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Abstract. The class of Procrustes problems has many application in the biological, phys-
tcal and social sciences just as in the investigation of elastic structures. The problem
consists of solving a constrained linear least squares problem defined on a set of the space
of matrices . The different problems are obtained varying the structure of the matrices
belonging to the feasible set. Higham has solved the orthogonal, the symmetric and the
positive definite cases. Raydan has studied the rectangular case and minimizing on a fea-
sible set which is an intersection of convex sets of matrices. The method used is based on
the alternate projection method. The Toeplitz cases has been analyzed by these authors.
In this contribution, the theory and algorithm developed by Higham for the symmetric
Procrustes problem are extended to the persymmetric and skew-symmetric cases. The
singular value decomposition is used to analyze the problems and to characterized their
solutions.

Numerical difficulties are discussed and illustrated by examples.
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1 INTRODUCTION

Let us consider the class of constrained least squares problem

min  ||AX — B||
st X eP. (1)

where A, B € R™", P C IR"”*" and || e || = || ® || r denotes the Frobenius norm, defined
as

A% = Tr(ATA) = >3 a;.
i=1j=1

Different matrix approximation problems belong to the family defined by (1). When
P is the subspace of symmetric matrices, (1) becomes in the symmetric Procrustes
problem.
min  ||[AX — BJ]2
st (2)
X =XT,

Higham!, analyzes this problem by using singular value decomposition, and gives a
stable method to compute a solution.

The authors? have studied the problem when P is the subspace of Toeplitz matrices.
In this contribution we consider the cases when P is the set of persymmetric matrices
and the set of skew-symmetric matrices. The first problem is established as

min  ||[AX — B|2
st (3)
X — EXTE,

where F = [e,, -, e1] and ¢; is the i unit vector.
Clearly the skew-symmetric Procrustes problem is

min  ||[AX — B2
st (4)
X =X,

The paper is organized as follows. In the next section we present the symmetric
problem proposed by Higham. In section 3 we analyze the persymmetric Procrustes
problem. Section 4 is devoted to present skew-symmetric case and characterize the set
of solutions. In section 5 a framework of the algorithm is presented and some numerical
results. This work concludes with final remarks .
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2 THE SYMMETRIC PROCRUSTES PROBLEM

The problem (2) with A, B € R™ ", m > n, has been studied by Higham®.
Let us consider the singular value decomposition of A

| X
A_PlO]Qi

where P € R™™ and @ € IR™™" are orthogonal matrices and Y. = diag(oy, - - -

oy =20, 20.
From the fact ||QAP|; = ||A||y, the problem (2) becomes

min I>XY — G2
st
Y —y7T,

where

Y =Q"XQ,

G| pr
O—[@]_PBQ

Cp e R™™.
The solution of the equivalent problem (5) is

0i(C1)i; +0,;,(Ch)ji . , )
(Yi)i = 02 + 0,2 if o0 +o0;7#0

arbitrary otherwise,

and therefore the solution of (2) is given by X, = QY,QT.
Higham!
tions.

3 THE PERSYMMETRIC PROCRUSTES PROBLEM

Y Un)?

characterizes the set of solutions of the problem and gives stability condi-

We remind when a matrix is said to be persymmetric. More details about these matrices

can be found in the book of Golub and van Loan?®.
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Definition 1 (Persymmetric matrix)
A matriz A = (a;;) € R™™" is said to be persymmetric if it is symmetric about the NE-SW
diagonal,

Aij = An—j+1, n—i+1; tL,j=1---,n

The definition means that a persymmetric matrix A can be written as
A = EA'E (6)

where F is the matrix E = [e, - - - e;] and e; is the i unit vector.
Let us consider the persymmetric Procrustes problem (3). We begin considering the
singular value decomposition of the matrix A,

)y
A:P[O]QT,

where P € IR"™*™, @) € IR™" are orthogonal matrices and the matrix
Y =diag(oy,---,0,) € R with oy > -+- >0, > 0.
Because of the invariance of the Frobenius norm under orthogonal transformations
we can write
2

2 X | AT ’ T X | AT
IAX — B> = PlO]QX—B :’P (PlO]QX—B>Q
2] oo P 5 2
- [O]Q XQ - PTBQ :lO]Y—Z

= [IBY = 4| — || Z2|?,
where

Y = Q'XQ,
Z = [leszBQ,

7, € IR™™
Observe that, if X = EXTE and Y = QT X(Q, the matrix Y satisfies
Y =UY'U,
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where U = QTEQ € IR™ " is an orthogonal and symmetric matrix. The matrix ¥ also
satisfies YU = U = (YU)T.
The objective function can be written in terms of the symmetric matrix S = YU, as
follows
IZY — 21| = |(BY - Z)U|* = |ZYU - Z,Y||?
A

Therefore the problem (3) becomes
min |25 — 7|
st =97 (7)

The last problem is the symmetric Procrustes problem. Then, according with Higham?,
we obtain the solution S* whose elements are

CEAE i g2 40?0

3*. pr J?+U]2
ij , .
arbitrary otherwise,
then Y* = S*U and we can obtain the solution of the problem (3) as

X = QvQT.

3.1 Characterization of the solution.

Let us define
S={XecR™ X =EXTE, X =argmin|AZ — B|, ¥ Z € P}.

The following lemma gives some properties of the solution set S. They are the corre-
sponding properties for the linear least-squares problems?® and the symmetric Procrustes
problem?.

Lemma 1 Let P and S defined as above. Then
(a) S is a conver set.
(b) X € S if and only if X = EXTE and
AT(XE)+(XE)ATA = A"(BE)+ (BE)'A. (8)

XMN

(¢) S has a unique element of minimal Frobenius norm.
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(d) S = XMN if an only if rank(A) =n.

The details of Lemma 1 can be found in Eberle*. Now we discuss the behavior of the
solution when the set of data has been perturbed. It is a theorem similar to theorem 1.
given by Higham!, (page 137).

Theorem 1 Let A, B € R™"" be matrices with m > n, rank(A) = n.
Let X be a solution of problem (3), and X the solution of the perturbed problem

min  ||(A+ AA)X — (B + AB)|?
st (9)
X = EXTE,

where AA, AB € R™*", such that rank(A + AA) = rank(A) =n.  Let
R=AX-B
R=(A+AA)X — (B+ AB),

IV
[A]l2
Kk = ka(A),
be such that kK €4 < 1. Then
=g < (et B e ez o
IR=R| < eal X[ |Al2+ |AB] + & ea|| B. (11)

Theorem 2 Let the persymmetric Procrustes problem (3) be, and assume that
rank(A) = n. Let X, be its solution. Then the residual can be written as:

(0:(Ch)ji — 7(C1)ij)?

2 =AX, — B|* = Cyl?
P pp H || ]2 O'Z‘2+O'j2 + H 2” )
where
— Cl _ pT mxn
C = = P"(BE)Q € R™",
Cs
P, Q yY = diag(oy,---,0,), are the matrices involved in the singular values de-

composition of the matriz A.

The proof of the previous result can be consulted in the Eberle’s thesis*.
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4 THE SKEW-SYMMETRIC PROCRUSTES PROBLEM

This section is devoted to solve the skew-symmetric problem (4). Similarly to the
previous cases, we consider the singular value decomposition of the matrix A

A:P[O]QT.

Clearly, solve the problem (4) is equivalent to find a solution to the problem

st (12)

min || XY — G4
Y =-Y7T

?

C, e R™™

Since Y = QTXQ we obtain Y = QTXQ = QT(-X)Q = —(QTXQ) = —(QTXQ)T =
YT,

4.1 Solving the problem

In order to find a minimizer of the functional ||XY — C}||2 with the condition that Y
be skew-symmetric, let us consider

1Y — G2 = Tr((ZY —O)T(ZY - CY))
= Tr(YT(e"2)Y) - 2Tr((ZY)'Cy) + Tr(CTCy)

+ > ((C1)a)?* (13)

i=1

-2

> oA (Y)Y

J

Yijo5(Ch)ji
=1

n
i=1
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The assumptions (Y1) = —(Y)i, and Yi; = (YT), = —(Y)4r, allow that problem
(4) be written as follows

_QZ

= =1
— F(Yy), 1<ij<n

Z 05 (C1) i

7=1

Z((Ol)iz‘)2

=1

||EY - 01||§ = Z

Computing the derivative with respect to each Y;;, we obtain

OF
aY;;

= 2(0:% + ;)Y + 20,(C1)ij — 20:(Ch)ji

From the first order necessary condition we obtain

Ui(ol)w 0 (Cl)

Yy =
0,2 +aj
Because of 2
—_— = 2(0i2 -+ O'jz) > O,
oz

the matrix Y is a minimizer of F' .
Therefore a solution of the problem (12) will be

Ui(cl)ij — Uj(Cl)ji : 2 2
(Kk)lj = O'Z'Q + O'j2 Zf 7 % ?é ’ (14)
arbitrary otherwise,

and a solution of (4) is X, = QY,QT.
4.2 Characterization of the solution.
Let us define
S={XecR"" X =-X" X =argmin||AZ — B||, forall Z=-2Z"}.
The following lemma gives the properties of the solution set S. They are the corre-

sponding properties for the linear least-squares problems®, the symmetric Procrustes
problem! and the persymmetric Procrustes problem?.
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Lemma 2 Let P and S defined as above. Then
(a) X € S if and only if X = —XT and
AT(XE)+ (XE)ATA = A"(BE) - (BE)"A. (15)
(b) S is a convex set.
(c) S has a unique element XM of minimal Frobenius norm.
(d) S = XMN if an only if rank(A) =n.

Proof
(a) Suppose that X € S, clearly X = —X”. In order to prove (15), let us consider X a
solution of (4), then X = QY QT where Y is obtained as (14). Then

ATAX + XATA = ATAQYQT) + (QyQT)ATA
= (PEQN)T(PEQMQYQ" + QY QT (PEQT)T(PEQT)
= QYXPTPLQTQY Q" + QYQTQ™PT PYQ"
= QYYQT +QYX*QT = Q=Y +Y¥HQT.
Considering the 7j-element of the previous matrix:
(ATAX + XATA); = (Q(E*Y +YX)Q")y
= Enj Qu[(Z*Y +Y2)QT (Z%Y + YE*)Q'y

k=1

= Z Qik
k=1

=

(22Y + Y22)kl(QT)lj]

T

=
Il

—

= Z Qik
k=1

R

T
I

(Y ) + (YE2)M](QT)U]

= Z Qi
k=1

A

X
I

(0% Yo + Yk;ZO'IQ)(QT)lj]

= Z Qi
k=1

A

X
I

Yia(oi + aﬁﬂ(@%]

=

= Z Qi
k=1

0i(C1)ij — 0;(C1)ji
O'Z'Q + O'j2

) @+ o)

Li=1
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> Qi
k=1
> Qi
k=1
Z sz
k=1

[ n

Li=1

> ((Ch)y —

[ n

Y low(PTBQ)w — UI(PTBQ)M](QT)U]

Li=1

Zak P BQ kl

Li=1

Uj(Ol)ji)(QT)lj]

1 ;sz LG; o(P BQ)lk(QT)ljl :

The first sum of the right hand side of (16) is

k=1

znj Qir znj Uk(PTBQ)kl(QT)lj]

=1

M:

Q
x>

[z
O
R
i

M=
O
=
M:

i
—
1

PT k;s ZBSTQTZ Q )]‘|

i
N
o
I

N
»
Il

—

"))

M=
M=
M=

szak(PT>ks(Z: Berrl(Q

i
I
=
i
L
V)
i
I

Qikak ks) Z Bsr Z er l]
r=1

—_

M=
M=

@
bl
Il

—

3 |l

Y (AT)isBs; = (ATB)y;.

s=1

Similarly, the second term of the right hand side of (16):

Zsz ZUz (P"BQ)w(Q )j}
=1

30 [ P (B0

kzn:Qlk LG: o] Z: ls Z:l Berrk> (QT>lj]
zi: i i(PT)ZSO-l(QT)Zj(i Bererik)

M=
M=

~

(P lsgl lj) Z B r Z sz r
r=1

1

w
Il
-

s

»
<.

(BT)is = (BT A)y;.

M=

vl
I
-
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Conversely, if X = —X7 and ATAX + XATA = ATB — BT A, let us define

F(X) = | AX = BJE = Tr((AX — B)" (AX - B))
and prove that VE € IR"", with £ = —E7T the inequality:

F(X +E) > F(X).

holds.
Since

F(X+E)-F(X) = Tr((A(X+E)-B)"(AX + E) - B))
~Tr((AX — B)'(AX — B)). (17)
From the fact (X + E)T = —(X + E),

Tr((X + E)'AT - BT)YA(X +E) - B))) = —-Tr(((X + EYA" + B")(A(X + E) — B))

then

F(X+E) = —Tr(XATAX + XATAE — XA"B + EATAX + EATAE

—~EA"B + B"AX + B"AE - B"B)
= —Tr(XATAX) —Tr(XATAE) + Tr(XA"B) — Tr(EATAX)
~Tr(EATAE) + Tr(EA"B) — Tr(BYAX) — Tr(BTAE) + Tr(B'B)
= (~Tr(XATAE) — Tr(EATAX) — Tr(EATAE) + Tr(EA" B) — Tr(B" AE))
— (Tr(XATAX — XA"B - B"AX — B"B))
= —Tr(XATAE) —Tr(ATAXE)+ Tr(A"BE) — Tr(BT AE)
~Tr(EATAE) — Tr(XATAX — XA"B — BTAX — B'B).

The second term of the left hand side of (17) is

F(X) = Tr((AX — B)'(AX — B)) = Tr((-X A" — B")(AX - B))
= —Tr((XAT + B")(AX — B)) = ~Tr(XATAX — XA"B + BTAX — B'B)
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then the difference (17) becomes

F(X+E)-F(X) = —Tr(XATAE) —Tr(ATAXE) +Tr(A"BE) — Tr(B" AE)
—~Tr(EATAE)
= —Tr[(XATA+ ATAX — ATBE + BT A)F)
~Tr(-ETATAE)

= —Tr[((XATA+ ATAX) — (A"BE — BT A))E] + Tr((AE)' (AE))
= —Tr[0.E] + ||AE|?
= [AE|z >0,
which allows us to guarantee that X minimizes F' and hence X € S.
(b) S is a convex set because if X7, Xy € S, p € R, then (pX; + (1 —p)Xy) € S:
ATA((p Xy 4+ (1 — ) Xo)) + ((uX1 + (1 — ) X2))ATA = ATB — BT A

ATA(pX ) + (1= p)Xo) = ATAX pu+ ATAX,(1—p)

= ATAX u+ ATAX, — ATAX
(uX1) + (1 = ) X)ATA = XpATA + (1 — p)X,ATA

= XipATA+ XoATA — p X, AT A.

Adding
ATA(uX) + (1 — ) Xo) + (uXy + (1 — u)Xo)ATA= ATB - BTA

(c) If in the definition of the elements Y;; the arbitrary values are defined equal to zero,
the minimum Frobenius norm element is obtained.

(d) If rank(A) = n, the singular values are non zero and the unique solution is X%,

5 NUMERICAL EXPERIENCE

It is clear that the computational procedure which allows to find the solutions for both
problems (3) and (4) is simple. The strategies have been implemented in Fortran, by
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using FORTRAN POWER STATION (1993) in an environment PC with a processor
Pentium(R2) Intelmmx(TM) Technology, 31.0 MB de RAM. and 32 bits of virtual
memory. The singular value decomposition of A was computed by using a variation of
the Golub and Reinch® algorithm. The LINPACK subroutines have been used to make
it.

Given the persymmetric Procrustes problem (3) we consider several sizes of the matrices
A and B.

Example 5.1 Let A and B be as follows:

53 2 15 10 —3
12 4 1 5 3
A=1609 3| B=115 ¢ _3
1 2 -3 2 3 -2

The solution of the persymmetric Procrustes problem is

—.9896 0.9203  2.9339
X, =] 0.0315 1.8791  0.9203
9838 0.0315 —0.9896

Example 5.2 Now let A and B be as follows:

[ -1 2 3 —2] 12 0 1 3]
14 5 —1 1 -1 2 =2

02 3 7 1 3 2 1

A=| -1 2 -1 0], B= 0 2 1 10
3 4 -1 —1 1 1 2 3

-1 1 1 1 —4 3 -1 2
02 0 1] 10 9 0 1]

The solution matrix is

—6.2156  6.0507  6.6790 —9.6773
7.9559 —1.4131 4.7940  6.6790
—2.6760 49199 —-1.4131  6.0507
6.4650 —2.6760  7.9559 —6.2156

X, =
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For the same choice of matrices we find the solution of (4).
With the matrices of example 5.1 the solution is

2.9339 —0.9203 9896
X" = 0.9203 1.8791 —0.0315
—0.9896  0.0315 9838

The solution of (4) by using the matrices of example 5.2 is

—9.6773 —6.6790 —6.0507 —6.2156
6.6790  4.7940  1.4131  7.9559
6.0507 —1.4131  4.9199  2.6760
6.2156 —7.9559 —2.6760  6.4650

X, =

More examples of larger sizes can be formed in Eberle?.
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