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Abstract.

In a previous work we proposed a constant discontinuous space-time least-squares finite element
formulation, where &-averaged scheme was used to consider distinct time discretizations and a von
Neumann stability analysis displayed, o 0.5 unconditionally stable solutions for any Courant num-
ber for 1-D problems. Optimal convergence results were obtaingtd#$dr.5 and Courant number equal
one. In this work we present mixed discontinuous space-time least-square finite element formulations
applied for advection-diffusion-reaction equation, resolved into first order system of differential equation
approximating both the prime field variable and its fluxes through@averaged scheme to allow distinct
time discretizations. We also present coercivity proof of the bilinear form for this problem, together with
its error estimates and show that this formulation is not subjected to LBB condition.

Copyright © 2006 Asociacion Argentina de Mecénica Computacional http://www.amcaonline.org.ar



1114 C.C.NOVO, R.C. LEAL-TOLEDO, E.M. TOLEDO, L.S. MARTINS

1 INTRODUCTION

Numerical approximations are frequently used for solving transport problems modeling phe-
nomena in fluid mechanics and heat transfer among others.

Finite element approximations based on Galerkin semi-discrete formulation has quick loss
of accuracy and reduced stability properties. Alternative finite element formulations have been
proposed to improve both accuracy and stability, as it occurs with stabilized Galerkin methods
as well as with discontinuous space-time Galerkin methods.

An other approach to solve these difficulties is least-squares finite element method which has
been applied to stationary problems (Carey 1996) and (Kim 2000) as well as to time-dependent
problem with semi-discrete approximations(Carey and Jiang 1987) showing good stability prop-
erties and low accuracy (Donea and Quartapelle 1997).

As a contribution to these studies a discontinuous space-time least-squares finite element for-
mulation for hyperbolic equations was developed in (Menna Barreto 1999). The von Neumann
stability analysis presented in (Leal-Toledo and Toledo 2001) for 1-D advection problems dis-
played good stability and accuracy properties in comparison to others formulations mentioned
by Donea (1992), although the jump term has destroyed the formulation symmetry.

Even when solving advection-diffusion-reaction equations problems numerical schemes present
difficulties around boundaries and internal layers neighborhoods where sharp gradients may ap-
pear due to Peclet and/or Damkohler numbers.

In this work we present mixed discontinuous space-time least-squares finite element formu-
lations applied for unsteady advection-diffusion-reaction equation, resolved into first order sys-
tem of differential equation, approximating both the prime field variable and its fluxes through
af - averaged scheme to allow distinct time discretizations. We also present coercivity proof
of the bilinear form for this problem, together with its error estimates showing that there is no
need to satisfying the LBB consistency condition even when using mixed formulations .

2 ADVECTION-DIFFUSION-REACTION EQUATION

2.1 Statement of the problem

Let2 € R™ be a bounded domaim = 2, 3, with smooth boundary = ', [JT'y andIl'p
has positive measure. The unit outward normal vectior” is defined almost everywhere. Let
X = (z1,....,x,) € Q = QUT. The second-order partial differential equation that we want to
solve is:

%+v-Vu—div(KVu)—i—au:fian(O,T), (1)
Equation () will be supplied with the boundary condition:
u = 0onlp x (0,7), (2)
n-(—KVu) = 0only x (0,7), (3)
and initial condition of the form:
u=1u’inQfort =0, (4)

where u denotes the unknown quantity being transported by the advective field
v = (v1,...,v,) € CHQ)", fis a source termg is the boundary value prescribed for
uwonI'p, his the boundary value prescribed foon Iy, V is the gradient operator defined as
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T
V. = {% %1 , reaction coefficient (z, ) is bounded witt) < o(xz,¢) < ¢; and the
1 m

diffusion coefficienK = (a;;(x))i j=1.n, % € Q, symmetric positive definite and the coefficients
a;; are bounded, i.e., there exists positive constamtemda., for all ¢ € R™ such that:

a7 < ETKE < ané’e. (5)

The original equationl) is resolved into first order differential equations system involving a
scalar and a vector field. Introducing the flpx= —KVu, with p = (p, ..., p,n) @and using
Vu = —K~!p, we obtain the following first order system for u aod

?;; v-K'p+divp+ou=f in Qx(0,7), (6)
p+KVu=0 in Qx(0,7), (7)
with the boundary condition
u=0 on Ipx(0,7), (8)
n-p=0 on TI'yx(0,7), 9)
and initial condition of the form
u=u"inQfort=0. (10)

3 DISCONTINUOUS SPACE-TIME MIXED LEAST-SQUARES FORMULATION

We introduce some notations in order to define the space-time least-squares formulation:
Let0 =ty < t; < ... < t, = T be a partition of interval = (0,7), and letl,, = {(x,?);x €
O, t, <t <ty,1}andAt =t,,, —t, be then-th interval and local time step, respectively. For
eachn, we define the space-time integration domain by the §¥ip= 2 x I,, with boundary
T,=Ix1,.

In the n-th space-time strip, the space domdinis divided in (Ne) elements
Qb ..., QNe, satisfying

(Ne)
Q=Jo and Q°NQ =0 if e#e

e=1

The space-time finite elements subspaces are defined by:

vy o= {w" e CYQn),w" Qe € Py(Q5); w" =00nTp,} C Hy(Qn),

Sy o= {p" € [C°(@Qu)]™, € [Pu(Qp)]™;n-p" =00nTy,} C [L2(Qn)]™,
Sy = {prelCQu)]" p \Qe [PL(@Q)™n AK p" = 00nTp,
andn-p"=00onTy,} C [L3(Q,)]™.

whereYp =1p x I,, Ty, = I'y x I, andP;, is the set of piecewise polynomials of degree
less than or equal tb continuous in each space-time strip but discontinuous in the interface of
different strips.
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Consider the following temporal jump operator:
[u(®)] = u(t™) —u(t”) (11)

whereu(tt) = u(x, tt) = lim u(t, +¢).
e—0

Discontinuous space-time mixed least-squares formulation applied to the problem described
by the first order system defined in secti@nlj can be stated as:

ProblemP, : Forn =1,2,---, N — 1 findu" € V* andp” € S" such that
(uy +divp" —v-K'p" +ou" — fiwf +-divg" —v-Kq" +ouw"), +
+ ([t div g" —v-K'q" + ow"), +
+ (p" + KVu",g" + KVu") , =0, (12)

for all (w",q") € V" x S", where the inner products, -) are defined as:

(uh wh) :/th/uwdet
Y Q?’L )
tn Q
(uh,wh)Q :/uhwth,
Q
(uh,wh)T:/uhwhn~VdS.
T

For simplicity we denot¢., .), as(.,.).

3.1 Discontinuous space-time least-squares formulations constant in time
Writing the Eq. [L2) term coming from the Eql6] for anyt = t,,,4 (6 € [0, 1]) with
u' = u(t) + (1= 0)u" (),
p" = 0p"(t ) + (1 - 0)p"(t,).

and assuming finite element approximationsdbft,,) andw"(t,,) constant in time, after time
integration we obtain

ProblempP,,: Forn =1,2,--- /N — 1findu" € V! andp" € S" such that

(13)

Bo{(u", p"); (w", q")} = Lo(w",q"), V(w",p") €V x S" (14)
where

Bo{(u", p"); (w, g} = At (div p"(t, ;) — V- K'p"(t,) + oult, ) ,
div qh(tﬁﬂ) -V Kilqh(t;H) + O-wh<t7;+1)) +
+ 0 (u (), div gt () = V- K" (t, ) + ow"(t,,1))
+ (ph(t;—l—l) +KVut(t, 1), 9" (t,,) + Kvwh(t’;-l-l)) (15)
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and
Lo(w",q") = At(f — 1) (div p"(t,) —v-K'p"(t,) + oul(t,)
div qh(t;H) -V K_lqh(tfzﬂ) + Uwh(t;+1)) +
+0 (u"(t,),div g (1) —v-K'q"(t, ) + ow'(t,,,)) +
+At (f(t;rg), div qh(t;-yl) -V K_lqh(t;-yl) + Owh<t;+1)> . (16)

Define the norms:

101y = NI+ v a2,
101y oury = 1101+ [lourk "2
101,y ourty = 1611+ lldiv 6+ [leurlk g,

||(whvqh)H?{le(divpuﬂ) = ||whH%+thHiI(divpurl)'

Existence and uniqueness for the solution of this problem can be assured by Lax-Milgram
lemma with:

Coercivity ofBy{-; -}: There exists a constaft> 0 such that:
Bo{ (w", d"); (", 0"} = Fll(w" (1) 0" (o)) reliv o V("0 € VX S1 (17)

Proof. Let 5 be a constant. By definition of bilinear forr), adding and subtracting to it the
terms25At0 (w”, div g" — v - K~'q") andAtf (280 — 3*)w", w"), we get:

@9{(’wh’ qh)’ (whv qh>} = Atf (le qh -V K_lqh + (0 - ﬁ)wha
divg" —v-K™'q" + (o0 — B)uw") +
+ (g"+ KV, q" + KVuw") + Ath (260 — §)w", w") +
+ 40 (wh, divg"—v-Klq" + awh) +
+ 28At0 (v, divg" —v-K'q") (18)
Integrating by parts and regrouping terms, we obtain:
Bo{(w",q"); (w",q")} = Atf(divg" —v-K'q" + (0 — B,
divg" —v-K'q" + (0 — ﬁ)wh) —
— (2BAL0 +6) (Vu",q") — (2BAL0 + 6) (w",v-K™'g") +
+ 0 (w", ou") + (9" + KV, q" + KVu") +
+ At (280 — B)w", w") (19)
Removing the first term inl@), adding and subtracting the term&5At0 + 1) (th, qh),
(2BAL0 + 1) (KVw", Vw") and(BAL0 + 1/2)? (Vw", Vw'), we get:

Bo{(w",q"); (w", 0"} > (" + (K — (BAt0 +6/2))Vu'"
9" + (K — (BAt0 + 0/2)) V') —
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— (28At0+0) (Vu",q") — (28AL0 +0) (w",v-K'q") +

+ 60 (wh, Uwh) + Atl ((250 — 62)wh,wh) +

+ (2BAL0 +6) (Vw",q") + (28AL0 + 6) (KVw", Vu') —

— (BAt +0/2)* (Vu", Vu') (20)

Adding and subtracting the term@gAt0 +6) (g", (K~ H)Tvw"), (28At0 +6) (Vw", vu") ,
2(BALY +0/2)* (Vw", (K™ Tvwh) . (BALO +6/2)* (K™ vw", (K™ vw") and
(28At0 + 6) (9", (K~H)Tvw") in (20), we have

Bo{(w",q"); (w",q")} = (q" + (K — (BAt0 + 0/2))Vuw" — (BA +0/2)w" (K1) TV,
q" + (K — (BAt0 + 0/2))Vw" — (BAL0 + 6/2) (K™ Twhv) —
— (2B8At0 +0) (9", (K™ H)Tvw") + 60 (w", ow™) +
+ At ((280 — B)w",w") + (2BAL0 + 6) (KVw", Vu') —
— (BAt9 +60/2)* (Vuw", Vu') + (28AL0 + 6) (9", (K™ va") +
+ (2BAt0 + 0) (Vw", w'v) — 2(BAt0 + 0/2)* (Vw", (K1) Tvw") —
— (BAt9 +0/2)* (K™ v, (K1) va") (21)
Removing the first term iriXl) and regrouping terms,
Bo{(w",q"); (w",q")} > 2(BAt0 +6/2) (Vw, vuwh) —
— 2(BAt0 +0/2)* (Vo' (K™ Tve") +
+ 2(BAt0 +0/2) (KVw", Vu) — (BALO +0/2)* (Vuw", V')
— (BAt9 +60/2)* (K™ v, (K™H)Tv) +
+ 2(BAtY+6/2) (w ow ) — A6 (w", wh) . (22)

Using Green’s theorem in first and second term&4@j,(we get
Bof(w',q"); (", 0"} > (8A89+0/2) (w",w" (80 +0/2)dv (K™)'v) +20))

h divv
- (ﬁAté’—l—Q/Q) (w w (M‘l'

At3?
i (BAO + 9/2)2)) + 2(BAL0 + 0/2) (KVuw", Vu') —
— (BALY + 0/2)2 (th th) + (BALH +6/2) (wh’ whv - n)Yn
= (30050720 (KT ), @

Assumingw” = 0onTp, andv-n < 0onYy,, we have
Bo{(w",q"); (w",q")} > (BA+6/2)Cp (wh,wh) — (BAL + 6/2)2C, (w",w") +

+ 2(BAt0 +0/2) (KVw", Vu) — (BAtO +0/2)* (Vuw", V')
+ (BAtO +0/2)*Cs (wh, wh)TN’ —

— (BAt9 +60/2)Cy (v, wh)TN
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where
Co = min { igg((ﬁﬁt@ +6/2)div ((K‘I)TV) + 20), 0} :

R 2
Cy = sup {—d'v VK Y v (k) — 2 } ,

e | AL +0/2 (BAL + 0/2)?
Co = ||V -n||po(ryn)
Cs = [|(K™)'V- 0| e ey (24)

By Poincaé- Friedrichs and trace inequalities and By follows

Bo{(w",q"); (w",q")} > (BAtO+0/2)(as(Cr')* + Co) (w",w") +
(BALO +60/2) {1 — CoC* — (BAL) +0/2) [1 + C1CF] }
(Vw", V™) + (BAL0 + 0/2)*Cs (w", w") (25)

TNn ’

: 1 0 . . .
Taking ¢ = AG |20 5 Clgfi waNeD) — 3 removing the last terms ii2E) and assuming

o =a1(Cp')? 4+ Co > 0; 6 =% — C,C* > 0 we obtain:

= (0]
Bo{(w",q"); (w",q")} > 2<1+clc; rYoNeD [0y (W, w") + 8, (Vu'", Vu'")] .(26)
F
and we have
Bo{(w",q"); (w",q")} > &][w"|?. (27)

with § = min{(51, 52}
To complete this proof we considerc R a positive constant. Then,

(119" 17 + lldiv g™[[*) < [lw"[I? or e2(lg"(|* + [|div g"[|*) = fJw"|}.

Casel &2(||q"| + ||div g"||2) < [Jw"|%:
By (27), we get

~ 1 1
Bol(wh as g} 2 0 (Sl et

1 1 .
> 9 (5||wh||% + 5¢ [l + v qhnﬂ) S
Taking
< min é é62
71 27 2 3
we have

Bo{(w",q"); (w", ")} > ("I} + 19" + ||div ¢"[*).

Case 2 £2(||q"|2 + ||div q"||?) > |lw"|%:

Taking a positive real constant, we have now two possibilities:||g"|| < nl|div q"||
or[|g"[| > n|div g”|.
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1"]] < nl|div g"||:
Therefore, we have

lw™I* < [l [F < €*(lla”|* + [ldiv g**)
< ¥(o?||div g"||* + [|div g*|)?)
= &’ +1)|div g*|*. (29)
Takingn < 1, we obtain,

lw[* < 4e?|[div g"||*. (30)

and by (L5), we obtain
Bo{(w","); (w",a")} > Atf||div g"|* — 2A¢0|div g"||(]| - v- K " + ow"||) +
At —v-K'g" + ow"||* 4+ 0(ocw", w") —

Ollw"(ll|div g" —v-K™'g"|| +[|g" + kVw"|* (31)

+ IV

and
Bof{(w",q"); (w",q")} Atf|div g"[|* — 2A¢0]|div o"[|([[v - K=" || + [low"])) +
Atd|| —v-K'g" + ow”|? —

= Ollw"|llldiv "] — of]w"|[]]v - K~'q"|. (32)

+ IV

TakingCs > 0 such that|v - K~'g"| < Cs|g"]],

Bo{(w",q"); (w".q")} = At0]diva"|* — 0] |Cslla"|| -
— Olldiv || (2AtCs]la" (| + 2At o[ [|w" || + [|w"]])
(33)

and

Bo{(w",q"); (w",q")} div g"[[* (At0 — 20enCs — 20(nAtCs + deAt|o]|| + 2¢))

>
> plldiv ", (34)

where
2 = (At0 — 20enCs — 20(nAtCs + 4e At + 2¢)) .

Thus, using27),
2Bo{(w",q"); (w", ")} > dl[w"]} + y2/div o" |
2 1 2 0dig all12 L 2 1qh2
> I+ v o + 52 o

Taking

~v3 < min éﬁﬁ
3 = 2747477 )
we get

Bo{(w",q"); (w", ")} = (/" * + [ldiv 6" [|* + [[w"[17).
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2. |9 > nl|div g"|:
Inthis case we have

[ < " < e*(lla”]* + lldiv o”[|)

1
< 2 (uqhuzwnqhn?)
M +1), s
< ———q9"[". (35)
Takingn < 1, we obtain,
hi2 e h|2
[w"|* < 49" (36)
n

Hence,||w"|| < 2(¢/n)]|q"||. Similarly, ||[Vw"|| < 2(¢/n)]|q"||. By definition {L5), we
obtain

Bo{(w",q"); (w",g")} = Atf]divg" —v-K'g" + 0w’ +

O(ow", w") — 0 (w",divg" —v-K~'g") +

l9"* = 2(a", K V") + [[KVw"|*

9™ 1* = Olw"[| (Idiv g"[| + [[v- K™ q"[|) —

2[la" || KVw"|]. (37)
TakingC, > 0 such that|K Vw"|| < C,||Vw"||, andC; as above,

Bo{(w",q"); (w",q")} = lla"|* = w"| (|ldiv o"|| + Cslla"])) -

v + + IV

— 4CY| g™V (38)
or
= h ok h h hi2 e (O3 €
Bal(u o (g > I (120 (54 ) -2
n n n
> yallg"?, (39)
where

= (1—29 (%+g_c*3) —4045)
n n n
Using 27) again,

2By {(w", q"); (w", ")} > 8]|w|]? + yallq"|?

2
> alltf; + TR div g2+ Zgt”. (40)
Taking
<min {2 T m
V5 > 27 4 a4 )
we get
By (w”,q"); (", 0")} = 3 (lla" | + lldiv o> + [l ). (41)
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Takingy = min{~, 3,75}, we obtain

@9{(wh, q"); (w",q")} > ;YvH(wh(tr_LH)a qh(tr_LJrl))Hi{le(diV)’

forall (w" q") e V" x Sh.

To obtain a better approximation to the flow, we can add to sys=rj the equation
cur(K™'p) =0 in Qx (0,7),

with boundary condition
NAK'p=0 on Tpx(0,7T),

whereA denotes the exterior vector product and obtain:

ProblemP1,,: Forn =1,2,---,N — 1findu" € V"andp" € S"such that

Bo{ (u", p"); (w",q")} = Bo{(u", p"); (w", 0"} + (curl(K~'p"), curl(K 'g"))

Existence and uniqueness for the solution of this problem can be assured by:
Continuity ofBy{-; - }: There exists a constant < oo, such that

[Bo{ (u", p"); (w", ")} < MII", ) gy, (dliv curl) (@ A g1 r(dliv curl)s

for all (u”, p"), (w",q") € VI x Sh.
Coercivity ofBy{-; -}: There exists a constant> 0 such that:

BG{(wha qh); (wh7 qh)} = '7| ’ (wh(t;-i-l)? qh(t;ﬁ-l))“?{le(div 7Cuﬂ)a
for all (w", g") € V" x Sh.
Proof: By definition of bilinear form'45), we have

Bo{ (w",q"); (0", q")} = Bo{(w", q"); (w",g")} + (curl(K~'g"), curl(K ~'g"))

Thus, by L7), we have

(42)

(43)

(44)

(45)

(46)

(47)

(48)

BG{(wh7 qh>; (wha qh)} Z :ﬂ | (wh(t;—&-l)’ qh(tr_H-l)) | |§{1 ><H(div ) + chrl(K_lqh> | |§{(Cur|) (49)

Then there exists > 0, such that

Bo{(w",q"); (w",0")} = 7]|(w"(t,0), qh(tr_z—i-l))Hi{le(div curl)

(50)

O
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Consistency: The exact solution satisfies the discrete formulation

Bg{(U, p)7 (wh7 qh>} = ]L9<wh7 qh)7 v(whv qh) S Vnh X Srf; (51)

Orthogonality of the error:
B@{(u_uhvp_ph>;(wh7qh)} = 07 v(wthh) € anL X SZ (52)
Proof. This is a direct consequence of the bilinearityBy ., .) and of the consistency previ-

ously shown.

Assumption AThe domair? is convex or the boundaidy is of classC™*!.

Error estimates for this problem can be found, considerif{@) C H, andSF(Q) C L? spaces

of C? piecewise polynomial finite element interpolations of dedraad respectively. From
general finite element approximation theory and from Assumption A we have the estimates:

Hu—uh||+h||u—uh\| < CR Yl (53)
o —B"|| + hllp - ||H(div curl) < Ch*Y|pllkn (54)

wheret” and'|5h are the standard finite element interpolant.@ndp.

Theorem: Lef) satisfy Assumption A. (", p") satisfies/12) and (u, p) satisfies/§), then

1u = 6P = D) div ourly < € (Wllullia + 7¥1pllcn) (55)

Proof. From the coercivity47) and the orthogonality propert%2), we have
(u—u",p—p")}
~h

7u_u7p p}+
h

7’|(u_uhvp_ph)Hipr(diV’(_;uﬂ) < Bg{(u—uh7p—p )
( )
(@ =" p" — p")}
( )

);
]BQ{(U - uh’ p - ph)
BQ{(U - uh7 p— ph)
BG{(U - uh7p —p )

IN + IA

Mi(u—a"p-p"}. (56)

By (46), we obtain
M =" p =P ndiv curty = M =u"P =Pl (div curl)
1w =" =) (iv curly: (57)
Thus
h h M ~h ~h
1w =u® P =Pl cn(div curl) = M =P =Pl (div curl): (58)
Therefore, by$3) and ©4)
1w =", p = P (v curly < C (Bllullisr + *lpllisa) (59)

O

We can usé = [, which is a convenient choice from the computational point of view and this
estimates holds independently of any mesh parameter.
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4 CONCLUSION

For the diffusion-advection-reaction problem we derived and presented here a mixed dis-
continuous space-time least-squares formulation proving its solution existence and uniqueness
even when using equal order interpolations for both fields. Besides that adding to this formu-
lation the curl equation we were able to obtdin norm error estimates for scalar and vector
approximated fields.
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