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Abstract.
In a previous work we proposed a constant discontinuous space-time least-squares finite element

formulation, where aθ-averaged scheme was used to consider distinct time discretizations and a von
Neumann stability analysis displayed, forθ ≥ 0.5 unconditionally stable solutions for any Courant num-
ber for 1-D problems. Optimal convergence results were obtained forθ = 0.5 and Courant number equal
one. In this work we present mixed discontinuous space-time least-square finite element formulations
applied for advection-diffusion-reaction equation, resolved into first order system of differential equation
approximating both the prime field variable and its fluxes through aθ - averaged scheme to allow distinct
time discretizations. We also present coercivity proof of the bilinear form for this problem, together with
its error estimates and show that this formulation is not subjected to LBB condition.
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1 INTRODUCTION

Numerical approximations are frequently used for solving transport problems modeling phe-
nomena in fluid mechanics and heat transfer among others.

Finite element approximations based on Galerkin semi-discrete formulation has quick loss
of accuracy and reduced stability properties. Alternative finite element formulations have been
proposed to improve both accuracy and stability, as it occurs with stabilized Galerkin methods
as well as with discontinuous space-time Galerkin methods.

An other approach to solve these difficulties is least-squares finite element method which has
been applied to stationary problems (Carey 1996) and (Kim 2000) as well as to time-dependent
problem with semi-discrete approximations(Carey and Jiang 1987) showing good stability prop-
erties and low accuracy (Donea and Quartapelle 1997).

As a contribution to these studies a discontinuous space-time least-squares finite element for-
mulation for hyperbolic equations was developed in (Menna Barreto 1999). The von Neumann
stability analysis presented in (Leal-Toledo and Toledo 2001) for 1-D advection problems dis-
played good stability and accuracy properties in comparison to others formulations mentioned
by Donea (1992), although the jump term has destroyed the formulation symmetry.

Even when solving advection-diffusion-reaction equations problems numerical schemes present
difficulties around boundaries and internal layers neighborhoods where sharp gradients may ap-
pear due to Peclet and/or Damkohler numbers.

In this work we present mixed discontinuous space-time least-squares finite element formu-
lations applied for unsteady advection-diffusion-reaction equation, resolved into first order sys-
tem of differential equation, approximating both the prime field variable and its fluxes through
a θ - averaged scheme to allow distinct time discretizations. We also present coercivity proof
of the bilinear form for this problem, together with its error estimates showing that there is no
need to satisfying the LBB consistency condition even when using mixed formulations .

2 ADVECTION-DIFFUSION-REACTION EQUATION

2.1 Statement of the problem

Let Ω ∈ Rm be a bounded domain,m = 2, 3, with smooth boundaryΓ = ΓD

⋃
ΓN andΓD

has positive measure. The unit outward normal vectorn to Γ is defined almost everywhere. Let
x = (x1, ..., xm) ∈ Ω = Ω ∪ Γ. The second-order partial differential equation that we want to
solve is:

∂u

∂t
+ v · ∇u− div (K∇u) + σu = f in Ω× (0, T ), (1)

Equation (1) will be supplied with the boundary condition:

u = 0 on ΓD × (0, T ), (2)

n · (−K∇u) = 0 on ΓN × (0, T ), (3)

and initial condition of the form:

u = u0 in Ω for t = 0, (4)

where u denotes the unknown quantity being transported by the advective field
v = (v1, ..., vm) ∈ C1(Ω)n, f is a source term,g is the boundary value prescribed for
u onΓD, h is the boundary value prescribed foru onΓN ,∇ is the gradient operator defined as
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∇· =

[
∂·

∂x1

...
∂·

∂xm

]T

, reaction coefficientσ(x, t) is bounded with0 ≤ σ(x, t) ≤ c1 and the

diffusion coefficientK = (aij(x))i,j=1,n, x ∈ Ω, symmetric positive definite and the coefficients
aij are bounded, i.e., there exists positive constantesα1 andα2, for all ξ ∈ Rm such that:

α1ξ
T ξ ≤ ξT Kξ ≤ α2ξ

T ξ. (5)

The original equation (1) is resolved into first order differential equations system involving a
scalar and a vector field. Introducing the fluxp = −K∇u, with p = (p1, ..., pm) and using
∇u = −K−1p, we obtain the following first order system for u andp:

∂u

∂t
− v · K−1p + div p + σu = f in Ω× (0, T ), (6)

p + K∇u = 0 in Ω× (0, T ), (7)

with the boundary condition

u = 0 on ΓD × (0, T ), (8)

n · p = 0 on ΓN × (0, T ), (9)

and initial condition of the form

u = u0 in Ω for t = 0. (10)

3 DISCONTINUOUS SPACE-TIME MIXED LEAST-SQUARES FORMULATION

We introduce some notations in order to define the space-time least-squares formulation:
Let 0 = t0 < t1 < ... < tn = T be a partition of intervalI = (0, T ), and letIn = {(x, t); x ∈
Ω, tn < t < tn+1} and∆t = tn+1− tn be then-th interval and local time step, respectively. For
eachn, we define the space-time integration domain by the stripQn = Ω × In with boundary
Υn = Γ× In.

In the n-th space-time strip, the space domainΩ is divided in (Ne) elements
Ω1, . . . , ΩNe, satisfying

Ω =

(Ne)⋃
e=1

Ωe and Ωe ∩ Ωe′ = ∅ if e 6= e′.

The space-time finite elements subspaces are defined by:

V h
n = {wh ∈ C0(Qn), wh|Qe

n
∈ Pk(Q

e
n); wh = 0 on ΥDn} ⊂ H1

0 (Qn),

S̃h
n = {ph ∈ [C0(Qn)]m, ph|Qe

n
∈ [Pk(Q

e
n)]m; n · ph = 0 on ΥNn} ⊂ [L2(Qn)]m,

Sh
n = {ph ∈ [C0(Qn)]m, ph|Qe

n
∈ [Pk(Q

e
n)]m; n ∧ K−1ph = 0 on ΥDn

andn · ph = 0 on ΥNn} ⊂ [L2(Qn)]m.

whereΥDn
= ΓD × In, ΥNn = ΓN × In andPk is the set of piecewise polynomials of degree

less than or equal tok continuous in each space-time strip but discontinuous in the interface of
different strips.
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Consider the following temporal jump operator:

|[u(t)]| = u(t+)− u(t−) (11)

whereu(t±n ) = u(x, t±n ) = lim
ε→0±

u(tn + ε).

Discontinuous space-time mixed least-squares formulation applied to the problem described
by the first order system defined in section (2.1) can be stated as:

ProblemPh : Forn = 1, 2, · · · , N − 1 find uh ∈ V h
n andph ∈ Sh

n such that

(
uh

t + div ph − v · K−1ph + σuh − f, wh
t + div qh − v · K−1qh + σwh

)
Qn

+

+
(|[uh(tn)]|, div qh − v · K−1qh + σwh

)
Ω

+

+
(
ph + K∇uh, qh + K∇wh

)
Ω

= 0, (12)

for all (wh, qh) ∈ V h
n × Sh

n, where the inner products(·, ·) are defined as:

(
uh, wh

)
Qn

=

∫ tn+1

tn

∫

Ω

uwdΩdt,

(
uh, wh

)
Ω

=

∫

Ω

uhwhdΩ,

(
uh, wh

)
Υ

=

∫

Υ

uhwh n · vdS.

For simplicity we denote(., .)Ω as(., .).

3.1 Discontinuous space-time least-squares formulations constant in time

Writing the Eq. (12) term coming from the Eq. (6) for anyt = tn+θ (θ ∈ [0, 1]) with

uh = θuh(t−n+1) + (1− θ)uh(t−n ),

ph = θph(t−n+1) + (1− θ)ph(t−n ). (13)

and assuming finite element approximations foruh(tn) andwh(tn) constant in time, after time
integration we obtain

ProblemPhθ
: Forn = 1, 2, · · · , N − 1 find uh ∈ V h

n andph ∈ Sh
n such that

B̃θ{(uh, ph); (wh, qh)} = Lθ(w
h, qh), ∀(wh, ph) ∈ V h

n × Sh
n (14)

where

B̃θ{(uh, ph); (wh, qh)} = ∆tθ
(
div ph(t−n+1)− v · K−1ph(t−n+1) + σu(t−n+1) ,

div qh(t−n+1)− v · K−1qh(t−n+1) + σwh(t−n+1)
)

+

+ θ
(
uh(t−n+1), div qh(t−n+1)− v · K−1qh(t−n+1) + σwh(t−n+1)

)

+
(
ph(t−n+1) + K∇uh(t−n+1), qh(t−n+1) + K∇wh(t−n+1)

)
(15)
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and

Lθ(w
h, qh) = ∆t(θ − 1)

(
div ph(t−n )− v · K−1ph(t−n ) + σu(t−n ) ,

div qh(t−n+1)− v · K−1qh(t−n+1) + σwh(t−n+1)
)

+

+θ
(
uh(t−n ), div qh(t−n+1)− v · K−1qh(t−n+1) + σwh(t−n+1)

)
+

+∆t
(
f(t−n+θ), div qh(t−n+1)− v · K−1qh(t−n+1) + σwh(t−n+1)

)
. (16)

Define the norms:

||qh||2
H(div )

≡ ||qh||2 + ||div qh||2,
||qh||2

H(curl) ≡ ||qh||2 + ||curlK−1qh||2,
||qh||2

H(div ,curl) ≡ ||qh||2 + ||div qh||2 + ||curlK−1qh||2,
||(wh, qh)||2

H1×H(div ,curl) ≡ ||wh||21 + ||qh||2
H(div ,curl).

Existence and uniqueness for the solution of this problem can be assured by Lax-Milgram
lemma with:

Coercivity ofB̃θ{·; ·}: There exists a constantγ̃ > 0 such that:

B̃θ{(wh, qh); (wh, qh)} ≥ γ̃||(wh(t−n+1), qh(t−n+1))||2H1×H(div )
, ∀(wh, qh) ∈ V h

n × S̃h
n. (17)

Proof. Let β be a constant. By definition of bilinear form (15), adding and subtracting to it the

terms2β∆tθ
(
wh, div qh − v · K−1qh

)
and∆tθ

(
(2βσ − β2)wh, wh

)
, we get:

B̃θ{(wh, qh); (wh, qh)} = ∆tθ
(
div qh − v · K−1qh + (σ − β)wh,

div qh − v · K−1qh + (σ − β)wh
)

+

+
(
qh + K∇wh, qh + K∇wh

)
+ ∆tθ

(
(2βσ − β2)wh, wh

)
+

+ θ
(
wh, div qh − v · K−1qh + σwh

)
+

+ 2β∆tθ
(
wh, div qh − v · K−1qh

)
(18)

Integrating by parts and regrouping terms, we obtain:

B̃θ{(wh, qh); (wh, qh)} = ∆tθ
(
div qh − v · K−1qh + (σ − β)wh,

div qh − v · K−1qh + (σ − β)wh
)−

− (2β∆tθ + θ)
(∇wh, qh

)− (2β∆tθ + θ)
(
wh, v · K−1qh

)
+

+ θ
(
wh, σwh

)
+

(
qh + K∇wh, qh + K∇wh

)
+

+ ∆tθ
(
(2βσ − β2)wh, wh

)
(19)

Removing the first term in (19), adding and subtracting the terms:(2β∆tθ + 1)
(∇wh, qh

)
,

(2β∆tθ + 1)
(
K∇wh,∇wh

)
and(β∆tθ + 1/2)2

(∇wh,∇wh
)
, we get:

B̃θ{(wh, qh); (wh, qh)} ≥ (
qh + (K − (β∆tθ + θ/2)I)∇wh ,

qh + (K − (β∆tθ + θ/2)I)∇wh
)−
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− (2β∆tθ + θ)
(∇wh, qh

)− (2β∆tθ + θ)
(
wh, v · K−1qh

)
+

+ θ
(
wh, σwh

)
+ ∆tθ

(
(2βσ − β2)wh, wh

)
+

+ (2β∆tθ + θ)
(∇wh, qh

)
+ (2β∆tθ + θ)

(
K∇wh,∇wh

)−
− (β∆tθ + θ/2)2

(∇wh,∇wh
)

(20)

Adding and subtracting the terms:(2β∆tθ + θ)
(
qh, (K−1)T vwh

)
, (2β∆tθ + θ)

(∇wh, vwh
)

,

2(β∆tθ + θ/2)2
(∇wh, (K−1)T vwh

)
, (β∆tθ + θ/2)2

(
(K−1)T vwh, (K−1)T vwh

)
and

(2β∆tθ + θ)
(
qh, (K−1)T vwh

)
in (20), we have

B̃θ{(wh, qh); (wh, qh)} =
(
qh + (K − (β∆tθ + θ/2)I)∇wh − (β∆tθ + θ/2)wh(K−1)T v ,

qh + (K − (β∆tθ + θ/2)I)∇wh − (β∆tθ + θ/2)(K−1)T whv
)−

− (2β∆tθ + θ)
(
qh, (K−1)T vwh

)
+ θ

(
wh, σwh

)
+

+ ∆tθ
(
(2βσ − β2)wh, wh

)
+ (2β∆tθ + θ)

(
K∇wh,∇wh

)−
− (β∆tθ + θ/2)2

(∇wh,∇wh
)

+ (2β∆tθ + θ)
(
qh, (K−1)T vwh

)
+

+ (2β∆tθ + θ)
(∇wh, whv

)− 2(β∆tθ + θ/2)2
(∇wh, (K−1)T vwh

)−
− (β∆tθ + θ/2)2

(
(K−1)T vwh, (K−1)T vwh

)
(21)

Removing the first term in (21) and regrouping terms,

B̃θ{(wh, qh); (wh, qh)} ≥ 2(β∆tθ + θ/2)
(∇wh, vwh

)−
− 2(β∆tθ + θ/2)2

(∇wh, (K−1)T vwh
)

+

+ 2(β∆tθ + θ/2)
(
K∇wh,∇wh

)− (β∆tθ + θ/2)2
(∇wh,∇wh

)

− (β∆tθ + θ/2)2
(
(K−1)T vwh, (K−1)T vwh

)
+

+ 2(β∆tθ + θ/2)
(
wh, σwh

)−∆tθβ2
(
wh, wh

)
. (22)

Using Green’s theorem in first and second terms of (22), we get

B̃θ{(wh, qh); (wh, qh)} ≥ (β∆tθ + θ/2)
(
wh, wh

(
(β∆θ + θ/2)div ((K−1)

T
v) + 2σ

))
−

− (β∆tθ + θ/2)2

(
wh, wh

(
div v

β∆tθ + θ/2
+ (K−1)

T
v · (K−1)

T
v

+
∆tβ2

(β∆tθ + θ/2)2

))
+ 2(β∆tθ + θ/2)

(
K∇wh,∇wh

)−

− (β∆tθ + θ/2)2
(∇wh,∇wh

)
+ (β∆tθ + θ/2)

(
wh, whv · n)

Υn

− (β∆tθ + θ/2)2
(
wh, wh(K−1)

T
v · n

)
Υn

(23)

Assumingwh = 0 onΥDn andv · n < 0 onΥNn, we have

B̃θ{(wh, qh); (wh, qh)} ≥ (β∆tθ + θ/2)C0

(
wh, wh

)− (β∆tθ + θ/2)2C1

(
wh, wh

)
+

+ 2(β∆tθ + θ/2)
(
K∇wh,∇wh

)− (β∆tθ + θ/2)2
(∇wh,∇wh

)

+ (β∆tθ + θ/2)2C3

(
wh, wh

)
ΥNn

−
− (β∆tθ + θ/2)C2

(
wh, wh

)
ΥNn
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where

C0 = min

{
inf
x∈Ω

((β∆tθ + θ/2)div ((K−1)
T
v) + 2σ), 0

}
,

C1 = sup
x∈Ω

{
div v

β∆tθ + θ/2
+ (K−1)

T
v · (K−1)

T
v +

∆tβ2

(β∆tθ + θ/2)2

}
,

C2 = ||v · n||L∞(ΥNn)

C3 = ||(K−1)
T
v · n||L∞(ΥNn) (24)

By Poincaŕe- Friedrichs and trace inequalities and by (5), follows

B̃θ{(wh, qh); (wh, qh)} ≥ (β∆tθ + θ/2)(α1(C
−1
F )2 + C0)

(
wh, wh

)
+

(β∆tθ + θ/2)
{
α1 − C2C

∗ − (β∆tθ + θ/2)
[
1 + C1C

2
F

]}
(∇wh,∇wh

)
+ (β∆tθ + θ/2)2C3

(
wh, wh

)
ΥNn

. (25)

Taking β =
1

∆tθ

[
α1

2(1 + C1C2
F + C3C∗)

− θ

2

]
, removing the last terms in (25) and assuming

δ1 = α1(C
−1
F )2 + C0 > 0; δ2 = α1

2
− C2C

∗ > 0 we obtain:

B̃θ{(wh, qh); (wh, qh)} ≥ α1

2(1 + C1C2
F + C3C∗)

[
δ1

(
wh, wh

)
+ δ2

(∇wh,∇wh
)]

.(26)

and we have

B̃θ{(wh, qh); (wh, qh)} ≥ δ||wh||21. (27)

with δ = min{δ1, δ2}.
To complete this proof we considerε ∈ R a positive constant. Then,

ε2(‖qh‖2 + ‖div qh‖2) < ‖wh‖2
1 or ε2(‖qh‖2 + ‖div qh‖2) ≥ ‖wh‖2

1.

Case 1: ε2(‖qh‖2 + ‖div qh‖2) < ‖wh‖2
1:

By (27), we get

B̃θ{(wh, qh); (wh, qh)} ≥ δ

(
1

2
‖wh‖2

1 +
1

2
‖wh‖2

1

)

> δ

(
1

2
‖wh‖2

1 +
1

2
ε2

[‖qh‖2 + ‖div qh‖2
])

. (28)

Taking

γ1 < min

{
δ

2
,
δ

2
ε2

}
,

we have
B̃θ{(wh, qh); (wh, qh)} > γ1(‖wh‖2

1 + ‖qh‖2 + ‖div qh‖2).

Case 2: ε2(‖qh‖2 + ‖div qh‖2) ≥ ‖wh‖2
1:

Taking a positive real constantη, we have now two possibilities:‖qh‖ ≤ η‖div qh‖
or ‖qh‖ > η‖div qh‖.
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1. ‖qh‖ ≤ η‖div qh‖:
Therefore, we have

‖wh‖2 ≤ ‖wh‖2
1 ≤ ε2(‖qh‖2 + ‖div qh‖2)

≤ ε2(η2‖div qh‖2 + ‖div qh‖2)

= ε2(η2 + 1)‖div qh‖2. (29)

Takingη < 1, we obtain,

‖wh‖2 < 4ε2‖div qh‖2. (30)

and by (15), we obtain

B̃θ{(wh, qh); (wh, qh)} ≥ ∆tθ‖div qh‖2 − 2∆tθ‖div qh‖(‖ − v · K−1qh + σwh‖) +

+ ∆tθ‖ − v · K−1qh + σwh‖2 + θ(σwh, wh)−
− θ‖wh‖‖div qh − v · K−1qh‖+ ‖qh + k∇wh‖2 (31)

and

B̃θ{(wh, qh); (wh, qh)} ≥ ∆tθ‖div qh‖2 − 2∆tθ‖div qh‖(‖v · K−1qh‖+ ‖σwh‖) +

+ ∆tθ‖ − v · K−1qh + σwh‖2 −
− θ‖wh‖‖div qh‖ − θ‖wh‖‖v · K−1qh‖. (32)

TakingC3 ≥ 0 such that‖v · K−1qh‖ ≤ C3‖qh‖,
B̃θ{(wh, qh); (wh, qh)} ≥ ∆tθ‖div qh‖2 − θ‖wh‖C3‖qh‖ −

− θ‖div qh‖ (
2∆tC3‖qh‖+ 2∆t‖σ‖‖wh‖+ ‖wh‖)

(33)

and

B̃θ{(wh, qh); (wh, qh)} ≥ ‖div qh‖2 (∆tθ − 2θεηC3 − 2θ(η∆tC3 + 4ε∆t‖σ‖+ 2ε))

≥ γ2‖div qh‖2, (34)

where
γ2 = (∆tθ − 2θεηC3 − 2θ(η∆tC3 + 4ε∆t‖σ‖+ 2ε)) .

Thus, using (27),

2B̃θ{(wh, qh); (wh, qh)} ≥ δ||wh||21 + γ2‖div qh‖2

> δ||wh||21 +
γ2

2
‖div qh‖2 +

γ2

2η
‖qh‖2.

Taking

γ3 ≤ min

{
δ

2
,
γ2

4
,
γ2

4η

}
,

we get

B̃θ{(wh, qh); (wh, qh)} ≥ γ3(‖qh‖2 + ‖div qh‖2 + ‖wh‖2
1).
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2. ‖qh‖ > η‖div qh‖:
Inthis case we have

‖wh‖2 ≤ ‖wh‖2
1 ≤ ε2(‖qh‖2 + ‖div qh‖2)

≤ ε2

(
‖qh‖2 +

1

η2
‖qh‖2

)

≤ ε2(η2 + 1)

η2
‖qh‖2. (35)

Takingη < 1, we obtain,

‖wh‖2 < 4
ε2

η2
‖qh‖2 (36)

Hence,‖wh‖ < 2(ε/η)‖qh‖. Similarly, ‖∇wh‖ < 2(ε/η)‖qh‖. By definition (15), we
obtain

B̃θ{(wh, qh); (wh, qh)} ≥ ∆tθ‖div qh − v · K−1qh + σwh‖2 +

+ θ(σwh, wh)− θ
(
wh, div qh − v · K−1qh

)
+

+ ‖qh‖2 − 2(qh, K∇wh) + ‖K∇wh‖2

≥ ‖qh‖2 − θ‖wh‖ (‖div qh‖+ ‖v · K−1qh‖)−
− 2‖qh‖‖K∇wh‖. (37)

TakingC4 ≥ 0 such that‖K∇wh‖ ≤ C4‖∇wh‖, andC3 as above,

B̃θ{(wh, qh); (wh, qh)} ≥ ‖qh‖2 − θ‖wh‖ (‖div qh‖+ C3‖qh‖)−
− 4C4‖qh‖‖∇wh‖ (38)

or

B̃θ{(wh, qh); (wh, qh)} ≥ ‖qh‖2

(
1− 2θ

(
ε

η2
+

C3

η

)
− 2C4

ε

η

)

≥ γ4‖qh‖2, (39)

where

γ4 =

(
1− 2θ

(
ε

η2
+

εC3

η

)
− 4C4

ε

η

)
.

Using (27) again,

2B̃θ{(wh, qh); (wh, qh)} ≥ δ||wh||21 + γ4‖qh‖2

> δ||wh||21 +
η2γ4

2
‖div qh‖2 +

γ4

2
‖qh‖2. (40)

Taking

γ5 ≤ min

{
δ

2
,
η2γ4

4
,
γ4

4

}
,

we get

B̃θ{(wh, qh); (wh, qh)} ≥ γ5(‖qh‖2 + ‖div qh‖2 + ‖wh‖2
1). (41)
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Taking γ̃ = min{γ1, γ3, γ5}, we obtain

B̃θ{(wh, qh); (wh, qh)} ≥ γ̃||(wh(t−n+1), qh(t−n+1))||2H1×H(div )
, (42)

for all (wh, qh) ∈ V h
n × S̃h

n.

To obtain a better approximation to the flow, we can add to system (6-7) the equation

curl(K−1p) = 0 in Ω× (0, T ), (43)

with boundary condition

n ∧ K−1p = 0 on ΓD × (0, T ), (44)

where∧ denotes the exterior vector product and obtain:

ProblemP1hθ
: Forn = 1, 2, · · · , N − 1 find uh ∈ V h

n andph ∈ Sh
n such that

Bθ{(uh, ph); (wh, qh)} = B̃θ{(uh, ph); (wh, qh)}+
(
curl(K−1ph), curl(K−1qh)

)
(45)

Existence and uniqueness for the solution of this problem can be assured by:
Continuity ofBθ{·; ·}: There exists a constantM < ∞, such that

|Bθ{(uh, ph); (wh, qh)}| ≤ M ||(uh, ph)||
H1×H(div ,curl)||(wh, qh)||

H1×H(div ,curl), (46)

for all (uh, ph), (wh, qh) ∈ V h
n × Sh

n.
Coercivity ofBθ{·; ·}: There exists a constantγ > 0 such that:

Bθ{(wh, qh); (wh, qh)} ≥ γ||(wh(t−n+1), qh(t−n+1))||2H1×H(div ,curl), (47)

for all (wh, qh) ∈ V h
n × Sh

n.

Proof: By definition of bilinear form (45), we have

Bθ{(wh, qh); (wh, qh)} = B̃θ{(wh, qh); (wh, qh)}+ (curl(K−1qh), curl(K−1qh)) (48)

Thus, by (17), we have

Bθ{(wh, qh); (wh, qh)} ≥ γ̃||(wh(t−n+1), qh(t−n+1))||2H1×H(div )
+ ||curl(K−1qh)||2

H(curl) (49)

Then there existsγ > 0, such that

Bθ{(wh, qh); (wh, qh)} ≥ γ||(wh(t−n+1), qh(t−n+1))||2H1×H(div ,curl). (50)
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Consistency: The exact solution satisfies the discrete formulation

Bθ{(u, p); (wh, qh)} = Lθ(w
h, qh), ∀(wh, qh) ∈ V h

n × Sh
n. (51)

Orthogonality of the error:

Bθ{(u− uh, p− ph); (wh, qh)} = 0, ∀(wh, qh) ∈ V h
n × Sh

n. (52)

Proof. This is a direct consequence of the bilinearity ofBθ(., .) and of the consistency previ-
ously shown.

Assumption A:The domainΩ is convex or the boundaryΓ is of classC1,1.
Error estimates for this problem can be found, consideringV l

h(Ω) ⊂ H1 andSk
h(Ω) ⊂ L2 spaces

of C0 piecewise polynomial finite element interpolations of degreel andk respectively. From
general finite element approximation theory and from Assumption A we have the estimates:

||u− ũh||+ h||u− ũh||1 ≤ Chl+1||u||l+1 (53)

||p− p̃h||+ h||p− p̃h||
H(div ,curl) ≤ Chk+1||p||k+1 (54)

whereũh andp̃h are the standard finite element interpolant ofu andp.

Theorem: LetΩ satisfy Assumption A. If(uh, ph) satisfies (12) and(u, p) satisfies (6), then

||(u− uh, p− ph)||
H1×H(div ,curl) ≤ C

(
hl||u||l+1 + hk||p||k+1

)
. (55)

Proof. From the coercivity (47) and the orthogonality property (52), we have

γ||(u− uh, p− ph)||2
H1×H(div ,curl) ≤ Bθ{(u− uh, p− ph); (u− uh, p− ph)}

≤ Bθ{(u− uh, p− ph); (u− ũh, p− p̃h)}+

+ Bθ{(u− uh, p− ph); (ũh − uh, p̃h − ph)}
≤ Bθ{(u− uh, p− ph); (u− ũh, p− p̃h

)}. (56)

By (46), we obtain

γ||(u− uh, p− ph)||2
H1×H(div ,curl) ≤ M ||(u− uh, p− ph)||

H1×H(div ,curl) ×
||(u− ũh, p− p̃h

)||
H1×H(div ,curl). (57)

Thus

||(u− uh, p− ph)||
H1×H(div ,curl) ≤ M

γ
||(u− ũh, p− p̃h

)||
H1×H(div ,curl). (58)

Therefore, by (53) and (54)

||(u− uh, p− ph)||
H1×H(div ,curl) ≤ C

(
hl||u||l+1 + hk||p||k+1

)
(59)

We can usek = l, which is a convenient choice from the computational point of view and this
estimates holds independently of any mesh parameter.
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4 CONCLUSION

For the diffusion-advection-reaction problem we derived and presented here a mixed dis-
continuous space-time least-squares formulation proving its solution existence and uniqueness
even when using equal order interpolations for both fields. Besides that adding to this formu-
lation the curl equation we were able to obtainH1 norm error estimates for scalar and vector
approximated fields.
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