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Abstract. Different boundary-only numerical frequency domain formulations are here developed 
and applied to simulate the two-dimensional (2D) acoustic wave propagation in the vicinity of a 
underwater configuration. This configuration combines two sub-regions, one of them being a 
wedge with rigid bottom and free surface, and the second one being a waveguide with a rigid flat 
bottom and a free flat surface. Both the Boundary Element Method (BEM) and the Method of 
Fundamental Solutions (MFS) are used to solve this problem. In either cases, Green’s functions that 
take into account the presence of flat rigid and free surfaces of the waveguide and of a wedge are 
used. A sub-region technique is used to connect the two parts of the domain, enforcing continuity of 
the relevant quantities. The Green’s functions are defined using two approaches: the image source 
method is used to model the rigid flat bottom and free flat interface, whereas the response provided by 
the wedge sub-region is based on a normal mode solution. A third boundary element formulation is 
also considered, which makes use of Green’s functions for a perfect waveguide (using the image 
source method), therefore requiring the discretization of the sloping rigid bottom of the wedge. The 
presented formulations are discussed, both in what concerns accuracy and computational 
effort. The results obtained by the authors indicate that the MFS has a significantly lower 
computational cost and is very stable, therefore being adequate for the analysis of acoustic 
wave propagation in the studied configurations. 
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1 INTRODUCTION 

Over the years, different computational methods have been proposed to determine the 
sound field in an underwater acoustic environment. Many methods have been applied with 
success, as documented in the reference work of Jensen et al. (2000), but all of them with 
specific drawbacks and limitations. In ocean acoustics, some of the most widely used methods 
are based on acoustic ray theory, normal mode analysis (first applied by Pekeris (1948)), 
parabolic equations (introduced first by Hardin and Tappert (1973)) or Green’s functions for 
layered media (such as those defined by Schmidt and Tango (1986) or Tadeu et al. (2000) and 
Tadeu et al. (2005)).  

Modern high-speed computing infrastructures allowed the development of different and 
more accurate approaches based on the wave theory for some specific problems in underwater 
acoustics. Among those approaches are finite difference, finite element and boundary element 
numerical methods.  

Santiago and Wrobel (1999) and Santiago and Wrobel (2000) implemented the sub-region 
technique in a boundary element formulation for the analysis of two-dimensional acoustic 
wave propagation in a shallow water region with irregular seabed topography. In their 
approach the bottom and surface boundaries of the regions are modeled using Neumann and 
Dirichlet conditions, allowing for the use of Green's functions that satisfy either the free 
surface boundary condition or both the boundary conditions on the free surface and rigid 
bottom.  

In many cases, the geometry of the propagation domain can be assumed to be constant in 
one direction; additionally, if the acoustic excitation is modeled as a three-dimensional (3D) 
source, these problems are usually called 2.5D, and the 3D acoustic wave equation can be 
mathematically manipulated to obtain the frequency-domain solution as a summation of 
simpler 2D problems (Bouchon and Aki, 1977). Boundary element models have been 
developed using this technique to compute the pressure field in ocean environments (Branco 
et al., 2002, Godinho et al., 2001) 

When complex geometries are analyzed, boundary element methods may present specific 
problems, since it may become necessary to perform large discretization schemes, leading to 
high computational effort. One way of avoiding these large discretizations is incorporating 
appropriate Green’s functions to account for part of the boundaries, such as a free surface.  

Meshless methods have, in recent years, received the attention of scientists and 
researchers. These methods do not require explicit domain or boundary discretization. One 
such technique is the Method of Fundamental Solutions (MFS) (Golberg et al., 1999, Cho et 
al., 2004). Mathematically, the MFS is a rather simple technique, but it requires previous 
knowledge of the Green’s functions of the propagation domains. Despite of the potential 
interest in developing those techniques to treat underwater wave propagation problems, very 
little can be found in the literature. The use of such methods together with Green’s functions 
that automatically satisfy specific boundary conditions may be a further interesting option. 

In the present paper the authors aim to analyze the efficiency and accuracy of different 
numerical formulations developed to allow for the computation of the acoustic wave 
propagation in a specific underwater acoustics configuration. These formulations may 
incorporate Green’s functions that allow reducing the discretization needs. Two different 
numerical methods are used here: the first one is the BEM and the second is the MFS. In all 
cases, the analyzed region is assumed to be two-dimensional, simulating underwater acoustic 
problems which have little variation in the long shore direction, and is divided in two sub-
regions: the first one is a flat waveguide, composed of a flat rigid bottom and a flat free 
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surface; the second is defined by a wedge, with rigid bottom and free surface. 
Three formulations are discussed. The first two are based on BEM and MFS models, 

respectively, requiring the definition of two sub-domains where appropriate Green’s functions 
can be determined, and thus only requiring the interface between sub-regions to be discretized. 
In the first sub-domain, which assumes a flat rigid bottom and a flat free surface, Green’s 
functions obtained using the Image Source Method are used. In the second one, defining a 
wedge, the Green’s functions are obtained using an approach based on the sum of normal 
modes (Buckingham and Tolstoy, 1990). The third model also makes use of the BEM, but 
requires discretization of the inclined rigid bottom that forms the wedge. This model assumes 
only one region and makes use of adequate Green’s functions based on the Image Source 
Method. 

This paper is organized as follows: first, the mathematical formulation of the problem is 
presented, including a brief description of the BEM formulation and of the MFS; the Green’s 
functions used are then defined, followed by a convergence analysis performed for the case of 
the wedge; after this, the proposed models are verified by comparing the results they provide 
against each other; the performance and accuracy of the three models is then discussed; 
finally, a numerical application is presented. 

2 PROBLEM FORMULATION 

Consider the problem of acoustic wave propagation in a region Ω  of infinite extent along 
the z  direction, with irregular rigid seabed topography and flat free surface, as shown in 
Figure 1. 
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Free surface
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Figure 1: Geometry of the problem. 

If the source of acoustic disturbance is time-harmonic, the sound velocity is constant and 
the medium in the absence of perturbations is quiescent, the governing Helmholtz equation for 
this problem can be written as: 

 2 2

1

( , ),          in region ξ ξ
NS

f
l l

l

k Qφ φ δ
=

∇ + = − Ω∑  (1) 

where NS  is the number of sources in domain; φ  is the velocity potential; lQ  is the 

magnitude of the existing sources ξ f
l  located at ( , )

ξ ξ
f f
l l

x y ; ξ  is a domain point located at 

( , )x yξ ξ ; ( , )ξ ξf
lδ  is the Dirac delta generalized function; and k cω=  is the wave number, 

with ω  being the angular frequency and c  the speed of sound in the medium. 
In this problem the following conditions were prescribed: the Dirichlet condition in the 

boundary of the free surface FΓ ; Neumann condition in the boundary of the bottom BΓ  and 
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Sommerfeld radiation condition at infinity. 
To solve this problem, two numerical strategies are used in this paper, and are presented in 

the following sections. 

2.1 Boundary Element Method 

To solve the proposed problem using the BEM together with full-space Green’s functions 
requires discretization of all surfaces. Here, however, we will make use of Green’s functions 
that satisfy specific boundary conditions allowing for reduction of boundary discretization. 
The formulations that will be described refer to the specific geometry of a shallow water 
configuration which combines two sub-regions, one with flat surfaces and a second 
corresponding to a wedge region as defined in Figure 2, excited by a linear load. 
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Figure 2: Geometry of the BEM models: (a) Model 1; (b) Model 2. 

Two different models are here proposed: one (Model 1) makes use of a Green’s function 
that directly satisfies the boundary conditions in the flat rigid bottom and flat free surface, 
requiring only the discretization of the sloping bottom of the wedge (see Figure 2a); the 
second model (Model 2) makes use of two different types of Green’s functions, and therefore 
a sub-region technique is applied by defining two regions, with only the interface in-between 
requiring discretization (see Figure 2b). 

Considering Model 1 excited by a unit load ξ f , if we introduce the appropriate boundary 

conditions at the discretized sloping bottom BΓ , and assuming BNE  constant elements with 

linear geometry, by applying the collocation method to the integral equation, in terms of an 
intrinsic coordinate ,η  the following equation may be obtained: 

 
_

1 _

1
1

( , )
( ) ( ) ( ) ( , )

n

B
frb ffsNE

p q frb ffs f
p p q p

q

G
C J d Gφ φ η

−
=

∂
= − +

∂∑∫
ξ x

ξ ξ x ξ ξ , (2) 

where ξ p  refers to the functional node p with p ranging from 1 to BNE ; J  is the Jacobian; 

( )xqφ  is the unknown velocity potential at the boundary element xq ; _ ( , )ξ xfrb ffs
p qG  is the 

fundamental solution for a waveguide with flat rigid bottom and free surface at the boundary 
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element xq , whose details are given in a subsequent section; _ ( , )ξ ξfrb ffs f
pG  is the incident 

field regarding the velocity potential generated by the real source placed at position ξ f . 

Solving the resulting system of EB EBN N×  equations makes it possible to obtain the nodal 

solid velocity potentials at the sloping bottom BΓ . The scattered wave field at any point of the 

domain can then be calculated by applying the Boundary Integral equation. 
If, as in Model 2, we use a Green’s function that satisfies the boundary conditions of the 

wedge, only the interface VΓ  between the flat waveguide and the wedge needs to be 

discretized (see Figure 2b), requiring a substantially lower number of boundary elements to be 
used if analyzing wedges with small apex angles and greater lengths. 

In these conditions (Model 2), if we introduce the appropriate boundary conditions at the 
discretized interface VΓ  (which are continuity of velocity potentials and continuity of the 

normal derivative of the velocity potentials), and assuming VNE  constant elements with linear 

geometry, by applying the collocation method to the integral equation, in terms of an intrinsic 
coordinate η , the following equations may be obtained: 
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- Region 2Ω  

 

1 _

1
1

_
1 _

1
1

( ) ( ) ( , ) ( )
n

( , )
                      ( ) ( , )

n

V

V

NE
frb ffs

p p p q q
q

frb ffsNE
p q frb ffs f

q p
q

C G J d

G
J d G

φφ η

φ η ϑ

−
=

−
=

∂= −
∂

∂
+

∂

∑∫

∑∫

ξ ξ ξ x x

ξ x
x ξ ξ

 (4) 

In Eqs. (3) and (4), ( )xqφ  and ( )xqnφ∂ ∂  represent, respectively, the unknown velocity 

potential and its normal derivative at point xq ; the Green’s function _ (ξ , x )wrb wfs
p qG  directly 

satisfies the wedge surfaces’ conditions; 1ϑ =  if the source is positioned in region  2Ω , while 

0ϑ =  if the source is placed in region  1Ω . 

Solving the resulting system of 2 2EV EVN N×  equations makes it possible to obtain the 

relevant unknowns at the vertical interface VΓ . 

2.2 Method of Fundamental Solutions 

An approximate solution for the Helmholtz equation (Eq. (1)) can also be obtained by 
making use of the MFS. In this method, the solution at an internal point of the domain is 
obtained in terms of a linear combination of fundamental solutions centered on NFS  virtual 
sources, placed outside the region of interest. 

The model developed in this article (designated by Model 3) using the MFS assumes an 
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acoustic domain divided into two sub-regions, as illustrated in Figure 3, allowing the use of 
two different Green’s functions: in region  1Ω  a fundamental solution that directly satisfies the 

rigid bottom and free surface wedge conditions is assumed, whereas in region  2Ω  a solution 

that directly satisfies the rigid and free flat surface conditions is used. With this procedure, a 
fictitious vertical interface is defined using a number of NFS  collocation points (displayed in 
Figure 3). A total of 2NFS  fictitious sources must then be used to define the velocity potential 
field at both regions. 

 

Region

Source 
points

Collocation                                
points

Source

Free surface

Bottom x

y

Region 2Ω

1Ω

 

Figure 3: Geometry of the MFS model. 

For each region, the velocity potential can then be written as: 

 ( )_ _

1

( ) ( , ) 1 ( , )
NFS

wrb wfs wrb wfs f
n n

n

G Gφ ϑ
=

= + −∑x A ξ x ξ x           region  1Ω  (5a) 

 _ _

1

( ) ( , ) ( , )
NFS

frb ffs frb ffs f
n n

n

G Gφ ϑ
=

= +∑x B ξ x ξ x  ,                    region  2Ω  (5b) 

where ξ f  is the coordinate ( , )f fx yξ ξ  of the real source position; nξ  refers to the coordinate of 

the nth virtual source point placed along a fictitious boundary; A n  and Bn  are the amplitudes 

to be determined for each of the 2NFS  source points; 1ϑ =  if the source is positioned in 
region  2Ω  and 0ϑ =  if the source is placed in region  1Ω ; _ ( , )ξ xwrb wfs fG  is the incident field 

regarding the velocity potential generated by the real source when placed in the wedge region 
and _ ( , )ξ xfrb ffs fG  regards the incident field generated by the real source when placed in the 

flat region; NFS  corresponds to the number of sources placed at each sub-region; 
_ ( , )frb ffs

nG ξ x  refers to the Green’s function for a flat rigid bottom and a flat free surface and 
_ ( , )wrb wfs

nG ξ x  regards the Green’s function for a wedge region with free surface and rigid 

bottom whose details are given in the next section. By adequately deriving the Eqs. (5a) and 
(5b), the normal derivative of the velocity potential may also be obtained.  
 If we impose, at each interface point x , continuity of the velocity potential and of its 
normal derivative, the following equations are obtained: 

 
( )_ _ _

1 1

_

( , ) 1 ( , ) ( , )

( , )

NFS NFS
wrb wfs wrb wfs f frb ffs

n n n n
n n

frb ffs f

G G G

G

ϑ

ϑ
= =

+ − = +∑ ∑A ξ x ξ x B ξ x

                                                                       ξ x

 (6a) 
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n
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By writing these equations for the NFS collocation points a linear system of 2 2NFS NFS×  
equations is obtained. Once the system of equations is solved for the relevant unknowns, the 
response at any point of the domain may be obtained by using expressions (5). 

3 FUNDAMENTAL SOLUTIONS 

3.1 Analytical solution for a region with flat rigid an d free surfaces 

By applying the image source method one obtains a Green’s function, written as an 
infinite series of source terms, which directly satisfies both boundary conditions at the ocean 
rigid bottom and free flat surface. However, the truncation of the number of sources will lead 
to the exact satisfaction of only one boundary condition and the approximate satisfaction of 
the other. Therefore, two types of truncated series can be constructed (Santiago and Wrobel, 
2000, Santiago and Wrobel, 2004).  

In the present work, we deal with the solution that exactly satisfies the boundary 
conditions at the free surface, defined as _F ( , )frb ffsG ξ x , but which produces a very small non-

zero value at the rigid boundary. This solution can be given as: 

 _ (1) (1) (1F)
F 0 0 F

1

i
( , ) ( ) ( ) ( , )

4 m

frb ffs

m

G H kr H kr G
∞

=

 = − + 
 

∑ξ x ξ x  (7a) 

 1 (1) (2F) (1) (3F) (1) (4F) (1) (5F)
F 0 0 0 0( , ) ( 1) ( ) ( ) ( ) ( )

m

m
m m m mG H kr H kr H kr H kr+  = − − − + ξ x , (7b) 

where the superscripts (jF) identify the reflected source points (j=1…5). 
The distances from the field point x to the source points ( F)jξ  are denoted as r, (1F)r  and 

( F)j
mr . These distances can be written as: 2 2( ) ( )x ξr x x y yξ ξ= − = − + − ; 

(1F) (1F) 2 (1F) 2( ) ( )r x x y yξ ξ= − = − + −x ξ  and ( F) ( F) 2 ( F) 2( ) ( )j j j
m mr x x y yξ ξ= − = − + −x ξ  in 

which (1F)
F2y Y yξ ξ= − ; (2F)

F B2( 1) 2my m Y mY yξ ξ= − − + − ; (3F)
F B2 ( )my m Y Y yξ ξ= − + + ; 

(4F)
F B2 ( )my m Y Y yξ ξ= − +  and (5F)

F B2( 1) 2my m Y mY yξ ξ= + − − . In these expressions, FY  and BY  

refer to the y coordinate of the free surface and bottom, respectively. 
It is worth noting that the above defined series exhibit a slow convergence, requiring a 

large number of terms to obtain the solution. However, this process can be greatly improved 
by using complex frequencies, with the form icω ω ζ= + , with ζ  defining a damping effect 
(Kausel and Roesset, 1992). One additional advantage of using this damping factor is that it 
can also be used to remove aliasing effects when time-series are to be calculated from the 
frequency response. In the time domain, this damping is later taken into account by applying 
an exponential window teξ  to the response. 
 
 

Mecánica Computacional Vol XXIX, págs. 2199-2214 (2010) 2205

Copyright © 2010 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



3.2 Analytical solution for an ideal wedge 

The analytical solution for an ideal wedge, used in this paper, exactly satisfies the 
boundary condition on the flat free surface and on the sloping bottom of the wedge. This 
solution was obtained from the inhomogeneous Helmholtz equation and it is given by the 
following expression (Buckingham and Tolstoy, 1990, Jensen and Ferla, 1990, Stotts, 2002): 

 _ (1)

10

iπ
( ) ( ) sin( )sin( )wrb wfs

m

G J kr H krν ν νθ νθ
θ

∞

< >
=

′= ×∑ , (8) 

where 0θ  is the wedge angle; Jν  is the Bessel function of the first kind of order ν ; (1)Hν  is the 

Hankel function of the first kind of order ν ; min( , )r r r< ′= , max( , )r r r> ′= , with r  and r′  

being the ranges of the receiver and source from the apex of the wedge; θ  and θ ′  are the 
angular depths of the receiver and source measured about the apex; the orders of the Bessel 
and Hankel functions for rigid bottom are given by ( )1

02 πmν θ= − . 

It is important to note that this fundamental solution poses some difficulties in its 
implementation. In fact, when the real order ν  becomes large in relation to the fixed argument 
κ , (i.e. when ν → ∞ ) the function ( )Yν κ → ∞  while ( ) 0Jν κ → . Noting that ( )Yν κ  is the 

Bessel function of second kind, which corresponds to the imaginary component of the Hankel 
function, the product between the Hankel function and the Bessel function of the first kind is 
the product of a very large number by a very small number. Fortran compilers, making use of 
double precision variables, may not have the required precision to compute this product, as 
necessary in Eq. (8). This may occur particularly when r  and r′  are very close to each other, 
for which a large number of terms (and very high order ν ) becomes necessary to attain 
convergence. However, in the present work, the MFS is used to model the proposed system, 
and the source point is always positioned away from the receiver point (r  and r′  are 
markedly distinct). For this reason, the convergence of the solution occurs with a small 
number of terms and this fundamental solution presents a good behavior. 

In order to understand the possible advantages of using this solution in either BEM or MFS 
models, convergence tests were performed. With this purpose a geometry was chosen which 
assumes a set of source and receiver’ positions defined so that they would allow to understand 
the behavior of the function when implemented in BEM or MFS codes. The example refers to 
an ideal wedge, with sound velocity -11500ms , subjected to a harmonic line source S1 applied 
at position (0.00m;19.00m) and to a second source (S2) applied at position 
( 5.00m;19.00m)− . The responses were computed at receiver R1 placed at (0.00m;19.20m) 
and at another receiver (R2) placed at point (0.00m;10.00m), as illustrated in Figure 4. In the 
analysis, complex frequencies with an imaginary part of ( 0.7 2 π )fζ = × × ×∆  were used. 
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Figure 4: Geometry of the wedge used in the convergence tests. 

The number of terms required to compute the Green’ function for each frequency, in the 
range [4.0; 256 Hz], with a frequency step of 4.0 Hz, is evaluated. Figure 5 displays the 
obtained responses for receiver R1 and R2, respectively, when the source is either S1 or S2. 
From the analysis of this figure, which plots the number of terms required to achieve 
convergence for each frequency of the defined range, we conclude that the number of terms 
increases with the proximity between source and receiver. This behavior is consistent across 
the full frequency range. It is also clear, in those plots, that the number of terms needed for 
convergence when the source is at S1 and the receiver at R1 is vey large (around 4000), and it 
decreases dramatically for all other cases. 
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Figure 5: Number of terms responses as a function of the frequency range 4-256Hz: (a) receiver R1 and (b) 
receiver R2. 

The described findings indicate that the implementation of this functions in a BEM code 
may poses difficulties, since it becomes time consuming to perform integrations over the 
loaded element, and thus with the loaded point very close to the receiver point. Additionally, it 
is important to note that the implementation of this function in the BEM models requires 
calculation of the Green’s function integration when the functional point and the nodal point 
of the boundary element coincide, leading to a singularity. To avoid this problem, the 
integration was computed in two parts:  

• numerical integration of the reflected field (using Gauss quadrature scheme), 
obtained from expression (8) by subtracting the incident field from the solution;  

• analytical integration of the singular part, originated by the source using the 
expressions described by Tadeu et al. (1999 b,a).  
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In practice, subtracting the full-space Green’s function from Eq. (8) removes its 
singularity, allowing for the numerical integration to be performed accurately. 

4 BEHAVIOUR OF THE BEM AND MFS MODELS 

The BEM and MFS algorithms used in this work were implemented and verified by 
comparing the results with a BEM model, where a 2D Green’s function for full space is used 
(reference model). This model requires the discretization of both the bottom and the surface, 
while the BEM models defined earlier in this work need only the discretization of either the 
sloping bottom of the wedge (Model 1) or the vertical interface between sub-regions (Model 
2), as illustrated in Figure 6. As for the MFS model (Model 3), collocation points at the 
interface and fictitious source points in each sub-region must be defined (see also Figure 3). 
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Figure 6: Geometry of the problem: (a) Model 1: geometry only with sloping bottom discretized (BEM); (b) 

Model 2: geometry with interface discretized (BEM); (c) Model 3: geometry only with collocation and fictitious 
points (MFS). 

Consider, now, a propagation domain containing a fluid medium with a sound velocity of 
-11500ms , and consisting of a flat waveguide 20.00mdepth connected to a wedge region, 

40.00m long, with an apex angle of o26.56 . The geometry was subjected to a harmonic line 
load applied near the rigid bottom at point (0.00m;0.05m). The responses were calculated at 
receiver R2 placed at (29.00m;11.00m), as illustrated in Figure 6. Computations are 
performed for frequencies up to 256.0 Hz, with a frequency step of 4.0 Hz. Complex 
frequencies with an imaginary part of ( 0.7 2 π )fζ = × × ×∆  were assumed. When using the 
BEM models the number of boundary elements is defined as a function of the frequency, by 
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using a relation between the incident wavelength and the length of the boundary element, 
equal to a minimum of 10. In Models 1 and 2, a minimum of 5 boundary elements was always 
adopted. As in the BEM models, the number of collocation points used in the MFS is 
computed using the same relation between the incident wavelength and the distance between 
collocation points. Additionally, for the MFS, the distance between the fictitious sources and 
the interface was fixed at 5 times the distance between interface points. 

In order to illustrate the responses obtained in the verification, Figure 7 displays the 
velocity potential recorded at receiver R2 computed using the three models defined. In this 
figure the response provided by the reference BEM model is also included. Observation of 
those figures confirms the very good agreement among all solutions. 
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Figure 7: Verification of the problem for Receiver 2: (a) Real part; (b) Imaginary part. 

It is important to state that additional tests were performed to understand the sensitivity of 
the MFS model with relation to the distance between the virtual sources and the interface. 
Those tests (not shown in this work) allowed concluding that there is very little variation of 
the response with this distance, and that relatively large distances (of the order of 10 times the 
distance between consecutive collocation points) may be used. Those relatively large distances 
can greatly help to improve the convergence of the fundamental solutions, and may render the 
method efficiency for the analysis of ocean acoustic problems with this geometry.  

This efficiency has been analyzed comparing the computation times requires by the 
different models. Two different geometries were used, both with the same depth (20.00m) in 
the flat region and different wedge dimensions. The first geometry is the same as described 
above (wedge length of 40.00m), whereas in the second case, corresponding to a more 
realistic configuration, the wedge assumes a length of 200.00m, which leads to an apex angle 
of o5.71 . The calculations were performed assuming frequencies up to 256 Hz and a 2 Hz 
frequency step. Once again, the sound velocity of the fluid medium used was -11500ms . The 
responses were computed in a computer with an AMD Turion (tm) 64 mobile technology ML-
34 processor, with a clock frequency of 1.79GHz, and 1 GB of RAM. To ensure that 
comparable results were obtained, those computation times were obtained always using the 
same relation between the incident wavelength and the length of the boundary element for 
both BEM models, and also using the same relation to define the number of interface points 
for the MFS model. Relations of 5 and 10 are tested. Note that both the BEM and the MFS 
model display a good agreement with the reference solution even with a relation of 5 (not 
displayed). 

Figure 8a displays the results obtained for the first geometry, while the corresponding 
responses for the second geometry are illustrated in Figure 8b. In these plots the computation 
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time provided by BEM - Model 2 was not included, because it is at least one order of 
magnitude higher than those obtained using BEM - Model 1 and MFS model (Model 3). This 
high computational time was expected, and is related to the slow convergence of the 
fundamental solution for the wedge geometry, when the source and receiver points are near 
each other, and over the same vertical line. This effect has been identified and illustrated in 
Section 3. 

From the analysis of Figure 8 we observe that BEM Model 1 displays shorter computation 
times than those obtained using the MFS, denoting that for this geometry it is more efficient. 
Note that the peaks in the curve regarding the MFS model are related to computations of the 
Green’s function used to model the wedge region, which significantly increase the 
computation times. When a larger wedge length is assumed (see Figure 8b), the MFS model 
becomes significantly more efficient than the BEM (Model 1 and Model 2), mainly as 
frequency increases, allowing to achieve shorter computation times. In fact, in this figure, the 
difference between computation times for the two models is striking, with the MFS model 
being about 10 times faster than the BEM when the number of points/elements is defined 
using a relation of 10, and even faster for the lower relation. 
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Figure 8: Computation time provided by the numerical models assuming a geometry with a wedge region with: 
(a) 40m; (b) 200m. 

5 NUMERICAL APPLICATION 

To illustrate the applicability of the proposed MFS formulation, the problem 
illustrated in Figure 9 is analyzed in this section. A set of three geometries with varying 
wedge angles are considered: 20ºθ = , 10ºθ =  and 5ºθ = . For all geometries the depth of 
the flat region is 20.0 m. The responses were computed for a linear pressure source (S) 
placed at 19.50 my = , 30.0 m away from the transition between the flat region and the 
wedge. The acoustic medium is assumed to be water, with a density 31000.0 kg/mfρ =  and 

allowing a dilatational wave velocity of 1500.0 m/sfα = . 
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Figure 9: Geometry of the numerical example. 

The pressure field generated by the source in the spatial-temporal domain is assumed to be 
defined by a Ricker wavelet, 

 ( ) ( ) 2221 τττ −−= eAu , (9) 

where A  is the amplitude, ( ) os ttt −=τ  and t  denotes time; st  is the time when the maximum 
occurs, while otπ  is the characteristic (dominant) period of the wavelet. Its Fourier transform 
is 

 ( ) 222 si t
oU A t e eωω π − −Λ = Λ  , (10) 

in which / 2.otωΛ = This wavelet form has been chosen because it decays rapidly in both time 

and frequency, thereby reducing computational effort and allowing easier interpretation of the 
computed time series and synthetic waveforms. 

The analysis uses complex frequencies with 0.7ζ ω= ∆ , which avoid the aliasing 
phenomena. In the time domain, this effect is later taken into account by applying an 
exponential window teξ  to the response (Kausel and Roesset, 1992). The calculations were 
performed over a frequency range between 2.0 Hz and 1024.0 Hz, assuming a frequency 
step of 2.0 Hz, which gives a total time of 500.0 msT = . Time domain signals are then 
computed by means of an inverse Fourier transform. The vertical interface between the 
flat waveguide and the wedge was modeled using a number of collocation points that was 
defined according to the excitation frequency of the harmonic source. A ratio of 5 was 
adopted between the wavelength of the incident waves and the distance between collocation 
points. The minimum number of collocation points used was 5. The distance between the 
virtual sources used in the MFS and the boundary was always 10 times the distance 
between collocation points. Figure 10 displays the time responses along a line of receivers, 
located 1.0 m bellow the free surface, for the cases of a flat waveguide (used as a reference) 
and for the proposed wedge configuration. In the plots regarding the wedge configuration a 
dashed line was included to mark the beginning of the wedge region. Analysis of these 
responses allows identifying a sequence of pulses, originated by multiple reflections at the 
rigid bottom and at the free surface. When the system is composed of a flat waveguide, the 
response is composed of a first pulse, generated by the source, followed by a sequence of 
reflected pulses at the top and bottom surfaces. Whenever a pulse impinges on the free 
surface, its phase is shifted by 180º, inverting its polarity. As time progresses, the wavefront 
associated with those pulses becomes flatter, generating an almost stationary wavefield. 
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Comparing the reference case with the wedge configuration, it becomes evident that, in the 
later, the energy decays much faster, and that the stationary field is not formed, as the energy 
is scattered away from the wedge. In fact, for all wedge angles, the response at receivers 
placed above the inclined bottom is limited in the time domain, disappearing after a few 
reflections on the top and bottom surfaces. As the wedge angle decreases, the responses on the 
flat region tend to approach that provided by the flat waveguide, although, even for the lowest 
wedge angle analyzed, it is still possible to identify important differences between both cases, 
with a considerably lower number of reflections being registered in the time signals. 

Region with flat bottom and surface Wedge coastal region 

 
(a1) 

 
(a2) 

 
(b1) 

 
(b2) 

 
(c1) 

 
(c2) 

Figure 10: Time domain responses in a wedge coastal region, when the source is placed at position S2 for wedge 
angles of: (a) 20ºθ = ; (b) 10ºθ = ; (c) 5ºθ = . 
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6 CONCLUSIONS 

In this paper, the Boundary Element Method and the Method of Fundamental Solutions 
were used to define numerical frequency domain formulations to simulate the propagation of 
sound in the vicinity of a wedge costal region, incorporating two sub-regions: one is a flat 
region with rigid bottom and free surface and the second is a wedge. Appropriate Green’s 
functions were used allowing to reduce discretization. These functions were defined using two 
approaches: the method of multiple source point reflections was used to model the rigid flat 
and free surfaces, whereas the response provided by the wedge sub-region was given by a sum 
of normal modes. The model based on the Method of Fundamental Solutions has proved to be 
an efficient tool, while still providing accurate results. 

A number of numerical examples were presented to illustrate the use of the proposed 
model in the analysis of underwater wave propagation. In those examples, a flat waveguide 
coupled to perfect wedges with different apex angles were studied, and relevant differences in 
the sound propagation patterns could be identified. 
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