same diameter df = 0.8mm. Plane stress conditions (considering a depth of the beam
b = 50mm) is imposed in the numerical analysis at the mesoscopic level of observation.

Firstly, a plain concrete test is performed by imposing homogeneous vertical displacement
at mid-length of the considered beam. The results in terms of vertical applied deflection f vs.
vertical measured unitary force F/b are shown in Fig. 5 when the test is compared against the
experimental measures performed by Rots et al. (1985).

Furthermore the results in Fig. 6, performed with different amount of fibers (df = constant =
0.8mm) indicate that the proposed model is able to reproduce the sensitivity of FRC in terms
of post-peak ductility. The post-peak responses is characterized by a reloading effect typical in
FRC, dealing with the activation of the fiber only in cracked regime.

The Fig. 6 emphasizes a clear phenomenological behavior of FRC, depending on the fiber
content. A progressive transition of the stress-strain relationship form the typical softening
behavior of plain concrete toward a more ductile behavior can be observed for the various values
of fiber content, ranging from 1% to 6% in the analyzed cases. In conclusion, the proposed
interface model for mesoscopic analysis of FRC failure behavior shows realistic predictions of
peak stresses, ductility and post-peak behavior of this material when different fiber contents are
considered.

Table 1 outlines the values of the key parameters related to the analysis of the 3-point flexural
tests.

J.G. ETSE, A. CAGGIANO, S.M. VRECH14
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Figure 6: Force - displacement relationship on 3-p flexural tests with different of fiber contents

Table 1: Material parameters of the 3-point concrete beam

6.2 Macroscopic FRC failure analysis

In this section the preliminary numerical studies to evaluate the capabilities to simulate fail-
ure behavior of FRC of the proposed macroscopic model, based on microplane theory, are
performed. Unidirectional and an isotropic fiber distribution are considered with different fiber
volume contents (i.e. ρf = 0.3 and 0.6%) also including the extreme case of plain concrete
(ρf = 0). The steel fiber material parameters are shown in Table 1, while the material param-
eters corresponding to the concrete matrix are E = 19000MPa, ν = 0.2, f ′

c = 22MPa,
f ′
t = 3.0MPa, ht = 108mm, ur = 0.127mm, GIIa

f /GI
f = 10.

Considering a single element problem in plane strain conditions subjected to an homoge-
neous stress/strain state: therein uniaxial tension, uniaxial compression and shear tests are per-
formed.

Firstly, the results of uniaxial tensile test with fibers oriented in the loading direction and
with isotropic distribution are illustrated in Fig. 7. The elastic stiffness increases in case of bias
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Figure 7: Uniaxial tensile test for microplane model: a) Fibers oriented in loading direction; b) Isotropic fiber
distribution.

Figure 8: Uniaxial compression test for microplane plasticity: a) Fibers oriented in loading direction; b) Isotropic
fiber distribution.

fiber as compared to the plain concrete case and with the increment of ρf .
The results obtained in the uniaxial compression test with both uniaxially oriented fibers and

an isotropic distribution of fiber directions are shown in Fig. 8. In case of bias fiber, as expected,
the stiffness in the pre-peak regime and the overall dissipated energy during post-peak regime
increase with ρf .

Finally, the shear tests results depict in Fig. 9 demonstrate in the both cases, bias and
isotropic fiber distribution, that the stiffness increases in the pre-peak regime and the ductil-
ity in pre and post-peak regimes.

7 CONCLUSIONS

Mesoscopic and macroscopic models for fiber reinforced cement composite materials have
been presented. The mesoscopic model takes into account a three phase mesostructure com-
posed by elastic aggregates, mortar and mortar-aggregate interfaces. This model also includes

J.G. ETSE, A. CAGGIANO, S.M. VRECH16
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Figure 9: Shear test for microplane plasticity: a) Fibers oriented in loading direction; b) Isotropic fiber distribution.

mortar-mortar interfaces to simulate the dissipative response behavior of this constituent. Macro-
scopic model is formulated within the theoretical framework of microplane theory. Both the in-
terface model and the microplane model for meso- and macroscopic analyses, respectively, are
based on flow rule of plasticity, mixing theory by Truesdell and Toupin (1960) and composite
model by Oliver et al. (2008). Thereby, the interaction between steel fibers and mortar/concrete
accounts for debonding and dowel effects. Numerical analyses with both constitutive models
in this paper demonstrate their capabilities to reproduce the most relevant aspects of failure
behavior of steel fiber reinforced concretes under tensile, shear and compressive stresses.
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