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Abstract. A battened beam is composed of chords and battens. The model of a structure composed
by this type of beams is done, generally, by modeling each batten and chord sectors between battens
using beam finite elements, and this implies models with a large number of degrees of freedom. In
the previous stages of design or to do simple verifications is convenient to have a simplified analytical
solution to assimilate the lattice beam to an equivalent solid beam. To do this we consider a pattern
of bars that repeats many times along the beam and using variational techniques it is possible to find
an approximated continuous formulation for the displacements of the beam. The shear effects must be
taken into account to reproduce adequately the case of very stiff battens where the influence of the shear
effect is important. The purpose of this work is to obtain a simplified stiffness matrix for a finite element
of a battened beam. These finite elements can be incorporated into a finite element program to obtain
approximate solutions in frames. Comparisons are made with the complete finite element solution that
show a very good approximation.
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1 INTRODUCTION

Lattice structures are very useful since they can cover large spans without intermediate sup-
ports. In addition, their low weight and ease of folding and assembly make them ideal for
aerospace applications. This type of structures began to be studied with intensity in the 1970s
(Noor, 1988). They are also used in antenna support structures (Guzman, 2014; Martin, 2017)
and currently in the design of new materials (Helou and Kara, 2018) whose microstructure
exhibits a repetitive pattern of interconnected bars.

The methods of analysis of lattice structures can be grouped into four classes (Noor, 1988):
1) direct methods, 2) discrete field methods, 3) periodic structure methods and 4) continuous
medium analogy.

In a direct method the structure is analyzed by finite elements and each bar is modeled
individually. In the discrete field methods it is assumed that the structure has a certain regularity
and equations of equilibrium or energy are writing at a typical node of the lattice beam and the
resulting difference equations are solved directly or using truncated Taylor series expansions
to replace the difference equations by differential equations. In periodic structure methods,
finite elements are combined with transfer matrices to reduce the degrees of freedom involved,
although the solution is purely numerical. Finally, using the analogy of the continuous medium,
the lattice beam is replaced by an equivalent continuous model.

Currently the modeling of the lattice beams is carried out by finite elements using one el-
ement per bar, which leads a large number of degrees of freedom. This makes the analysis
of these structures computationally expensive, especially if the analysis is non-linear, as rec-
ommended by current regulations. Then it is convenient to replace the lattice beam with an
equivalent solid beam to reduce the degrees of freedom.

The behavior of a lattice girder is quite similar to that of a solid beam, although it exhibits
greater shear deformation due to the flexibility of the lattices.

A first simplification could be to approximate the lattice beam by a solid beam with the same
inertia and area, but this ignores the shear strains, that can be large for flexible lattice beams.
Considering the shear deformations of the lattice beam as a solid beam can gives good results
but in some cases this approximation does not reflects the true behavior of the lattice beam, as
we will see in the examples.

Among the local references we can mention (Filipich and Bambill, 2003; Filipich et al.,
2010; Guzman et al., 2019; Guzman, 2014; Martin, 2017; Maurizi et al., 2004), where various
structures are analyzed in lattice, in particular, applied to antenna masts.

Previously, in the reference (Jouglard and Peker, 2019), battened beams were analyzed using
a discrete field method to obtain a system of equivalent differential equations whose solution
was obtained analytically and good approximations to the stiffness matrix were obtained. How-
ever, the distortion produced by shear deformations, which are important in the case of very
rigid battens, was not considered.

This was improved in the reference (Jouglard, 2020), where equivalent differential equations
were derived considering shear distortion and good approximations were obtained for the stiff-
ness matrix and vertical displacements and rotations. In that work, the Rayleigh-Ritz method
(Rektorys, 1980) was used with polynomial approximations of the displacements, although a
linear variation was considered for the horizontal displacements that is insufficient to obtain a
good approximation of the displacements and were corrected in this work.

The paper is organized as follows, firstly we present the equivalent beam model and the
deduction of the equivalent stiffness matrix for the battened beam. Finally, we show some
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numerical examples.

2 MODEL DESCRIPTION

Let us consider a battened beam composed of two longitudinal bars (chords) of length L and
evenly spaced vertical battens. We define a local z, y coordinate system with origin at the left
edge.

Figure 1: Beam model

Assuming that the supports of the beam are undeformable so their movements can be de-
scribed by two translations and one rotation that we will refer to the midpoint of each end. We
will call Ay, Ay, Aj the translation according to x, translation according to y and rotation of
the left end, respectively, and Ay, A5, Ag the corresponding generalized displacements of the
right end. In correspondence with the generalized displacements A; of each end, we will have
generalized forces S; acting in the same directions, as shown in Figure 1.

Furthermore, we consider that the two chords are equal and have area A; and inertia .J;. The
vertical battens of height / are spaced a distance d and have area A, and inertia .J,. The chords
have modulus of elasticity £; and the battens [,.
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Figure 2: Beam sector

The internal joints are assumed rigid and therefore during the deformation a node £ of the
beam moves with translations uy, v, in the z,y directions and undergoes a rotation 6 in the
plane. We will call wgy, v, O to the nodal displacements of the node k& of the upper chord and
Uik, Vik, O for the node k of the lower chord (see Figure 2).

If the chords are flexible, a shear distortion effect can occur, as shown in Figure 3. This effect
is equivalent to that of shear deformation in solid beams and is represented by an additional
shear rotation.
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Figure 3: Shear distortion

We will assume that the displacements and rotations of each node can be approximated by
means of continuous functions u,(x), vs(x), 0s(z) for the upper chord and w;(z), v;(z), ;(x)
for the lower chord.

Then the nodal displacements of node k are

Ugly R Us(Tg) Wiy = ui(T)
Vst & vs(2) Vik = v (k) (1)
Hsk ~ QS(xk) Hsk ~ Gz(mk)

If we analyze the nodal rotations at the upper chord we can distinguish three rotation angles
(Figure 4): 6, which is the physical rotation of the node in the plane of the beam, 2) ¢, which is
the flexural rotation due to transverse displacements and 3) s which is the rotation by distortion
or shear.

Figure 4: Nodal rotations

The angle ¢, between the horizontal and the tangent of the transverse displacements v ()
can be approximated, for small displacements, by the derivative of the displacement function
vs(z) resulting

dvg

The distortion angle 15, which would be the equivalent of shear distortion in a solid beam,
is obtained by the difference between the flexural and the physical rotations as:

Copyright © 2021 Asociacion Argentina de Mecanica Computacional http://www.amcaonline.org.ar



Mecanica Computacional Vol XXXVII1, pags. 259-268 (2021) 263

dug
s = o

Note that, as shown in Figure 3, the function v,(x) does not represent the true displacements
of the chord, but only the vertical displacements at the nodes.

— b, 3)

3 ENERGY OF DEFORMATION

The deformation energy of a system is made up of the sum of the energies of its deformable
parts. Therefore, for a battened beam, its deformation energy U will be composed of the defor-
mation energies U and U; of the upper and lower chords and by the deformation energy U, of
the battens

U=U,+U +U, 4)

where these energies will be obtained by adding the deformation energies of each bar and we
will assume that each bar is slender, that is, the shear deformations in each bar can be neglected,
and we will consider that all joints are rigid.

3.1 Energy of deformation of the battens

We will call U, to the deformation energy of a batten located at a distance x;, from the left
support. The deformation energy will be the sum of the energies of each batten and assuming
that there are a large number of battens and that the separation d is small with respect to the
length L we have:

1 L
@zgygzglcgwm (5)
k

Then considering only bending and axial deformations the energy of deformation of the
battens is

LTE A 6E,J,
Ur = /0 { ZIZihp(Ui — ;)% + #(ui —u,)’
6F,J, / /
ﬁ(ui — ug) (Us +v; — s — 1/11) ©
2FE,J,
S (0] — )+ (0 — ) (o — ) + (o — ) | da

3.2 Energy of deformation of the chords

We will call U, Uy, to the deformation energy of an upper and lower chord sector located
between joints at distance z; and x, 1 from the left support. Then considering only bending
and axial deformations the energy of deformation of the upper chord is

LTEA E 6E,
U, = / 5 () + —;Jl (v0)* + dé‘]l <ws>2} da @)
0 L
Analogously for the lower chord we have
LTEA EJ, 6E;J,
o= B2+ B e + S| o ®
0 L
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Where we have assumed that displacements at joint £ + 1 of the upper chord can be approx-
imated from displacements at joint k as

Usk+1 = Usk + /u’;k;d (93)
d2

Usk+1 =~ Usk + U;kd + ’U;,k? (9b)

Uggep1 A Vi + Vg (9c)

wsk—i-l ~ wsk (9d)

This implies that, for an infinitesimal length d, the longitudinal displacements u(x) are as-
sumed linear, the transverse displacements v () are assumed quadratic and the shear distortion
() is assumed constant. A similar approximation has been made for the lower chord.

4 STIFFNESS MATRIX DERIVATION USING THE RAYLEIGH-RITZ METHOD

To obtain the equivalent stiffness matrix of the battened beam that relates the generalized
forces S; acting in the extremes with the generalized displacements A; at each end (see Fig-
ure 1) we must find the solutions wu,(z), vs(x), ¥s(z) and u;(x), vi(z),¥;(x) to the differential
equations of equilibrium for an unloaded beam and subjected to generalized displacements A;
in the supports.

Alternatively, we can use the Rayleigh-Ritz method to obtain an approximate solution. This
method requires knowledge of the total potential energy V' of the system

V=U+U+U,—Ws (10)

where Wy 1s the work of the generalized forces given as

Ws = SiAi = Si1A1+ S0 + S505 + S4Ay + 5505 + SeAg (11)

In this method approximated displacement functions are proposed, which depends on un-
known constants ¢; and the total potential energy V' (¢;) is minimized with respect to these
constants.

4.1 Approximated displacements

We propose the next displacements approximations of the joints of the battened beam

VYs(n) = 1 Yi(n) = co
us(n) = (c5 + cen + csn®)L u;i(n) = (c7 + csn + can?) L (12)
vs(n) = (co + c10m + 011772 + 012773)[/ vi(n) = (c13 + c1an + 015772 + 016773)11

where not all the constants c¢; are free, because these functions must satisfy the boundary
conditions. The details of the solution procedure can be found in reference (Jouglard, 2021).

S STIFFNESS MATRIX OF THE BATTENED BEAM

The stiffness matrix K relates the generalized displacements A; with the generalized forces
S; in matrix form as

K-A=S (13)
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The coefficients k;; of the stiffness matrix are obtained as

U
nmo | ODOA,

b 0*U
EEGINGIY
After substitution of the displacements (12) in the potential energy V' and deriving with
respect to the constants ¢; we obtain the stiffness coefficients k;; = k;;

— (14)
Ap=0

E A
ki = —kg = kay = 2 le

SE,J, 24E,J, 8EA
koo = —kor = ke = p“p 2 2
2 = ~hes = R = ST T T Gt T

AE,J, , 12E.J,  4AEA, ,

k23 = k:26 = _k35 = _k56 =

9F. J. L 9F,J B, A h?
kss = ke = —2P— 02 P By + 1) + =
= koo = — =0+ =7 Baut 1)+ —ag
9F. J. L 9F,J A2
k‘ _ pJp 2 113 -1 141
1= 5g, Mt B D+ —ra

where the non-dimensional coefficients as, oy, a5, g are

L s o (L)’
063:3<1—2041)—2 E (e%)) 054:(1—2C¥1) +40él E

16
L\’ , L\’ , (16)
0z5:4 E Oég"’?) (Jé6:4 E 012—3
and the coefficients a1, as are given by
1 581 + 382 + 12
_ [z 17
“ <2> (551 + 12)(r2 + 1) + 355 (172)
187“2
27 (Bsp 4+ 12)(r2 + 1) + 3s, (17)
and where the non-dimensional coefficients s1, so, 71, 12 are
ElAlh3d L
$51 = ——F S
' Ey,J,L? e d (18)
Ah? Lh
S9 = 7, ro = ﬁ

6 NUMERICAL EXAMPLE

In this example we analize a battened beam of length L. = 8 m, height h = 1 m and
separation between battens d = 0.5 m. This beam has been modeled by finite elements using
one finite element per batten and chord sector. The chords and battens are cylindrical bars .

To study the influence of the ratio of stiffness between chords and battens we have considered
three cases: 1) flexible battens, 2) equal stiffness for chords and battens and 3) stiff battens. For
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the first case we have adopted cylindrical chords of 4 in diameter and cylindrical battens of 0.5
in diameter. For the second case all bars are considered cylindrical with 4 in diameter. And for
the last case the chords have 0.5 in diameter and the battens have 4 in diameter.

We have imposed a unit vertical displacement Ay, = 1 mm on the left support and the other
displacements A; are assumed nulls. The deformed shape of the lattice beam can be seen in
Figure 5 for the extreme cases of flexible and stiff battens:

(a) flexible battens (b) stiff battens

Figure 5: Deformed shape

In the case of flexible battens (Figure 5a) the deformed shape is similar to that of a solid beam
and in the case of stiff battens (Figure 5b) the deformed shape is dominated by shear where the
battens only move vertically and remain almost undeformed.

If we compare the vertical displacements with those obtained by finite elements we obtain
the results shown in Figure 6:

o FEM

vertical displacement [mm]
°
3

STIFF battens (A2=1)

0,00
0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80 0,90 1,00 0,00 0,10 0,20 030 0,40 0,50 0,60 0,70 0,80 0,90 100
n=x/L n=x/L

(a) flexible battens (b) stiff battens

Figure 6: Nodal vertical displacements

We note the good correlation between the vertical displacements at joints obtained by finite
elements and indicated by dots and the proposed displacements represented by the solid line.
If we compare the physical rotation ¢, at the joints with those obtained by finite elements we
obtain the results shown in Figure 7. Again there is a good correlation between the physical
rotations at joints obtained by finite elements and the proposed ones.

Although, in these two extreme cases the results of the proposed approximation are very
good, when the stiffness of the battens is equal to the stiffness of the chords there are some
differences in nodal displacements and rotations as shown in Figure 8:

The main reason for these discrepancies is the adopted variation for the shear distortion
rotation ¢ which has been considered constant in the equivalent beam model and in Figure 9 is
compared with the exact shear distortion obtained from the finite element model.

Note that the exact shear distortion rotation is almost constant in the central part of the beam
but increases near both ends. Also in this figure we have shown the flexural rotation which in
the ends is equal to the shear distortion since the physical rotations are null in both ends.
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Figure 7: Nodal physical rotations
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Figure 8: Displacements and rotations for equal stiffness of chords and battens
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Figure 9: Comparisons of nodal rotations

7 CONCLUSIONS

An equivalent finite element stiffness matrix for a battened beam has been presented. The
formulation lets to a considerable reduction in degrees of freedom and shows an excellent agree-
ment with finite element results in extreme cases, that is, with very stiff or very flexible battens,
but some differences appear when the battens and chords have the same stiffness. The main
reason is the poor approximation of the shear distortion, that has been considered constant in
the model. This can be improved adopting a higher degree polynomial (at least six degree) for
the shear distortion but it can be cumbersome and difficult to solve. Another possibility is to
derive an analytical solution, like that shown in reference (Jouglard and Peker, 2019).
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