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Abstract. Today, reduction of sound emission plays a vital role while designing objectsof any kind.
Desirable aspects might include decreased radiation in certain directions ofsuch an object. This work
shows an approach to iteratively compute the shape of an obstacle which fulfils best to prescribed design
variables using the framework provided by the topological derivative and the boundary element method
(BEM).

At the beginning of the process a design space is defined in which in iterative steps the shape will be
developed. A regular array of points is set over the entire design space. The objective function is given
by a set of prescribed pressure values for the scatter pattern on a circle around this design space.

The object, which acts as a scatterer, is considered acoustically rigid. Theshape of the object builds up
cumulatively, adding in each iterative step a rigid inclusion at the position that the topological derivative
identifies as the most effective to achieve the prescribed design values. The procedure is repeated until a
given stopping criteria is satisfied. The proposed method requires the computation of a forward problem
and an adjoint problem for each step. The first is solved using a standard BEM for 2D acoustics, while
the latter is solved backwards using the prescribed pressure values. The insertion of the rigid inclusions
in each step is done by removing points from the design space. The BEM model geometry is updated
automatically using a weighted Delaunay triangularization algorithm capable of detecting ‘holes’ at those
positions where the points have been eliminated.

The capabilities of the proposed strategy are demonstrated by solving some examples.
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1 INTRODUCTION

Apart from functionality, the aspects of comfort have become increasingly important for
users of almost any kind of product. As a result, today designprocesses take into account the
acoustic properties of an object, i. e. its acoustic radiation. Especially for the case of objects
acting as sound barrier it is desirable to minimize the radiation in certain directions.

The classical problem in acoustic design consists in findingthe optimum geometric config-
uration of an object (say a sound barrier) to satisfy a given design objective for its radiation
performance. A usual approach to tackle this problem is by means of shape optimization tools
which consist in finding the optimal geometry within a class of domains having the same topol-
ogy as the initial design, i.e., no holes are introduced in the optimization domain (Feijóo et al.
(2004); Divo et al. (2003)). However, the most general approach is topological optimization
tools, which allow not only changing the shape of the object but its topology via the creation
of internal holes. Topological optimization tools are capable to deliver optimal designs with a
priori poor information on the optimal shape of the body.

Among the available topology optimization tools (see for exampleBendsoe and Sigmund
(2002)) the topological derivative is used in this work. The topological derivative was firstly
introduced byCeá et al.(1974) by combining a fixed point method with the natural extensionof
the classical shape gradient. The basic idea behind the topological derivative is the evaluation
of cost function sensitivity to the creation of a hole. In this way, wherever this sensitivity
is low enough (or high enough depending on the nature of the problem) the material can be
progressively eliminated. More recently,Novotny et al.(2003) introduced a novel procedure for
the computation of the topological derivative for potential elasticity problems. That approach
was implemented within the boundary element method (BEM) framework for two-dimensional
potential problems byCisilino (2006) and for two and three dimensional elasticity problems by
Carretero Neches and Cisilino(2008) andBertsch et al.(2010), respectively.

In acoustics,Feijóo(2004) proposed a method for imaging ‘hidden’ objects inversely via in-
verse scattering analysis using the topological derivative approach. In that case the cost function
is the difference between a prescribed scattering pattern and the one measured when illuminat-
ing the hidden object by a planar wave travelling in a given direction. Starting from an empty
optimization domain, the topological derivative indicates the positions where to place rigid in-
clusions to produce a scattered field which will converge to the prescribed one.

Due to the inherent characteristics of its formulation, theBEM is a particularly effective tool
to cover acoustic problems, e. g.Wrobel and Aliabadi(2002). Within the BEM context, this
work presents a method which extends the topological derivative proposed byFeijóo (2004)
to iteratively optimize the geometrical configuration of preexistent objects in order to fulfill an
arbitrary objective on its scatter pattern. The focus of this work is strictly two-dimensional.

The following section will introduce the forward and the inverse problem, followed by an
explanation of the topological derivative approach. Then the iterative process introduced is this
work is described. A number of examples will be given to verify the method and to show some
applications. An outlook is provided in the concluding remarks.

2 THE FORWARD AND THE INVERSE SCATTERING PROBLEMS

Following Feijóo (2004), the setting of the problem is depicted in Figure1, whereΩ is
a homogeneous medium with scattersΩ0 with boundaryΓ0. The boundaryΓs is where the
measurements of the scattering pattern are obtained and is assumed to be a circle of radiusRs

that encloses all the scatterers.
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Figure 1: The inverse scattering problem according toFeijóo(2004)

The so-calledforward problemdescribes the interaction between the medium, scatterers and
the incident plane sound pressure wavepinc(x) = eiκxd with propagation directiond and wave
numberκ = ω/c (the relation of the angular frequencyω to the speed of soundc) governed by
the Helmholtz equation as follows

∇2p(x) + κ2p(x) = 0 in Ω = R \ Ω0 (1)

∇p(x) · n = 0 on Γ0 (2)

lim
r→∞

√
r

(

∂ps

∂n
− iκps

)

= 0, (3)

wherep is the total wavefield given by the addition of the incident and scattered pressure fields
p = pinc + ps, andi is the imaginary unit. Equation (2) is the sound-hard boundary condition
which means that scatterers are modeled as rigid objects. Equation (3) is the Sommerfeld con-
dition which is valid for the scattered part of the wavefield and implies that only outgoing waves
are allowed at infinity. It is assumed that there is no attenuation in the medium, soℑ(κ) = 0.

At Γs measurements ofp are obtained for different directionsdi of the incident wave, which
will be denoted aspm(di) (in the following development,di will be dropped to simplify the
notation). The objective of theinverse problemis to determine the shape of the scatterersΩ0

such thatp|Γs
= pm. This last condition is enforced via a least-squares-type solution of the

form:
find Ω̂ such that

Ω̂ = arg min(Ω) (4)

where

J(Ω) =
1

2

∫

Γs

|p − pm|2dΓ (5)

wherep is the solution of Eq. (1)–(3). Thus, the inverse problem is now written in the form of a
constrained optimization problem withΩ as the design variable and the forward problem in Eq.
(1)–(3) as a constraint on the admissible scalar fieldp.

The strategy to solve the above problem starts from a domain that contains no scatterers.
Then, the functional in Eq. (5) is changed to account for the modification of the domain by
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Figure 2: Strategy for the solution of the inverse problem

introducing a small circular hole,Bε(x), centered atx and of radiusε. The new domain is
denoted byΩε = Ω \ Bε(x) (see Figure2).

Denoting byf(ε) the negative value of the ‘size’ of the holeBε, the new expression of the
functional in Eq. (4) can be stated as follows:

J(Ωε) = J(Ω) + f(ε)DT (x) + O (f(ε)) , (6)

whereDT (x) is the topological derivative which measures the rate of change of the functional
value with respect to the size of the scattererBε(x). The termO (f(ε)) is the remainder and
satisfies

lim
ε→0+

O (f(ε))

f(ε)
= 0. (7)

The scalar fieldDT (x) can be constructed by moving the pointx in R
2. Then the recon-

struction technique can be motivated as follows: if it is necessary to choose where many small
scatterers are to be placed in order to minimize the value ofJ(Ω) (and as a consequence recreate
the shape of the scatterer by obtaining the scattering pattern that is close topm), they should be
placed whereDT attains the highest values.

3 THE TOPOLOGICAL DERIVATIVE

The topological derivativeDT (x) measures the sensitivity of a shape functional when an
infinitesimal ‘hole’ is subtracted from the domain. This is defined through the following limit:

DT (x) = lim
ε→0

J(Ωε) − J(Ω)

f(ε)
(8)

wheref(ε) is a monotonically decreasing negative function such thatlimε→0 f(ε) = 0. The
selection off(ε), which corresponds to the size of the ‘hole’ but not necessarily is its measure
in R

2, is a non-trivial. Thef(ε) depends on the boundary condition specified on the surface
δBε of the scatterer and it must satisfy0 < |DT (x)| < ∞.

The direct application and implementation of the concept inEq. (8) is not straightforward,
as it is not possible to establish a homeomorphism between domains with different topologies
(domains with and without the hole). A method for solving theproblem using this approach for
elasticity can be found inGarreau et al.(2001).
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Many authors, and in particularFeijóo(2004) for the case of acoustic problems, proposed an
alternative definition of theDT that overcomes the above difficulties. They propose assimilating
the creation of a hole to the perturbation of a pre-existing hole whose radius tends to zero (see
Figure 3). Therefore, both topologies of the optimization domain are now similar and it is
possible to establish a homeomorphism between them. According to this new definition, the
expression for theDT is

DT (x) = lim
ε→0
δε→0

J(Ωε+δε) − J(Ωε)

f(ε + δε) − f(ε)
(9)

whereJ(Ωε) and J(Ωε+δε) are the cost functions evaluated for the reference and perturbed
domain,ε is the initial radius of the hole,δε is a small perturbation of the hole radius andf is a
regularization function. The functionf is problem dependent andf(ε) → 0 whenε → 0.

It could be argued that the new definition of theDT in Eq. (9) merely provides the sensitivity
of the problem when the size of the hole is perturbed and not when it is effectively created (as
it is the case in the original definition of the topological derivative). However, it is understood
that to expand a hole of radiusε, whenε → 0, is nothing more than creating it (a complete
mathematical proof that establishes the relation between both definitions of theDT is given
in Novotny et al.(2003)). Moreover, the relationship between the two definitions constitutes
the formal relation between theDT and the shape sensitivity analysis. The advantage of the
novel definition for the topological derivative given by Eq.(9) is that the whole mathematical
framework developed for the shape sensitivity analysis cannow be used to compute theDT .

d

x

Ωε

ε

Bε

(a) J(Ωε)

d

x

Ωε+δε

ε + δε

Bε+δε

n

(b) J(Ωε+δε)

Figure 3: Definition of the topological derivative using theshape sensitivity analysis approach

Among the available shape sensitivity analysis results, the differentiation of the shape deriva-
tive for acoustic problems presented byFeijóo et al.(2001, 2004) is of particular interest here.
Given a shape functionalJ(Ω), the shape derivativeDJ(Ω) · V in the direction given by the
vector fieldV(x) is defined as follows:

DJ(Ω) · V =
d

dε
J (φε(Ω)) |ε=0, (10)

whereφε is the mappingφε(x) = x + εV(x) between the reference and perturbed domains.
The computation of the shape derivative in Eq. (10) for the functionalJ(Ω) in Eq. (5) for the
case in which the directionV(x) is that of the normal vectorn(x) (see Figure3) results in (a
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detailed derivation of this result is inFeijóo et al.(2004)):

DJ(Ω) · V = ℜ
[
∫

Γs

(

∇λ̄ · ∇p − κ2λ̄p
)

vndΓ

]

, (11)

wherep is the solution of the forward problem in Eq. (1)–(3) and λ is the solution of the
following adjoint problem (the overbar symbol indicating the conjugate complex):

∇2λ(x) + κ2λ(x) = (p − pm)(x)δΓs
in Ω (12)

∇λ · n = 0 on Γ0 (13)

lim
r→∞

√
r

(

∂λ

∂n
+ iκλ

)

= 0. (14)

In Eq. (12), δΓs
is the Dirac delta-function defined on the sampling surfaceΓs. It should be

noted that the adjoint fieldλ corresponds to the backpropagation (note the plus sign in Eq. (14)
and compare with Eq. (3)) of the mismatch between the solution given by the forward model
and the measured signature atΓs.

The topological derivative can be computed now by combiningthe results in Eq. (9) and Eq.
(11). Having in mind that the boundary condition on∂Bε is the one of a rigid object (see Eq.
(2)), it results

DT (x) = − lim
r→0

1

f ′(ε)
ℜ

[
∫

∂Bε

(

∇λ̄ε · ∇pε − κ2λ̄εpε

)

d∂Bε

]

, (15)

wherepε andλε are solutions of the forward and adjoint problems posed in the configuration
Ωε = Ω\Bε(x). An asymptotic analysis of these solutions and their gradients at∂Bε reveals that
these terms are ofO(1) asε → 0 (seeFeijóo(2004)). Therefore, to satisfy0 < |DT (x)| < ∞
it is required thatf ′(ε) = −2πε, which implies thatf(ε) = −πε2. The final expression for the
topological derivative is then

DT (x) = ℜ
[

2∇λ̄(x) · ∇p(x) − κ2λ̄(x)p(x)
]

, (16)

wherep andλ are solutions of the forward and adjoint problems.Feijóo (2004) applied this
formulation to an empty domain which contains no scatterers. In his case the forward problem
consists of a plane wave propagating undisturbed through the domainΩ while the adjoint prob-
lem is solved analytically. A BEM implementation for this kind of analysis was presented in a
previous work by the authors (Cisilino et al.(2009)).

In this work, the scope of the topological derivative is extended to optimization domains
containing an initial scattering objectΩ0. To this end, it is necessary to acquire the necessary
solutions for the forward and adjoint problems necessary for the computation ofDT according
to Eq. (16). These solutions are computed using the BEM. The details aregiven in the next
section.

4 THE BOUNDARY ELEMENT IMPLEMENTATION FOR ACOUSTICS

In this work, the direct BEM formulation in the frequency domain is applied. The problem is
governed by the Helmholtz-Equation (Eq. (17)) describing the (acoustic) pressure distribution
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in a nonviscous compressible fluid. For sound propagation inan unbounded domain Sommer-
feld’s radiation condition (Eq. (18)) must be fulfilled additionally. This condition specifies that
waves in an unbounded domain only travel into infinity. This is,

∇2p(x) + κ2p(x) = b(x) (17)

lim
r→∞

√
r

(

∂p

∂n
− iκp

)

= 0 (18)

wherep is the acoustic pressure (the harmonic extentioneiωt being omitted);b defines a source
distribution; the sound flux∂p/∂n is the partial derivative of pressure in normal direction and r
the distance from the radiating surface.

To apply the BEM for a certain problem two prerequisites have to be fulfilled: the domain is
homogeneous and the fundamental solution is known.

The fundamental solution describes the reactions in an unbounded domain caused by a point
source with the intensity of 1 at pointξ. The fundamental solution needs to fulfill the inhomo-
geneous differential equation

∇2p∗(x, ξ) + κ2p∗(x, ξ) = −δ(x − ξ) (19)

with δ(x − ξ) being the Dirac delta function.
The fundamental solutionp∗ and its derivative∂p∗/∂n = q∗ (denoting the sound flux) are

given in 2D by

p∗(x, ξ) = − i

4
H

(1)
0 (κr) with r :=| x − ξ | (20)

and q∗(x, ξ) =
iκ

4
H

(1)
1 (κr)

∂r

∂n
. (21)

The boundary integral equation (BIE) is derived by applying the method of weighted residua
to Eq. (17), using the fundamental solution as test function, applying Green’s second identity
and the filter function of the Dirac delta function. Then, moving the source pointξ to the
boundary leads to the BIE:

c(ξ)p(ξ) +

∫

Γ

p(x)q∗(x, ξ))dΓx =

∫

Γ

q(x)p∗(x, ξ)dΓx + b(ξ). (22)

The termb(ξ) is the incident plain wavepinc = A · eiκξd at the pointξ, with A being the
amplitude andd defining the propagation vector.

As an exact solution of the BIE is generally not available the boundary is discretized into a
finite number of linear boundary elements, as depicted in Fig. 4 (left). The values for acoustic
pressurep and flux q are approximated using shape functions in the form ofp = Np and
q = Nq, respectively. The vectorN holds the shape functions whilep andq contain the values
of pressure and flux at the nodes. Setting up the BIE (Eq. (22)) for each node (collocation
method) leads to a system of equations

Gq − Hp = b (23)

where the matricesG andH contain the results of the integrals for shape functions andthe
fundamental solutionsp∗ andq∗ along the element domains. It is worth noting here that since
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the present application deals with sound-hard scatters only, the sound flux is always null along
the complete model boundary. Thus, the system in Eq. (23) reduces to

−Hp = b, (24)

which is used to compute the sound pressurep on the model boundary. Further details about
the boundary element formulation and implementation can befound in any classic BEM book,
e.g.Wrobel and Aliabadi(2002).

4.1 Computation of the forward fields

The computation of theDT requires of the solution of the forward problem posted in Eq.
(1)–(3) over the integration domain. To this end, and as it will be shown in next section, the
present implementation makes use of a regular array of internal points following the pattern
depicted in Fig.4 (left).

Solving the forward problem in the BEM context gives in the first step the pressuresp on
the surface of the scatterer. In a second step the values ofp(x) are computed for all internal
points within the design domain using the internal counterpart of the BIE introduced in Eq.
(22). Recalling that the scatterer is considered as sound-hard,this is

p(ξ) =

∫

Γ

−p(x)q∗(x, ξ)dΓ + Aeiκξd for ξ ∈ Ω. (25)

Similarly, the gradient∇p(x) can be computed at the internal points using the space deriva-
tives of Eq. (25) with respect to the internal points

∂p(ξ)

∂xi

=

∫

Γ

−p(x)
∂q∗(x, ξ)

∂xi

dΓ +
Aeiκξd

∂xi

for ξ ∈ Ω. (26)

Both p(x) and∇p(x) are essential inputs to compute the topological derivativeDT (x), see
Eq. (16).

4.2 Computation of the adjoint fields

The adjoint problem is given through Eq. (12)–(14). It is solved backwards using Eq. (25)
without the influence of the incident wave:

(p − pm)(ξ) =

∫

Γ

−λ(x)q∗(x, ξ)dΓ for ξ ∈ Ω. (27)

A system of equations is established in which the pressure values λ on the boundary of
the scatterer are the unknowns. The points on the virtual surfaceΓs, for which the mismatch
(p − pm) has been computed (see section2), are regarded as internal points. In this way, Eq.
(27) can be used to express the values at these points. Then, the unknown boundary valuesλ
can be determined by setting up a system of equations using the aforementioned formula for the
evaluation of internal points. The equation system is of theform











h11 h12 · · · h1n

h21 h22 · · · h2n

...
...

. ..
...

hN1 hN2 · · · hNn





















λ1

λ2
...

λn











=











(p − pm)1

(p − pm)2
...

(p − pm)n











(28)
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Figure 4: Remeshing of the BEM model: (left) initial BEM model, (middle) elimination of internal points, (right)
BEM model after remeshing

where the componentshij are made up of the integrals of the fundamental solutionq∗ =
∂p∗/∂n; λi are the values of alln nodes forming the boundary of the scatterer and(p−pm)i de-
fine the mismatch in pressure values of theN points along the virtual surfaceΓs. Using standard
procedures (seeHampel et al.(2008)) the system of equations is constructed withN = 3n, i. e.
the number of points along the virtual surface is three timesthe number of nodes discretizing
the scatterer’s boundary. A single value decomposition (SVD) algorithm is applied to solve the
system of equations of Eq. (28).

Having acquired the solutionλ on the boundary of the scatterer, the values ofλ(x) and
∇λ(x) for all internal points are determined using the same procedure as described for the
forward problem. To solve forλ(x) Eq. (27) is applied, while the according formula for∇λ(x)
is given by

∂λ(ξ)

∂xi

=

∫

Γ

−λ(x)
∂q∗(x, ξ)

∂xi

dΓ for ξ ∈ Ω. (29)

5 THE ITERATIVE PROCESS

Feijóo (2004) employs in his work the method of the topological derivative only once to
determine the most probable shape of an unknown scattering object. In this work an iterative
approach is proposed to find the optimal shape of a scatterer which fulfills best to a set of
prescribed values at certain points (e. g. along a circle surrounding the design space). To start
the iterative process an initial scatterer is placed into the design domain which will grow with
each iterative step until the shape considered optimal is reached. To this end, the procedure
presented inCisilino (2006) andCarretero Neches and Cisilino(2008) is used.

Having checked the stopping criterion (typically a limit value h for the differencep − pm,
hence testingp − pm < h) and finding that it is not fulfilled (p has been computed for a given
configuration, see Fig.4 (left)), the iterative process consists of the following steps:

1. Computing the pressure fieldp(x) and its gradient∇p(x) for all internal points and points
along the virtual surfaceΓs

2. Determining the mismatch between the solution of the forward problemp and the pre-
scribed valuespm at the virtual surfaceΓs: (p − pm)

3. Solving the adjoint problem (Eq. (12)–(14)) to obtain the pressure fieldλ, see Fig.4 (left)

4. Computing the pressure fieldλ(x) and its gradient∇λ(x) for all internal points

5. Computing the topological derivativeDT (x) using Eq. (16)
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6. Eliminating those internal points with the maximum values of DT (in general a small
percentage of points), see Fig.4 (middle)

7. Remeshing the BEM model, see Fig.4 (right)

8. Solving the forward problem (Eq. (1)–(3)) for incident plane waves for the new configu-
ration using the BEM

9. Checking the stopping criterion, if necessary, repeatingfrom step1

The final geometry is obtained once the checking criterion isfulfilled.
To overcome the difficulties when evaluatingDT (x) for points on the boundaryΓ0 of the

scatterer a workaround is proposed. Instead of determiningthe topological derivative for a
point directly on the scatterer’s boundary, the topological derivative is computed for a point that
is within the design domain at a small distance from the boundary node. The chosen distance
is much smaller than the regular spacing between points in the design space. The topological
derivative for this auxiliary point is then mapped onto the corresponding node on the scatterer’s
boundary. It is worth noticing that not defining the topological derivativeDT on the scatterer’s
boundaryΓs would lead to the elimination of all points of the boundary ineach iterative step.
This would cause falsified growth of the scatterer leading towrong results.

5.1 Model discretization and remeshing

The model discretization and remeshing strategies are key issues for the performance of the
implemented algorithm. The initial BEM model is discretizedusing two-node linear elements
and a regular array of internal points following the patterndepicted in Figure4. The removal
of internal and boundary points in every increment is followed by a model remeshing. With
this purpose the programMeshSuite, based on anα-shapes algorithm, is employed (Calvo et al.
(2003)). Alpha shapes can be viewed as Delaunay triangularization of a point set weighted
by the parameterα. Alpha shapes formalize the intuitive notion of shape, and for varying
parameterα, it ranges from crude to fine shapes. The most crude shape is the convex hull itself,
which is obtained for very large values ofα. As α decreases, the shape shrinks and develops
cavities that may join to form holes. In this work the parameter α is selected as the average
distance between boundary nodes. This is the reason why internal points are distributed on the
model domain using a regular array. Upon the input of the coordinates of the boundary nodes
and internal points after each optimization step (see Fig.4 (middle)), MeshSuiteoutputs the
connectivity of the new model boundary (see Fig.4 (right)). Thus, those points not used as
boundary nodes are assimilated to internal points in the newdiscretization.

Depending on the spatial distribution of the points, multi-connected boundary points which
take part in the connectivity of two (or even more) boundaries could arise. This problem is
remedied by simply removing the conflicting points from the model. Multi-connected points
are identified after checking that every valid boundary nodebelongs to the connectivity of two
boundary elements only.

6 EXAMPLES

Results for two examples are presented in this section. In order to assess the performance of
the iterative method, the first example is a validation example while the second one conisists in
an application problem.
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Figure 5: Problem set-up for the validation example

6.1 Reconstruction of a circular scatterer

This first example consists in the reconstruction of a circular scatterer of radiusR = 2m
starting from a square initial geometry of sideL = 2m, see Fig.5. The initial geometry is dis-
cretized using 160 elements. The optimization domain is a square of size6m x 6m discretized
using 13639 internal points which are placed on a square gridwith a stepl = 0.05m. The size
of the grid is also the length of the elements in the BEM discretization. The element length was
selected to be approximately four times smaller than the wave length.

The objective values,pm, along the virtual surfaceΓs is the scattered field for the circular
object when it is illuminated by 100 planar sound waves (the angle of incidence equally dis-
tributed over2π) with a wavenumberκ = 32 m−1 and an amplitudeA = 1 Pa. The objective
values are specified atN = 800 points evenly distributed alongΓs. This large number of points
guarantees the fulfillment of the conditionN = 3n when solving the adjoint problem (see Eq.
(28)) during the complete optimization procedure.

The topological derivative is computed by adding up the solutions obtained for all the inci-
dent waves. Scatterers are placed (or in other words, internal points are removed) at the positions
of the internal points with the highest values for the topological derivative. For this example the
internal-point removal rate is chosen equal to 2.5% of the current number of internal points in
the model per step, so that the number of internal points eliminated in each optimization step
diminishes as the algorithm progresses. This strategy helps the algorithm to converge towards
the optimum solution.

Figures6(a)and6(b) illustrate contour plots for the pressure solutionsp andλ for the direct
(Eq. (1)–(3)) and adjoint problems (Eq. (12)–(14)) for the initial geometry illuminated by
a wave travelling inx direction. The topological derivative field after computing Eq. (16) is
plotted in Fig.7(a)for the same wave and in Fig.7(b)for the summation over all the 100 waves.
It can be seen that maximum values for theDT are situated around the initial boundary. It is
from those zones that the internal points are removed to update the geometry of the scatterer for
the second step. The resulting geometries for the subsequent steps are plotted in Fig.9.

Figure8 shows the objective and current pressure values along the virtual surfaceΓs for se-
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(a) Solutionp of the forward problem (b) Solutionλ of the adjoint problem

Figure 6: Pressure wavefield for the forward and the adjoint problem for a wave travelling inx direction

(a) for one incident wave travelling inx direction (b) summarized over all 100 incident waves

Figure 7: Topological derivative fieldsDT
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Figure 8: Evolution of the objective and current pressure values along the virtual surfaceΓs for selected iteration
steps
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Figure 9: Development of the scatterer’s geometry for selected iteration steps
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Figure 10: Problem description for the second example (zeropressure onΓs)

lected iteration steps. The depicted pressures are the summation of the valuesp of the scattered
fields atΓs for all 100 incident waves. It can be seen from Fig.8 and9 that the pressure results
converge towards their objective values as the shape of the scatterer approaches that of a circle.

6.2 Creating a barrier for a zero pressure zone

This example consists of the optimization of the geometry ofa barrier in order to get zero
pressure (considering both the incident and the scattered fields) behind it when it is illuminated
by a single plane wave travelling in thex direction, see Fig.10. The initial geometry of the
barrier is a rectangle with dimensions0.1m x 0.04m and with its barycenter in the position
x = 0, y = 0. The zero pressure objective is specified along a line atx = 0.05m, ranging from
y = −0.07m to y = 0.07m (being this virtual surfaceΓs).

The wavenumber of the incident wave isκ = 32 m−1 and its amplitude isA = 1 Pa.
The optimization domain is a square of size1m x 1m discretized using 13639 internal points
placed on a square grid with a stepl = 0.01m. The initial geometry of the barrier is discretized
using 28 elements. Eight hundred points are equidistantly placed along the surfaceΓs. The
internal-point removal rate is chosen equal to 0.5 % of the current number of internal points per
step.

Figure 11 shows the evolution of the pressure results along theΓs with the optimization
process. For each case the resulting pressure values are plotted together with the objective
values (zero pressure). The geometry for the last step computed is given in Fig.12. The results
in Figure11 show the effectiveness of the optimization procedure to achieve the zero pressure
objective alongΓs.

7 CONCLUSION

The work presented here proposes an iterative optimizationmethod using the topological
derivative framework and the BEM. The given approach is capable to determine the shape
of a scattering object which fulfills to prescribed pressurevalues on a virtual surface which
surrounds the design domain. Considering the given examplesit can be concluded that the
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Figure 11: Pressures alongΓs for different iteration steps
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Figure 12: Geometry of the scatterer acquired after Step 7
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proposed iterative method is an effective approach to find the optimal shape of a scatterer.
The discretization and remeshing procedures employed herehandle well configurations of

arbitrary shape. However, geometric irregularities on thescatterer’s boundary may appear due
to the spatial distribution of the internal points in the design domain. These can have a seri-
ous effect on the results. To avoid these effects smoothing should be performed to ensure the
performance of the proposed method.

Further studies are intended to examine the effectiveness of the method when the objective
values result from concave scatterers. It is assumed that inthose cases special care has to be
taken of the smoothing algorithm in order not to straighten out the concave features. Another
topic of interest is the determination of the optimal shape of sound barriers when the design
space is limited or predefined, which is most often the case for practical applications.
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