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Abstract. An imperfect composite plate equipped with piezoelectric actuators is investigated. Geomet-
ric nonlinear effects are considered only in the prebuckling regime such that higher order strain energy
terms can be disregarded. The actuators are used to achieve two goals: to optimize buckling loads under
uncertain loadings via stress stiffening effects and to ameliorate the plate prebuckling response through
application of piezoelectric bending moments. A strategy is proposed where the piezoelectric membrane
forces and bending moments are separated by proper selection of voltages imposed on symmetrically
bonded piezoelectric patches. Piezoelectric forces and moments are then used separately to optimize
buckling loads and to improve prebuckling response.

Mecánica Computacional Vol XXIX, págs. 555-572 (artículo completo)
Eduardo Dvorkin, Marcela Goldschmit, Mario Storti (Eds.)

Buenos Aires, Argentina, 15-18 Noviembre 2010

Copyright © 2010 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar

http://www.mec.ita.br/~arfaria


1 INTRODUCTION

Smart or intelligent structures can be very useful when it comes to the design of systems with
superior performance. Their advantage over passive structures resides in the fact that they can
adapt or adjust in response to the applied loadings in order to perform according to stringent
design requirements. Active materials are essential for the struture to adapt. Sensors monitor
the structure behavior and actuators apply corrective forces, displacements or deformations. A
control system is usually in charge of processing the input data collected by the sensors and
feeding the result back to the actuators.

Piezoelectric materials were much in evidence especially in the ’80s (Crawley and de Luis,
1987) and ’90s (Reddy, 1997) when a large number of applications could be envisioned, from
damping to active noise suppression, through sophisticated applications such as the morphing
wing. Its relatively low cost, small size and good characteristic frequency response indicated
that piezoelectric materials would be an attractive alternative over traditional actuators. How-
ever, much of what was preached in relation to piezoelectricmaterials has proved of limited
applicability. Today there is a return of piezoelectric materials to scientific and technological
scenario, but within a more realistic context.

On the other hand, the processing power of computers has increased considerably since the
’90s, allowing the analysis of complex structures of composite materials using the finite element
method (FEM). In addition, there was an improvement in algorithms specifically designed for
solving static and dynamic, linear and nonlinear problems,opening up some new possibilities
for research which consider piezoelectric and highly nonlinear effects together. Among these
new possibilities, there is, for instance, the numerical simulation (using FEM) of composite
structures subjected to large displacements and small deformations, where the linear regime of
the material remains valid and the nonlinearities are limited to those of geometric nature.

In a time were costs and environment impact must be reduced the use of lightweight compos-
ite structures is becoming indispensable. Minimization ofmass, however, implies in reduced
stiffness or higher flexibility what leads to larger displacements and rotations and evetually to
nonlinear behavior. Hence, accurate modes to predict nonlinear response of composite struc-
tures are increasingly necessary. A coupled buckling and postbuckling analysis of composite
plate with piezoelectric actuators was presented byVarelis and Saravanos(2004). Their work
addresses the nonlinear response of smart plates when actedupon by piezoelectric membrane
forces and bending moments, whose nonlinear governing equations are numerically solved. A
correlated work byRabinovitch(2005) investigates the geometrical nonlinear response of com-
posite smart plates. Initial imperfections in both papers just cited are only included through
application of small disturbance forces to perturb the equilibrium path of otherwise perfect
structures. Moreover, stress stiffening effects are not treated at all.

Buckling enhancement of structures equipped with piezoelectric patches has been profusely
investigated (Chandrashenkhara and Bathia, 1993; Meressi and Paden, 1993) For example,Cor-
reia et al.(2005) used simulated annealing to obtain the optimal location ofactuators and op-
timal fiber orientations to maximize buckling loads of smartcomposite plates. Their work is
however limited to the linear regime and only linearized optimal buckling loads are evaluated.

The proposal of this paper is to employ piezoelectric actuators to control or correct the equi-
librium path of imperfect composite plates. The piezoelectric effect is used in two ways: (i) the
piezoelectric stress stiffening effect maximizes the buckling load in the presence of uncertain
loadings, and (ii) the piezoelectric bending moment actuation corrects the equilibrium path. It
is shown that mechanisms (i) and (ii) are entwined, i.e., thehigher the buckling load, the easier

A. DE FARIA556

Copyright © 2010 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



it is for the control to correct the equilibrium path. Therefore, the importance of maximizing
the buckling load is utmost. The strategy proposed is implemented by splitting the voltages (φ)
applied to the active patches into two components:φN andφM , φN produces membrane forces
whereasφM produces bending moments. Is is shown that the proposed technique simultane-
ously increases buckling loads and ameliorates initial imperfection effects.

2 PROBLEM FORMULATION

The composite smart plate considered contains patches of piezoelectric actuators symmet-
rically bonded to its top and bottom surfaces. The mathematical foundation describing the
electromechanical behavior of the laminated plate is basedon Mindlin plate theory since the
thickness is assumed small. A perfect the piezoelectric patches are assumed to be perfect ca-
pacitors with constant electric field in the transverse direction, leading to voltages that vary
linearly through the thickness of these patches.

A rectangular composite plate with one pair of piezoelectric patches attached is depicted in
Fig. 1. The bottom patch is not shown.

X Y

Z

Figure 1: Basic configuration

Equation (1) gives the constitutive equations, assuming polarizationalong thez direction
(perpendicular to the plate).

σ = Cε − eTE, d = eε + ξE, (1)

whereσ is a vector of stresses,C is the ply stiffness matrix,ε are the strains including linear,
nonlinear and imperfection components,e is the electro-mechanical coupling matrix,E is the
electric field,d is the electric displacement, andξ is the permitivitty matrix. All matrices and
vectors in Eq. (1) related to thestructuralcoordinate system. Thus, the proper coordinate trans-
formations of principal to strcutural coordinate systems have already been made. Equation (1)
applies to both composite and piezoelectric materials. When the electro-mechanical coupling is
not present, i.e., in a purely composite layer, matricese andξ are zeroed.

The system total potential energy is given by:

Π =
1

2

∫

V

σT εdV −
1

2

∫

V

dTEdV −W, (2)

whereV is the entire domain including composite and piezoelectricmaterials, andW is the
work of external forcesNxx0, Nyy0, Nxy0. The in-plane strain vectorε can be split into four
components as given in Eq. (3): membrane strainsε0, curvatureκ, nonlinear von Karman
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strainsεN and geometric imperfectionsε∗. The transverse shear strainsγ are not affected by
electro-mechanical effects and do not possess nonlinear components if moderate rotations are
considered.

ε = ε0 + zκ + εN + ε∗,

ε0 =







u,x

v,y

u,y + v,x







, κ =







ψx,x

ψy,y

ψx,y + ψy,x







, εN = 1

2







w2
,x

w2
,y

2w,xw,y







,

ε∗ =







w,xw
∗

,x

w,yw
∗

,y

w,xw
∗

,y + w,yw
∗

,x







, γ =

{

w,x + ψx

w,y + ψy

}

, (3)

whereψx andψy are the traditional rotations included in Mindlin theory. Elastic displacements
at point (x,y,z) are given bỹu(x, y, z) = u(x, y) + zψx(x, y), ṽ(x, y, z) = v(x, y) + zψy(x, y)
andw̃(x, y, z) = w(x, y). Hence, within the scope of Mindlin theory, Eq. (1) reduces to

σ = Qε − e′Ez, τ = QSγ, dz = (e′)T ε + ξzzEz, (4)

whereσ = { σxx σyy τxy }T , Q is the in-plane ply stiffness matrix in the structural coor-
dinate system,ε = { εxx εyy γxy }T , e′ = { e31 e31 0 }T , Ez is the electric field per-
pendicular to the plate,τ = { τxz τyz }T , QS is the transverse ply stiffness matrix in the
structural coordinate system,γ = { γxz γyz }T , anddz is the electric displacement. Transfor-
mation of the coordinate system yieldse′ provided it is assumed thate31 = e32, what is valid
for transversely isotropic piezoelectric materialsNye, 1972).

Manipulation of Eq. (2) is facilitated if matricesA, B, D, andAS and vectorsNp, Mp are
defined as

(A,B,D) =

∫ h/2

−h/2

(1, z, z2)Qdz

AS =

∫ h/2

−h/2

QSdz

(Np,Mp) =

∫ h/2

−h/2

(1, z)e′Ezdz, (5)

whereh is the total laminate thickness. Notice that the piezoelectric patches contribute to the
stiffness matricesA, B, D andAS. Also, vectorsNp, andMp are nonzero only if there are
piezoelectric layers present in the laminate.

Consistent with the perfect capacitor assumption,Ez = φ/t, whereφ is voltage andt is
thickness. When there are two piezoelectric patches, one each attached to the top (T ) and one
to the bottom (B) of the plate surfaces, the electric fieldsEz areφT/tT andφB/tB. In practice
tT = tB = t which allowsφT andφB to be written asφT = φN + φM andφB = φN − φM ,
respectively. In this situation Eq. (5c) simplifies to

Np = 2e′φN , Mp = e′(h− t)φM . (6)

Introducing Eqs. (3) and (4) into (2) yields
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Π =
1

2

∫

V

(ε0+zκ)TQ(ε0+zκ)dV +
1

2

∫

V

γTQSγdV +

∫

V

(εN +ε∗)T [Q(ε0+zκ)−e′Ez]dV−

∫

V

(ε0 + zκ)Te′EzdV −
1

2

∫

V

ξzzE
2
zdV +

1

2

∫

V

(εN + ε∗)TQ(εN + ε∗)dV −W. (7)

The last integral can be neglected in the prebuckling regime. Thus, Eq. (7) can be modified
by using Eqs. (5) and (6) and computation of the work termW to

Π =
1

2

∫

Ω

{

ε0

κ

}T [
A B

B D

]{

ε0

κ

}

dΩ +
1

2

∫

Ω

γTASγdΩ+

∫

Ω

(εN + ε∗)T (Aε0 + Bκ − Np)dΩ −

∫

Ω

εT
0 NpdΩ −

∫

Ω

κTMpdΩ−

∫

Ω

ξzz

t
(φ2

N + φ2
M)dΩ −

∫

Γ

(Nxx0, Nxy0) · ~nudΓ −

∫

Γ

(Nxy0, Nyy0) · ~n vdΓ. (8)

whereΩ is the planexy domain of the plate and~n is the unit vector normal toΓ, the boundary
of Ω. In practical configuration the laminate is symmetric resulting in B = 0. Moreover, if olny
actuation is admitted,φN andφM are prescribed, such that the integral reflecting electric energy
(fifth integral in Eq. (7)) is not subject to variation and can be eliminated. Therefore,

Π =
1

2

∫

Ω

εT
0 Aε0dΩ +

1

2

∫

Ω

κTDκdΩ +
1

2

∫

Ω

γTASγdΩ+

∫

Ω

(εN + ε∗)T (Aε0 − Np)dΩ −

∫

Ω

εT
0 NpdΩ −

∫

Ω

κTMpdΩ−

∫

Γ

(Nxx0, Nxy0) · ~n udΓ −

∫

Γ

(Nxy0, Nyy0) · ~n vdΓ. (9)

Observe that, according to Eq. (6), Np andMp depend only onφN andφM , respectively.
Thus,φN related solely to piezoelectric membrane forces whereasφM related solely to piezo-
electric bending moments. The dependance ofNp andMp with the voltages applied to the top
and bottom piezoelectric is now clearly established.

Making the first variation ofΠ equal to zero results in the governing equilibrium equations
which are only weakly coupled in the displacement degrees offreedom. Notice thatε0 is the
only strain component that depends on displacementsu, v. κ, εN andε∗ depend onw, ψx, ψy.
Closer observation of Eq. (9) shows that the fourth integral involves bothε0 andεN . The fourth
integral describes precisely the stress stiffening effects. Stiffening effects may result from two
sources: (i) the conventional mechanical stressesN0 related to the application of external forces
Nxx0, Nyy0, Nxy0, and (ii) piezoelectric residual stresses due toNR

p = Aε0 − Np. However,
the residual stressesNR

p are nonzero only when the plate is constrained from moving inthexy
plane, what is often a configuration of practical relevance in real structures attached to primary
structural components or to the ground. One objective of this work is to use piezoelectric stress
stiffening to increase structural stiffness thereby increasing buckling loads. For that purpose,
term(Aε0 −Np) must be nonzero and must be retained in the bending equation.Nevertheless,
it is neglected in the membrane equation since it carries fundamentaly terms that are of third
order in the displacements and their derivatives with respect tox andy.
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The structural problemδΠ = 0 may now be split into two uncoupled problems:

ΠN =
1

2

∫

Ω

εT
0 Aε0dΩ −

∫

Ω

εT
0 NpdΩ −

∫

Γ

(Nxx0, Nxy0) · ~n udΓ −

∫

Γ

(Nxy0, Nyy0) · ~n vdΓ,

ΠM =
1

2

∫

Ω

κTDκdΩ+
1

2

∫

Ω

γTASγdΩ+

∫

Ω

(εN +ε∗)T (N0 +NR
p )dΩ−

∫

Ω

κTMpdΩ. (10)

The membrane problemδΠN = 0 is solved after specification ofφN , Nxx0, Nyy0 andNxy0.
Its solution gives the piezoelectric residual stressesNR

p . Numerically the membrane problem
is solved in two steps: (i) voltagesφN are applied andNR

p is computed and (ii) external forces
Nxx0, Nyy0, Nxy0 are applied and mechanical stressesN0 are computed. OnceNR

p andN0 are
computed the bending problemδΠM = 0 can be solved admitting that voltagesφM are known.

3 FINITE ELEMENT FORMULATION

Unfortunately, Eq. (10) does not admit closed form solution. Even when traditionaluni-
formly distributed loadingsNxx0,Nyy0,Nxy0 are applied the piezoelectric pacthes locally change
the plate stiffness what obliterates the possibility of analytical solution to the membrane prob-
lem. Therefore, the problemsδΠN = 0 andδΠM = 0 must be numerically solved.

A finite element code was specially written to solve for the smart composite plate under
investigation. It employs biquadratic Lagrange elements to interpolate five degrees of freedom:
u, v, w, ψx andψy. Interpolation of the voltages is unnecessary becauseφ is constant within
an element.w∗(x, y) are known geometric imperfections unaffected by the variational operator
(δ).

Real structures are subjected to several mechanical load cases which, in a preliminary stage,
may be approximated by linear combinations of conventionaluniform distrubuted loadings cor-
responding to normal compression in thex andy directions and shear. The linear combinations
are determined by assigning load ratiosRi to each admissible mechanical loading. In the smart
composite plate considered three load ratios exist:Rxx for mechanical loadNxx0, Ryy for me-
chanical loadNy, andRxy for mechanical loadNxy0. This particular description of loadings
is presented byde Faria(2001). The load ratios may vary reflecting uncertainty in the applied
mechanical loadings. By fixing load rations a nondimensional loading parameterλ0 specifies
the magnitude such thatN0 is expressed as

N0 = −λ0

n
∑

i=1

N0iRi, (11)

wheren is the number of loading cases andN0i is the buckling load associated with loadingi
when it is applied individually, i.e., whenRi = 1.0, R1 = R2 = ... = Ri−1 = Ri+1 = ... =
Rn = 0 andφN = φM = 0 (no piezoelectric charges).

A network with many pairs of active patches may be placed overthe host plate. Two voltages
are associated to pairj: φNj andφMj. In order to computed the piezoelectric residual stresses
the number of membrane problems to be solved is equal to the number of pairs of patches.
MakingφNj = 1 V andφMj = 0 V, all the other patches maintained at 0 V, results in residual
stressesNR

pj can be computed. Given the linearity of the membrane piezoelectric problem, if
a general voltageφNj is applied, then it will result in residual stressesφNjN

R
pj. Assumingm
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pairs of patches simultaneously energized, the total residual stresses will be

NR
p =

m
∑

j=1

φNjN
R
pj. (12)

Discretization of Eq. (10b) can now be conducted. Table1 presents the continuous terms of
Eq. (10b) and their discretized counterparts.

Continuous Discrete
∫

(κTDκ + γTASγ)dΩ qTKq
∫

εT
NN0dΩ qTKGq

∫

(ε∗)TN0dΩ qT KGq∗

∫

εT
NNR

p dΩ qTKGq
∫

(ε∗)TNR
p dΩ qT KGq∗

∫

κTMpdΩ qT fMj

Table 1: Continuous vs. discretized terms

Matrix K is the stiffness matrix that also includes stiffness contributions from the piezoelec-
tric patches. Vectorq is the displacement vector. Vectorq∗ is the vector of initial imperfections.
Matrix KG is the traditional geometric stiffness matrix. MatrixKG is the geometric stiffness
matrix associated with piezoelectric residual stresses. Notice that matricesKG andKG are
in fact associated with mechanical loadingi and voltagej respectively such that the complete
bending problem can be written as

(

K +

m
∑

j=1

φNjKGj − λ0

n
∑

i=1

RiKGi

)

q =

−

(

m
∑

j=1

φNjKGj

)

q∗ + λ0

(

n
∑

i=1

RiKGi

)

q∗ +
m
∑

j=1

φMjfMj. (13)

4 BUCKLING OPTIMIZATION AND PREBUCKLING ENHANCEMENT

The displacements of the plate are given byq. Equation (13) shows that even smallλ0

induces displacementsq. The prebuckling enhancement consists in makingq as small as possi-
ble, preferably identically zero, through application of the proper voltagesφMj. However, this
is usually unfeasible in practical application since the number of displacement degrees of free-
dom contained inq is usually far greater thanm, the number of pairs of piezoelectric patches
attached to the plate. Moreover, matrixK+

∑m
j=1

φNjKGj −λ0

∑n
i=1

RiKGi is almost singular
in the imminence of buckling, meaning thatq grows without bounds.

Given the practical constraints on forcingq = 0 two other strategies are proposed to enhance
prebuckling. First, the buckling load can be maximized ifφNj are carefully selected such that
matrixK +

∑m
j=1

φNjKGj − λ0

∑n
i=1

RiKGi yields largerλ0. Second, selectφMj to minimize
somehow the right hand side of Eq. (13). Each strategy will be explored in the following.
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4.1 Buckling load maximization

The traditional buckling eigenproblem can be extracted from Eq. (13):
(

K +
m
∑

j=1

φNjKGj − λ
n
∑

i=1

RiKGi

)

q = 0, (14)

where nowλ is the buckling load andq is the buckling mode. When the load ratiosRi are main-
tained fixed the maximumλ can be found by changingφNj. Usual optimization techniques may
be used to obtain the optimal values ofφNj. Nonetheless, a much more efficient optimization
method can be employed stemming from the fact that the first buckling loadλ1 must be concave
with respect toφNj as will be proven.

If one fixesRi’s then it is possible to defineKG =
∑n

i=1
RiKGi. Additionally, if theφNj ’s

are also fixed the eigenproblem in Eq. (14) can be solved for the critical buckling loadλ1.
Varying φNj ’s new values forλ1 are obtained. Thus, continously varyingφNj ’s the stability
surface depicted in Fig.2a for the most general situation is generated. Figure2b illustrates the
one-dimensional case. Vectorn, normal to the stability surface at pointC, can be seen in Fig.2
as well as hyperplaneβ tangent to the stability surface.
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C 
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n 

plane β 
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λ 
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δp δ 2p C 

(a) (b) 

Figure 2: Stability surface

A point infinitesimally close to pointC can be obtained through perturbation ofφNj into
φNj + δφNj + δ2φNj + ..., which, in turn, result in perturbations inλ1 of the formλ1 + δλ1 +
δ2λ1 + ... and inq of the formq + δq + δ2q + .... When perturbations inφNj , λ1 andq are
introduced in Eq. (14) it becomes

[

K +
m
∑

j=1

(φNj + δφNj + δ2φNj + ...)KGj − (λ1 + δλ1 + δ2λ1 + ...)KG

]

×

(q + δq + δ2q + ...) = 0. (15)

The zero, first and second order eigenproblems are given by
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(

K +

m
∑

j=1

φNjKGj − λ1KG

)

q = 0,

(

m
∑

j=1

δφNjKGj − δλ1KG

)

q +

(

K +
m
∑

j=1

φNjKGj − λ1KG

)

δq = 0,

(

m
∑

j=1

δ2φNjKGj − δ2λ1KG

)

q +

(

m
∑

j=1

δφNjKGj − δλ1KG

)

δq+

(

K +
m
∑

j=1

φNjKGj − λ1KG

)

δ2q = 0. (16)

The multiplication of Eq. (16a) byqT from the left yields the equation of the hyperplaneβ
defined in theφN1φN2...φNmλ space and given by Eq. (17) below

qTKq +
m
∑

j=1

φNj(q
TKGjq) − λ1(q

TKGq) = 0. (17)

while the multiplication of Eq. (16b) byqT from the left and using Eq. (16a) leads to

δpTn = 0, (18)

where

δp = { δφN1 δφN2 ... δφNm δλ1 }T ,

δ2p = { δ2φN1 δ2φN2 ... δ2φNm δ2λ1 }T ,

n = { qTKG1q qTKG2q ... qTKGmq −qTKGq }T . (19)

Geometrically, Eq. (18) proves that vectorn is normal to the stability surface. Thus, planeβ
is tangent to the stability surface sincen is normal toβ according to Eq. (17). Notice that theλ
component ofn has a negative sign. When the first critical buckling load is positiveqT KGq is
positive. Thus, theλ component ofn, −qT KGq, is negative as illustrated in Fig.2. In the case
when the first critical buckling load is negative,qTKGq must also be negative and−qT KGq is
positive.

Multiplication of Eq. (16c) byqT from the left and using Eq. (16a) leads to

qT

(

m
∑

j=1

δ2φNjKGj − δ2λ1KG

)

q + qT

(

m
∑

j=1

δφNjKGj − δλ1KG

)

δq = 0. (20)

and by multiplying Eq. (16b) by δqT from the left and recalling that all matrices involved are
symmetric leads to

qT

(

m
∑

j=1

δφNjKGj − δλ1KG

)

δq = −δqT

(

K +

m
∑

j=1

φNjKGj − λ1KG

)

δq. (21)
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The substitution of Eq. (21) into Eq. (20) yields

−δ2λ1(q
T KGq) +

m
∑

j=1

δ2φNj(q
TKGjq) − δqT

(

K +
m
∑

j=1

φNjKGj − λ1KG

)

δq = 0. (22)

while the substitution of Eqs. (19b) and (19c) into Eq. (22) leads to

δ2pTn = δqT

(

K +

m
∑

j=1

φNjKGj − λ1KG

)

δq ≥ 0, (23)

where the inequality sign holds sinceK +
∑m

j=1
φNjKGj − λ1KG is positive semi-definite.

Equation (23) shows that the second order tangent vector to the stabilitysurfaceδ2p and the
normal vectorn are oriented in the same direction. This can be visualized inFig. 2. Therefore,
from the differential geometry argument presented, it is concluded that the stability surface is
concave with respect to the origin of theφN1φN2...φNmλ space. The concavity of the stability
surface is of utmost importance when it comes to buckling load maximization.

The maximumλ1 is sought through the variation of the involvedφNj ’s. However, due
to physical limitations, the values ofφNj are bounded by the breakdown voltage such that
φmin,j ≤ φNj ≤ φmax,j . The concavity of the stability surface implies that there are only
three possibilities for its orientation as shown in Figs.3a-3c. Either∂λ1/∂φNj(φmin,j ) and
∂λ1/∂φNj(φmax,j ) have the same sign (Figs.3a and3b) or they have opposite signs (Fig.3c).
Notice that these derivatives can be readily computed by

∂λ1

∂φNj
=

qTKGjq

qT KGq
. (24)
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Figure 3: Stability surface orientation

In the first two cases the maximumλ1 must be associated with one of the vertices of the
envelope defined by the inequalitiesφmin,j ≤ φNj ≤ φmax,j wherej = 1, 2, ..., m. For a three-
dimensional case this envelope is shown in Fig.4. Observe that in generalφmin,j 6= φmin,k

andφmax,j 6= φmax,k . PointsV1, ..., V8, are those that must be checked and the maximumλ1

associated with these eight points is the solution to the critical buckling load maximization
problem. On the other hand, if stability surface orientation is such as depicted in Fig.3c then
a conventional optimization method must be used to obtain the maximumλ1. However, given
the concavity of the stability surface, its convergence is certainly very quick.

The preceding analysis assumed that the load ratiosRi are maintained fixed. However, in real
situations, a structure may be subject to several load casesduring its operation and, therefore,
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Figure 4: Voltage envelope

there is variation or uncertainty associated with the load ratios. Inde Faria(2001) a technique
is proposed to handle the lack of specification inRi that can be employed in the present inves-
tigation. A reformulation of the optimization problem at hand is given in Eq. (25)

max
φNj

min
Ri

λ1(φNj, Ri). (25)

Firstly, the worstλ1 is obtained for all possible ranges ofRi. Secondly, the technique just
described is used to obtain the bestφNj.

4.2 Mitigation of initial imperfections

The procedure presented in the preceding subsection is ableto provide the bestλ1. However,
the deleterious effects of initial imperfections has not yet been addressed. The left-hand side
of Eq. (13) can be optimized for maximumλ1. If the right-hand side of Eq. (13) is made
identically zero then the resulting displacement fieldq is zero. Nevertheless, zeroing the right-
hand side is not feasible in practice because the number of degrees of freedom present inq
exceeds the number of voltagesφMj that can be appropriately selected.

The voltagesφNj are assumed to have been selected by the optimization procedure described
previously, i.e., the optimization problem posed in Eq. (25) has been solved, to obtain the
optimal solutionφNj andRi. Hence, voltagesφMj are the only available degrees of freedom
for use in ameliorating the effects of the imperfections.

A better understanding of the behavior of the force term present in the right-hand side of Eq.
(13) is gained ifq is spanned in the eigenvectors basis. Given that the buckling eigenproblem
has been already resolved, it is plausible to assume that thecorresponding eigenpairsλk, qk, k =
1, 2, ..., nλ are available, wherenλ is the problem dimension or the total number of displacement
degrees of freedom. Hence

q =

nλ
∑

k=1

akqk, (26)

whereak are coefficients to be determined. Substitution of Eq. (26) into (13) and multiplication
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by qT
k from the left leads to

ak =
1

(qT
k KGqk)(λk − λ0)

qT
k

[

−

(

m
∑

j=1

φNjKGj

)

q∗ + λ0

(

n
∑

i=1

RiKGi

)

q∗ +

m
∑

j=1

φMjfMj

]

,

(27)
whereKG =

∑n
i=1

RiKGi.
Eq. (27) is the germane for the geometric imperfection mitigation procedure. The term

(λk − λ0) in the denominator causes unbounded growth ofak asλ0 → λk. Therefore, the
most critical of allak is preciselya1, which relates to the first buckling mode, sinceλ0 reaches
λ1 first as it increases. Given that the entire right-hand side of Eq. (13) cannot be made zero
simultaneously, the second best procedure is to make it orthogonal toq1, i.e., to force the
numerator in Eq. (27) equal to zero. This condition yields one linear algebraic equation in
φMj ’s. Thus, if there arem pairs of actuators, in principle it is possible to enforcea1 = a2 =
... = am = 0 resulting inm linear algebraic equations to be solved. In practice this process is
not so straightforward because there are restrictions imposed onφMj by the breakdown voltages.
These restrictions can be relaxed if the actuators are wisely positioned over the host plate.

There are two sources of uncertainty in the proposed procedure. It was assumed that the load
ratiosRi’s are known from the maximization of the critical buckling loadλ1, but it is possible
they vary. Since voltagesφMj were selected based on the worstRi’s, the variation of the load
ratios destroys the orthogonality condition imposed betweenqT

k and the right-hand side of Eq.
(13). Even if the orthogonality is destroyed, the robust optimization procedure proposed in Eq.
(25) guarantees thatλ1 increases when theRi’s vary which, again, works in favor of mitigation
of the imperfection effects.

5 NUMERICAL RESULTS

The physical properties and geometric parameters given in Tab. 2 will be used in the nu-
merical simulations. The plate is 40 cm× 30 cm with the larger side along thex axis. One
pair of 4 cm× 3 cm piezoelectric actuators is used. It is located at the center of the plate and
aligned with the plates edges as shown in Fig.1. Two laminates are considered: cross-ply
laminate[0/90]S and [±45]S with four layers of 0.15 mm thickness each. The thickness of
the piezoelectric actuators (top and bottom) is 0.05 mm. A depoling field of 1000 V/mm is
assumed.

Property G1195N T300/5208

Young modulusE11 (GPa) 63.0 154.5
Young modulusE22 (GPa) 63.0 11.13
Poisson ratioν12 0.3 0.304
Shear modulusG12 = G13 (GPa) 24.2 6.98
Shear modulusG23 (GPa) 24.2 3.36
Piezoelectric constante31 (N/V m) 17.6 -
Piezoelectric constante32 (N/V m) 17.6 -
Depoling fieldEMAX (V/mm) 1000 -

Table 2: Physical properties

Boundary conditions are imposed for three problems as follows. Firstly, the piezoelectric
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problem given by Eq. (10a) is solved withNxx0 = Nyy0 = Nxy0 = 0 with the boundary
conditions beingu = v = 0 along the four edges of the plates. The piezoelectric patch contracts
the plate when energized with a negativeφN . The edges will react by creating traction residual
forcesNR

p that stiffen the plate. On the other hand, a positiveφN induces compressiveNR
p , an

undesirable development since it softens the plate. Secondly, the mechanical problem given by
Eq. (10a) is solved withN0 6= 0 andNp = 0 with boundary conditions imposed on onlyu and
v. Thirdly, the bending problem given by Eq. (10b) is solved by imposing simply supported
conditions onw, ψx andψy along the four edges.

The mesh used has 20× 20 biquadratic elements. The piezoelectric actuators are modeled
with four elements as shown in Fig.5.

X Y

Z

Figure 5: Mesh

The first measure to enhance prebuckling behavior is to increase the buckling load by proper
choice ofφN against the load ratiosRi. Three types of traditional loadings are applied: (i) uni-
form compressive loading along thex direction (λxx) (ii) uniform compressive loading along
they direction (λyy) and (iii) uniform shear (λxy). The actuator voltage is varied within the lim-
its of the depoling field, i.e., -50 V≤ φN ≤ +50 V. Fig. 6 presents the curves obtained for the
[0/90]S and[±45]S laminates. Theλyy curve overlays theλxx curve. λ varies almost linearly
with φN but a small concavity can be observed inλxy. These curves have been normalized for
the case whenφN = 0 V leading to buckling loads of 329.4 N/m (x direction), 185.3 N/m (y
direction), 598.5 N/m (shear) for the[0/90]S laminate and 549.7 N/m (x direction), 312.9 N/m
(y direction), 1685.9 N/m (shear) for the[±45]S laminate. Buckling occurs under no mechani-
cal loading for some value ofφN > +50 V for all types of loading. This conclusion is intuitive;
compressive residual stresses arise when positive voltages are applied impairing buckling be-
havior. The maximumλxx, λyy andλxy are associated withφN = -50 V. It can be observed that
the[±45]S laminate is less sensitive to variations inφN . This is evidence that sensitivity toφN

is associated with the laminate lay-up. The[±45]S laminate will suffer from buckling due to
residual stresses only for a value ofφN substantially above +50 V.

From Fig.6 it is clear that a situation like that shown in Fig.3a is encountered and the best
strategy is simply to selectφN = -50 V. However, this voltage corresponds to the breakdown
voltage of the piezoelectric film meaning that noφM can be applied without destroying the
polarization of the piezoceramic. If geometric imperfections exist then it may be desirable
to apply someφM 6= 0 V. In order to investigate this possibility a cubic patternof geometric
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Figure 6: The variation of buckling load with voltage for different laminates

imperfections is adopted as:

w∗(x, y) = 16µh
x

a

(

1 −
x

a

)

[

1 + βx

(

1 −
2x

a

)]

y

b

(

1 −
y

b

)

[

1 + βy

(

1 −
2y

b

)]

, (28)

wherea andb are the plate side lengths (a = 40 cm,b = 30 cm),µ is a nondimensional parameter
that controls the amplitude andβx, βy are nondimensional parameters that control the degree of
anti-symmetry in the pattern. Notice that symmetry is implied with respect to the plate center.
Since four layers of 0.15 mm are used,h = 0.6 mm in Eq. (28). According to this pattern
w∗(a/2, b/2) = µh > 0. Hence, negativeφM should be applied to attenuate the imperfections.
In the simulations that followµ = 0.5.

The corresponding results for the case when the degree of anti-symmetry, as given by param-
etersβx andβy, is null, are depicted in Figs.7 and8 for the [0/90]S and the[±45]S laminates,
respectively. These curves display the maximum absolute value of the transverse displacement
|w| over the plate as a function of the loading parameterλ0. Figs.7a and8a refer toλxx loading,
Figs.7b and8b refer toλyy loading, and Figs.7c and8c refer toλxy loading.

The plots presented in all cases can be compared to the scenario where there is no actuation,
i.e., whenφN = φM = 0 V. In this no actuation casewMAX rapidly grows asλ0 increases. Notice
that whenλ0 = 0 generallywMAX 6= 0. This is explained by Eq. (13) whose right-hand side
contains two terms that are nonzero even whenλ0 = 0. In all situations makingφN = -50 V is
highly effective although in some cases a blend withφM 6= 0 proves to be more efficient such as
in Figs.7c and8c for higher values ofλ0. A degree of anti-symmetry is introduced by making
βx = βy = 5 in Eq. (28). Now Figs.9 and10 are plotted for the[0/90]S and[±45]S laminates
respectively.

The most striking observation is that when anti-symmetry ispresent in the imperfections
pattern the strategy of applyingφM is not as effective. On the contrary, Figs.8c and10c
show that makingφN = 0 V andφM = -50 V impairs the prebuckling response. It seems
therefore that the best action is to makeφN as high as possible while maintainingφM = 0 V.
This, however, is a hasty conclusion. Note that only one actuator is affixed to the center of
the plate. This particular location is best suited for symmetric imperfection patterns. If anti-
symmetric patterns exist then it would be more efficient to have a network of actuators. This
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Figure 7:[0/90]S laminated plate,βx = βy = 0

is possess the interesting problem: how can the locations ofpiezoelectric patches be optimally
selected to enhance prebuckling and remain insensitive to arbitrary imperfection patterns?

6 CONCLUSIONS

Two techniques have been proposed: one to maximize bucklingloads of smart composite
plates through piezoelectric residual stress stiffening effects and another to enhance the pre-
buckling response when initial geometric imperfections are present by eliminating contributions
of the first buckling modes. Moreover, it is shown that the best results are obtained when both
strategies are employed in combination.

For the sake of demonstration only one pair of active patcheshas been used. In real applica-
tions a network of patches can be used. This would certainly be better since more patches allow
one to induce residual stresses in regions where they are most effective and it would also allow
more freedom to alleviate the effects of a number of imperfection patterns. This is a practical
concern since imperfections may be randomly distributed meaning that each particular plate
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Figure 8:[±45]S laminated plate,βx = βy = 0

fabricated has its own optimal location of active patches.
φM has been held constant throughout the simulations. However, the best procedure is cer-

tainly to increaseφM asλ0 increases. This conclusion is obvious from Figs.7-10. One simple
strategy would be to makeφM proportional toλ0. However, the most effective is to use sensors
that are able to detect the plate response and to have a control system commanding the actuators
according to the sensors data.

Uncoupling the membrane and bending problems is a key to the success of the techniques
proposed. In general imperfect smart shells the situation is more complex since the uncoupling
cannot be done. In this case the full nonlinear problem must be solved considering simul-
taneously all degrees of freedom (membrane and bending). The proper nonlinear numerical
methods, such as Newton-Raphson, must then be called upon.
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Figure 9:[0/90]S laminated plate,βx = βy = 5
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