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Abstract. The dynamics of active microparticles, such as phoretic or biological squirmers, results from

the imposition of velocities and/or surface forces at the interface of the fluid-solid interaction problem.

This allows the squirmer, which could be a ciliated microorganism or a Janus particle for example, to

attain net displacements in low Reynolds number regimes. This problem involves large geometrical

deformations of the domain, since the rigid-body motions of each squirmer are unknowns of the prob-

lem. We present a finite element method that admits general interface conditions for these particles and,

contrary to popular boundary-element methods, works for both linear and nonlinear rheological models.

Numerical examples are presented showing the effect of nonlinearities in the fluid rheology and in the

dependence of the tangential force with the slip velocity at the interface.
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1 INTRODUCTION

The mathematical treatment of a squirmer, which is a model of a microswimmer consisting

of a deformable body that swims via small shape oscillations, has mainly dealt with those of

spherical shape, to which analytical or semi-analytical (i.e., series expansion) techniques can be

applied (Lighthill, 1952; Blake, 1971; Pedley, 2016). Numerical approximations are needed to

predict the motion of confined squirmers, of non-spherical squirmers, of squirmers interacting

with other squirmers or other particles, etc. The most frequent technique in the literature is the

boundary element method (Zhang et al., 2015; Ishimoto and Gaffney, 2017), which expresses

the velocity field in terms of Stokeslets. Boundary element methods are attractive because

only the squirmer’s surface needs to be meshed, and there is little need of remeshing along the

squirmers evolution.

Though finite element/volume methods certainly require efficient meshing strategies, they

have some advantages to model squirmers that in many applications make them preferable.

These methods readily deal with non-Newtonian rheology and non-zero Reynolds numbers,

whereas boundary elements rely on the problem’s linearity. Further, finite elements/volumes

provide a sparse representation of the volumetric velocity field for advection computations,

while boundary element results need to undergo a quite costly post-processing step.

Notwithstanding, finite element/volume methods for squirmers are quite absent in the litera-

ture. In this work we provide a formulation that turns a finite element Navier-Stokes (NS) solver

into a squirmer simulator that contemplates particles of arbitrary shape and motion and allows

general boundary conditions at the fluid-solid interface.

2 SQUIRMER KINEMATICS

A squirmer is modeled as a rigid body, for which all possible configurations are translations

and rotations of a reference domain B∗ ⊂ R
d. Taking an arbitrary point Xc as center of rotation,

at all times t there exists a point xc(t) and a rotation matrix Q(t) such that the position x(X, t)
of the material point X is given by x (X, t) = xc (t) +Q (t) (X−Xc).

Because Q(t) belongs to SO (d) =
{
Q ∈ R

d×d : Q−1 = QT , det [Q] = 1
}
, the manifold

of possible configurations of the squirmer is Q = R
d×SO (d) and the body’s Eulerian velocity

uB is given by uB (x, t) = vc (t)+ω (t)×(x− xc (t)) = H(q (t) ,x) s (t), where vc (t) = ẋc (t)
is the translational velocity and ω (t) is the pseudovector of angular velocities in the spatial

frame, which relates to Q(t) and Q̇(t) by Q̇QT = sk [ω] where the isomorphism sk[·] between

vectors and skew-symmetric matrices is the classic skew-symmetric operator. For d = 2 the

generalized coordinates can be changed to q(t) = (xc(t), θ(t)), replacing the rotation matrix

Q by the rotation angle θ ∈ R of which the time derivative ω = θ̇ is the rotational velocity

of the body. The velocity array is s = (vc,ω)T ∈ R
nc , nc = d + d(d−1)

2
. If d = 3, s relates

to q̇ =
(
vc, Q̇

)
through the operator sk[·]. If d = 2 we simply have s = q̇. The matrix

H(q (t) ,x) ∈ R
d×nc , of which the first d columns (from pure translations) are the identity

matrix Id and the next n− d columns (from pure rotations) are − sk [x− xc (t)].
The ambient fluid is governed by the NS equations, ρDu

Dt
−∇·σ = 0 and ∇·u = 0 in Ωf (t),

t ∈ (0, T ), where ρ is the density, u the Eulerian velocity field, D/Dt the material derivative

and σ the Cauchy stress tensor. The fluid will be assumed quasi-Newtonian for simplicity, i.e.,

σ = −p Id+2µ∇Su, where p is the pressure, µ is the (possibly shear-rate dependent) viscosity

and ∇Su = 1
2

(
∇u+∇uT

)
, but other rheological models can be considered.
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3 THE FSI FORMULATION

The presence of the squirmer intervenes in two ways in the problem definition; through the

geometry of the flow domain Ωf , since Ωf (t) = Ω \ B (t), and through the kinematical and

dynamical compatibility conditions at ∂B (t). These are: a) kinematical condition, imposing

the jump in velocity between the solid and the fluid to be zero in the normal direction (non-

penetration condition) and some slip velocity us in the tangential direction, so that u (x, t) =
uB (x, t) + us (x, t), ∀x ∈ ∂B (t), ∀t; b) tangential force equilibrium, in which the force fs
exerted by the squirmer on the adjacent fluid satisfies Pτ σ (x, t) n = fs (x, t), x ∈ ∂B (t),
t ≥ 0, where Pτ = Id−nnT is the projection matrix onto the tangent plane to ∂B(t) at x, with

normal unit vector n pointing into the body; and c) global force and torque balance, in which,

neglecting the inertia of the squirmer, the total force and torque on it must be zero, that is, for

all t,
∫
∂B(t)

σ n dS = 0, and
∫
∂B(t)

(x− xc)× σ n dS = 0.

Though kinematical and tangential force conditions must necessarily hold for the solution

to be physically meaningful, the two quantities us and fs cannot be simultaneously imposed as

data of the problem in the same region.

Here we will just detail the case in which the tangential slip velocity is known, this is, we are

given a vector field u∗
s(X, t) in the material frame, such that

us (x, t) = us (x (X, t) , t) = Q (t)u∗

s (X, t) , X ∈ ∂B∗.

The mathematical problem reads as follows: Given q(t = 0) and u(x, t = 0) (this latter

datum is only needed if ρ > 0), determine q(t) = (xc(t),Q(t)), s(t) = (vc(t),ω(t)), u(x, t)
and p(x, t) for 0 < t ≤ T and x ∈ Ωf (t) satisfying

dxc

dt
= vc, (1)

dQ

dt
= sk [ω] Q, (2)

u (x, t)−H (q(t),x) s(t) = us (x, t) , on ∂B (t) , (3)

ρ
Du

Dt
− 2∇ · (µ∇Su) +∇p = 0, in Ωf (t), (4)

∇ · u = 0, in Ωf (t), (5)∫

∂B(t)

σ n dS = 0, (6)

∫

∂B(t)

(x− xc)× σ n dS = 0. (7)

Considering for interpretation purposes ρ = 0, we see that the main equations to be solved

are (1)-(2), of which the right-hand side contains the unique values of s = (vc,ω) that intro-

duced in (3) impose velocity boundary conditions for the Navier-Stokes equations (4)-(5) that

produce a force-free and torque-free solution. Notice that q = (xc,Q) intervenes in (3)-(7) not

just explicitly (in (3)) but also through the geometry (i.e., Ωf , ∂B). The problem clearly belongs

to the class of fluid-solid-interaction ones, with negligible inertia in the solid.

The variational problem is formulated on the function space (Glowinski et al., 2001)

W (q) =
{
w ∈ H1 (Ωf (q))

d : w = 0 on ∂Ω, w = H(q)d on ∂B, d ∈ R
nc

}
,

that can be decomposed as

W (q) = W0 (q)⊕ V (q) ,
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where V (q) is the finite-dimensional space (of dimension nc) of extensions of rigid-body mo-

tions, i.e.,

V (q) = {w ∈ H1 (Ωf (q))
d : w = E H(q)d, d ∈ R

nc}

and W0 = H1 (Ωf (q))
d
.

Above, E is an extension (or lifting) linear operator that, given a (regular enough) function

f defined on ∂B, assigns to it Ef ∈ H1(Ωf ) that coincides with f on ∂B and is zero on ∂Ω.

The action of this operator on vector or matrix fields defined on ∂B is defined by applying E
componentwise. Also, H (q)d is the vector field defined on ∂B by [H (q)d] (x) = H (q,x)d.

The matrix field H̃(q) = EH(q) plays an important role in the picture.

The weak formulation of (3)-(7) takes the form: Find (s(t),u, p), where u must belong to

Eus + H̃(q(t)) s(t) +W0(q(t)) and p must belong to L2
0(Ωf (t)), such that

∫

Ωf (t)

ρ
Du

Dt
(x, t) ·w (x) dx+

∫

Ωf (t)

σ (x, t) : ∇Sw (x) dx = 0,

∫

Ωf (t)

z (x)∇ · u (x, t) dx = 0,

for all (w, z) ∈ W (q(t))× L2
0(Ωf (t)).

4 NUMERICAL METHOD

4.1 Discretization

For each t ∈ [0, T ], T > 0, let Th (t) be a triangulation of Ωf (t), this is, a regular partition of

the physical domain into non-empty compact subdomains, or elements, Ωe (t) of characteristic

size h, which define a discrete domain Ωfh (t) =
⋃

e Ω
e (t) ⊂ Ω (t). We assume for simplicity

that Ω is polygonal and thus ∂Ω is exactly approximated. The interpolated boundary of the

squirmer is denoted by ∂Bh(t), so that ∂Ωfh(t) = ∂Ω ∪ ∂Bh(t).
The fluid velocity u and pressure p are approximated as

uh (x, t) =
∑

j∈ηU

N j (x, t)uj (t) , ph (x, t) =
∑

k∈ηP

Mk (x, t) pk (t) ,

for x ∈ Ωfh (t), in finite dimensional subspaces Uh (t) ⊂ H1 (Ωf (t))
d

and Mh (t) ⊂ L2
0(Ωf (t)).

The shape functions N j (·, t), Mk (·, t) satisfy the nodal value property, namely,

N j
(
xi(t), t

)
=

{
1, if i = j

0, if i 6= j
,

where xi(t) is the position of node i of the mesh Th (t), for i belonging to the velocity global

index set ηU . In particular, uh (x
i, t) = ui (t), for all i ∈ ηU . Similarly, Mk

(
xl(t), t

)
= δkl, so

that ph
(
xl(t), t

)
= pl(t) for pressure nodes xl indexed by the set ηP .

Assuming the mesh to have no hanging nodes, the interpolation space for the velocity is

Uh (q) =
{
w ∈ H1 (Ωfh (q))

d : w
∣∣
Ωe ∈ Pm (Ωe)d , for all e, w

∣∣
∂Ω

= 0
}
,

and for the pressure

Mh (q) =
{
q ∈ L2

0 (Ωfh (q)) : q
∣∣
Ωe ∈ Pm (Ωe) , for all e

}
,

where Pm (Ωe) is the space of polynomials in Ωe of degree less than or equal to m. In particular,

we consider a stabilized P1/P1 element (Hughes et al., 1989), though a Galerkin P2/P1 element

was also successfully tested (Taylor and Hood, 1973).
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4.2 Semidiscrete formulation

Let us introduce the following spaces

Wh (q) =
{
wh ∈ Uh (q) : wh = 0 on ∂Ω, wh = H(q)d on ∂Bh, d ∈ R

nc

}

W0h (q) =
{
wh ∈ Uh (q) : wh = 0 on ∂Ω, wh = 0 on ∂Bh

}
.

Further, for each time t, let the extension operator E be the simplest and most popular one:

If ηU∂ is the subset of ηU containing the indices of velocity nodes in ∂Bh and f is a continuous

(piecewise Pm) function defined on ∂Bh,

Ef =
∑

i∈ηU
∂

f(xi)N i(x).

In other words, f is extended to Ωfh by setting all nodal values not belonging to ∂Bh to zero

and interpolating according to the adopted finite element space.

Since Uh(q) restricted to ∂Bh contains at least P1 polynomials, wh = H(q)d is satisfied

exactly for all d. Up to the geometrical difference between ∂B and ∂Bh, which is out of the

scope of this contribution, it thus holds that

Wh (q) ⊂ W (q) , (8)

W0h (q) ⊂ W0 (q) , (9)

Wh (q) = W0h (q)⊕ V (q) . (10)

Let ush be the interpolant of us in Uh (restricted to ∂Bh). The configuration manifold

Q = R
d×SO (d) is kept exact, but of course in the semidiscrete problem one computes approx-

imations of the exact functions q (t) = (xc(t),Q(t)) : [0, T ] → Q and s(t) = (vc(t),ω(t)) :
[0, T ] → R

nc . We add the subscript h to these functions to make this fact explicit.

The approximate velocity uh(·, t) is sought belonging to Wh (qh(t)) and satisfying (3). Thus,

from (10), it can be decomposed as

uh = H̃ sh + u0h + Eush,

where u0h ∈ W0h(qh(t)). Let Hj(q) = H̃(q,xj) (i.e., Hj(q) = H(q,xj) if j ∈ ηU∂ , and = 0,

the null d × nc matrix, otherwise). Then the nodal values uj(t) of uh(·, t) are unconstrained

unknowns if j ∈ ηU0 (interior nodes, i.e., ηU0 = ηU \ ηU∂ ) and, for j ∈ ηU∂ , they obey

uj(t) = Hj(qh(t))sh(t) + uj
s(t),

where uj
s = us(x

j(t), t).
The semidiscrete formulation then reads: Determine functions qh (t) = (xch(t),Qh(t)) :

[0, T ] → Q, sh (t) = (vch(t),ωh(t)) : [0, T ] → R
nc , uh(·, t) ∈ Wh(qh(t)) and ph(·, t) ∈

Mh(qh(t)) such that

uh(·, t)− H̃(·, t)sh(t)− Eush(·, t) ∈ W0h(qh(t)) (11)
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and

dxch

dt
− vch = 0, (12)

dQh

dt
− sk [ωh] Qh = 0, (13)

∫

Ωfh

ρ
Duh

Dt
·wh dx+

∫

Ωfh

2µ(∇Suh)∇
Suh : ∇swh dx−

∫

Ωfh

ph ∇ ·wh dx

∫

Ωfh

[
δh∇ · uh ∇ ·wh + τh

(
ρ
Duh

Dt
+∇ph

)
· [(uh −mh) · ∇]wh

]
dx = 0, (14)

∫

Ωfh

zh∇ · uh dx+

∫

Ωfh

τh
ρ

(
ρ
Duh

Dt
+∇ph

)
· ∇zh dx = 0, (15)

for all wh ∈ Wh(qh(t)), for all zh ∈ Mh(qh(t)), for all t. The parameters τh and δh are

introduced for stabilization and are assigned customary values, while mh is the mesh velocity

as needed in any ALE formulation.

4.3 Time marching

In microscopic squirmers inertia is generally negligible. Dropping the inertia terms and ex-

pressing (11)-(15) in terms of the unknown arrays, one arrives at a differential-algebraic equa-

tion (DAE) that can be written as

dq

dt
= g (q, s) , C(q, U)




s

U
P


 = Z(q). (16)

with initial condition q(t = 0) = q0, where U and P are the nodal values of the fluid velocity

and pressure, respectively. The matrix C depends on U through the rheological nonlinearity.

Notice, on the other hand, that the dependence of C and Z on q is quite involved. Every time

q is updated, the coordinates of the body and thus of the nodes on its surface change according

to the kinematics of the system. This change is then extended to the interior nodes by some

smoothing algorithm, which complicates the dependence further (Montefuscolo et al., 2014).

This been said, any convergent scheme for DAEs could be used for (16).

5 APPLICATIONS

5.1 Squirmer in a Non-newtonian ambient fluid

We consider an axisymmetric spherical rigid squirmer of radius R = 1, with imposed slip

velocity us = us τ b, where

us = B1 sinϑ+B2 sinϑ cosϑ, (17)

B1 = 3, B2 = 1, being ϑ ∈ [0, π] the polar coordinate measured from the direction of locomo-

tion, nb = (sinϑ, cosϑ) the exterior normal vector and τ b = (cosϑ,− sinϑ) the polar tangent

vector. This swimmer is known as a puller squirmer (Pedley, 2016) characterized by the forma-

tion of a recirculation region behind it, due to the change of sign of us for some ϑ ∈ (0, π). In

the inertialess newtonian case the exact swimming speed is vc =
2
3
B1.
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Figure 1: Translational speed (left) and viscous dissipation (right) of a spherical squirmer in a Non-newtonian

fluid, normalized with those of the Newtonian case, as functions of Kv (see Equation 18).

Figure 2: Fluid viscosity for Kv = 1.

Our squirmer is immersed in a shear-thickening fluid, for which we adopt the simple viscos-

ity law

µ = µ0 +Kv‖∇
Su‖, (18)

satisfying the condition 10−2 ≤ µ ≤ 102. The numerical results are shown in Figure 1 for the

translational speed and viscous dissipation,

Φ =

∫

Ωfh

2µ∇Su : ∇Su dV,

as functions of Kv, in Figure 2 for the effective viscosity that develops around the squirmer, and

in Figure 3 for the streamlines in the laboratory and particle frames. Finally, Figure 4 presents

the velocity magnitude for Kv = 0 and Kv = 100.

5.2 A squirmer with nonlinear tangent force

It is reasonable to think that the slip velocity us that the squirmer imposes on the adjacent

fluid cannot be the same irrespective of the local force fs needed to sustain it. In fact, the
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Figure 3: Numerically-obtained streamlines (light blue) and some velocity vectors (dark blue) in the laboratory

frame (left) and in a frame moving with the particle (right) of a puller in a fluid with Kv = 1.

Figure 4: Fluid velocity magnitude for Kv = 0 (left) and Kv = 1 (right). Colors going from red to blue indicate

maximum to minimum velocity magnitude.

local power spent by the squirmer is given by fs · us, which cannot be unbounded for physical

realizability. In this paragraph we assess the proposed algorithm when the tangential force is
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Figure 5: Translational speed as a function of the parameter α, relative to the value at α = 0 (left). Slip velocity

obtained from the nonlinear case when α = 100 (right).

given by

fs(us) =
1

1 + αu2
s

τ b

with α ≥ 0. Though the fluid is assumed Newtonian, this boundary condition induces a non-

linear problem in which the slip velocity is no longer a datum. The variational formulation ad-

dressing the imposition of this tangential force, described in Paz Sánchez and Buscaglia (2019),

requires to add to (14) the contribution of fs in the tangent direction while, in the normal direc-

tion, the non-penetration condition remains.

The effect of fs on the squirmer’s speed vc can be noticed when we increase the value of

α. As shown in Figure 5, the squirmer’s speed decreases quite sharply with α up to α ≃ 10,

where it is about 55% of the value corresponding to α = 0. For larger values of α the reduction

is less significant, being of 70% when α = 100. In the same figure the slip velocity obtained

for α = 100 is also shown, corresponding to upwards motion. The streamlines, for this case,

are presented in Figure 6 in both laboratory and moving frames, which resemble the ones of a

neutral squirmer (i.e., a squirmer with B2 = 0 in (17), see Paz Sánchez and Buscaglia (2019)

and Pedley (2016)).

6 CONCLUSIONS

The mathematical setting and a numerical approximation suitable for the simulation of squirm-

ers swimming through an ambient incompressible fluid have been presented. The formulation

relies on finite elements but it can be easily adapted to other discretization schemes such as fi-

nite volumes. The technique applies straightforwardly to squirmers of any shape, contemplates

inertial or rheological nonlinearities, and can handle interactions of any number of simultane-

ous squirmers in domains of arbitrary geometry. This was illustrated by a couple of simplified

(one-dimensional) examples.
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Figure 6: Numerically-obtained streamlines (light blue) and some velocity vectors (dark blue) in the laboratory

frame (left) and in a frame moving with the particle (center) of a squirmer with nonlinear surface force fs taking

α = 100. Contours of velocity magnitude (right).
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