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Abstract. A method for building C0 shape functions on convex polyhedra using moving
least square interpolation with rational weights is introduced. These natural interpolants
are presented and their use in a meshless FEM scheme for the solutions of elliptic PDEs is
discussed. Numerical experiments are provided to demonstrate the utility and robustness
of the proposed method.
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1 INTRODUCTION

Recent developments in the context of meshless finite element methods have demon-
strated the importance of the implementation of trial and test functions over polyhedral
regions

1,2,3
. In these methods, polyhedral divisions of the domain given by means of a

set of fixed nodes are made, fundamentally with the help of Voronoy tessellations, or
Delaunay triangulations. Some cosmetic is then applied in the mesh in order to eliminate
slivers. In the natural element method, Sibson coordinates are used to construct shape
functions and meshless interpolants.

In this paper, we discuss the construction of continuous shape functions over convex
polyhedra using moving least square interpolants with rational weights (nemlsq). This
methodology produces accurate results in Galerkin schemes for solving PDEs in hybrid
meshes, as overlapping grids systems

4
.

The method can also be used to build discontinuous (Haar) and other catastrophic

shape functions, but we shall not deal with this problem in the present paper
5
.

Several numerical results are presented that show that this methodology can be an
appealing choice to construct element interpolants in meshless finite element methods
and hybrid grids.

2 THE METHOD

We consider bounded convex polyhedron E ⊂ R
n defined by

E = {x ∈ R
n : fα(x) ≥ 0, α = 1, ..., N} (1)

where fα(x) = Aα · x + Bα (the dot means the standard scalar product in R
n). The

boundary ∂E can be decomposed into the union of the r−facets of E, r = 0, ...n−1. The
0−facets are the nodes {zγ}M

γ=1 of E. We assume that the closure of every (n−1)−facet
is obtained as the intersection {fα(x) = 0} ∩ E, for some α ∈ {1, ...N} and the convex
hull

[z1, ..., zM ] = E

is not generated for any proper subset of {z1, ..., zM}. That is, we shall admit elements
as those shown in figure 1.a, but not as in figure 1.b. A work in progress deals with case
(b).

For every γ = 1, ...,M , let {β1, ..., βγ} be the subset of {1, ...N} such that the (n −
1) − facets {fβj(x) = 0} ∩E, j = 1, ..., γ share node zγ, φγ the rational function defined
by

φγ(x) =
1

fβ1(x) · ... · fβγ (x)
(2)

and

ωγ(x) =
φγ(x)

∑M
ν=1 φν(x)
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(a)  

Figure 1: Admissible element (a) and non admissible (b)

Functions {ωγ} are, at least, defined in the interior E◦ of E.
It can be proved that the values ωγ(ym), γ fixed, tend to a definite value when ym →

y ∈ ∂E. In particular, for every γ = 1, ...,M, ωγ(ym) → δγζ if ym → zζ .
Let f = {fγ} be some set of real values on nodes {zγ}, x an interior point in E, P(f ,x)

the linear polynomial
a0 + a1 · (X− x) (3)

which minimizes the functional

J(f,x)(a0, a1) =
1

2

M∑

γ=1

ωγ(x) (a0 + a1 · (zγ − x) − fγ)
2 (4)

and ψf the function definded by formula

ψf (x) = P(f ,x)(x) = a0(x) (5)

The operator f → ψf is linear. Then, if {eγ}γ=1,...,M is the standard basis of R
M , we

have

ψf =
M∑

γ=1

fγψγ

where we have denoted ψγ = ψeγ .
If B,W are the matrices

B =






1 z1 − x
...

...
1 zγ − x
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W =








ω1(x) 0 · · · 0
0 ω2(x) · · · 0
...

...
. . . 0

0 · · · 0 ωγ(x)








it is well known
9

that coefficients â = (a0, a1) in (4) are obtained from

â =
(
BWBT

)−1
BTW f (6)

and the partial derivatives Dkâ, k = 1, ...n, are

Dkâ =
(
BWBT

)−1
BT (DkW )(f −B · â)

From (5) one can easily see that

Dkψf = Dka0 + (a1)k, k = 1, ..., n

Functions {ψγ}γ=1,...,M are the shape functions of element E. A number of thinks must
be proved before we accept that the behavior of functions {ψγ} are those one hopes for
shape functions. We list the principal properties of {ψγ} :

• If {xm} ⊂ E◦ and xm → x ∈ ∂E, the limits limψγ(xm), limDkψγ(xm) all exist
and functions ψγ, Dkψγ can be extended over all E in a continuous way. Further-
more, functions {ψγ} are of class C∞ over E. From now on, we shall consider these
functions defined in all E.

• 0 ≤ ψγ ≤ 1,
∑M

γ=1 ψγ ≡ 1 (partition of unity) and ψγ(zζ) = δγζ .

• Interpolation formula is 1 − reproductive. That is, for every linear polynomial P
the following equality holds:

P =
M∑

γ=1

P (zγ)ψγ

• If E is an n− simplex, functions {ψγ} are the classical linear FEM interpolants.

• Let En−1 be an (n − 1) − facet of E and {zβ1, ..., zβr} the subset of nodes shared
by En−1. We have

ψγ|En−1 ≡ 0, if γ ∈ {1, ...,M}\{β1, ..., βr}
Otherwise, ψγ|En−1 is obtained from the solution of the (n−1)−dimensional problem
(4) where all data are restricted to the hyperplane generated by En−1. In partic-
ular, if En−1 is an (n − 1) − simplex , functions ψγ|En−1 are the standard linear
interpolants.
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It is this last condition that guarantees continuity of shape functions over a finite
element decomposition of a domain Ω = ∪Eα, where each element Eα is as in (1).

The partition Ω = ∪Eα satisfies, of course, the natural condition of FEM:

Eα ∩ Eβ = or

Eα ∩ Eβ is a (n− 1) − facet of both Eα, Eβ

We shall not address here the problem of proving these properties. These calculations
are considerably lengthy but the bulk of the work is a careful analysis of the behavior of
the rational functions resulting from Gauss procedure in solving (6). These calculations
will be presented in a forthcoming paper dealing with error estimates of the interpolants
built in this way. Figures 2 shows a shape function over some polyhedral element.

Figure 2: Shape function over a distorted quadrilateral

We should point out that the use of rational functions for finite element interpolation
was pioneered by Wachspress

10
, but our use of them is different and gives more accurate

results. The rational functions are easily determined by an algorithm based in qhull.

3 MORE GENERAL SHAPE FUNCTIONS

The method is not limited to elements with straight facets or continuous shape functions.
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3.1 Curved boundary

Functions fα defining the boundary of E can be any non singular C1 function. The
non-singular function defining the boundary must replace the linear one in (2).

3.2 Singular shape functions

In E = [(−1, 0), (0, 0), (0, 1), (−1, 1)], we can use , for example, the expression

a0 + a1sg(X, Y ) + a2Y

where

sg(X,Y ) =

√√
X2 + Y 2 −X (7)

in order to get a O(1
2
) singularity . Figure 3 shows a shape function build in this way.
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Figure 3: Shape function with a singularity

A gallery of catastrophic shape functions can be constructed in this way
6,7,8

. We must
remark, of course, that this kind of shape functions do not have the same properties as in
section 2 : they can be discontinuous and lack the reproducing property. We shall pursue
this point in a future work.
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Remark 3.2.1 In all figures, we have calculated shape functions in a strict interior subset
of E. They only suggest the appropriate limit value at the boundary.

4 NUMERICAL EXAMPLES

We shall now perform several numerical tests to investigate the approximating properties
of the method in Galerkin scheme. We shall first make all settings in our experiments
explicit. Integration on polyhedral is performed using a Delaunay triangulation and a
four point integration formula in triangles.

4.1 Error measures

The error measure evaluated in all tests is

erl2 =
1

maxQ |u(xβ)|

√

1

|Q| |u(xβ) − û(xβ)|2

and, sometimes, the relative absolute maximal error

er∞ =
max |u(xβ) − û(xβ)|

maxQ |u(xβ)|
4.2 Grids

Several elliptic two dimensional problems have been solved to illustrate the performance
of the method. Tests with both random and on uniformly spaced nodes were performed.
In the former case, nodes were generated by adding a random perturbation of value 0.25h
to a uniform grid with h−spacing. These kinds of grids will be called uniform and random
uniform grids, respectively. Error displayed in figures in the randomly distributed points
case correspond to average over ten runs. In both cases, elements are quadrilateral or
deformed quadrilateral.

A more random hybrid grid will be used in model 1. It is generated in the following
way:

• First, the boundary of a rectangle is filled with uniformly h−spaced nodes.

• Interior nodes are aggregated at random with some condition of proximity aph. For
example, the distance between two nodes can not be lower than aph = 0.2h. The
number of interior nodes is the same as in a uniform grid with h−spaced nodes.

• A Delaunay triangulation of the nodes is then modified in order to eliminate bad
triangles (slivers in dimension three), in such a way that some union of triangles are
replaces by polyhedral elements.



����

#� �#����������
�����&��-$�
����� ���
������� �$%&���������#�������������������������������������������������������������������������

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 4: A Random hybrid mesh

Figure 4 depicts a typical random grid generated in this way.
We have not worked here in the problem of finding an efficient method for doing this

last process, the objective of our tests is to compare the performance of our mettod with
FEM. Certainly, a good algorithm to build this kind of hybrid grid will improve the
performance of nemlsq. Del Pin

3
deals with this problem in the context of a proposed

meshless finite element method where non-Sibsonian interpolants are used in polyhedra.

4.3 Dirichlet problem (Poisson equation)

4.3.1 Model 1:

In this case, we put a source that produces a high gradient at the center of the domain.
Homogeneous Dirichlet boundary conditions are imposed.

uxx + uyy = f(x, y), Ω = {(x, y)| 0 < x, y < 1}
u|∂Ω = 0
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where

f(x, y) =
( − 2ky(1 − y) + (ky(1 − x)(1 − y) − kxy(1 − y))2

−2kx(1 − x) + (kx(1 − y)(1 − x) − kxy(1 − x))2 )ekxy(1−x)(1−y)

1 − ek/16

and k = 200 in the tested example. The exact solution to this equation is written

u(x, y) =
ekxy(1−x)(1−y)

1 − ek/16

Figure 5 displays convergence logarithmic plots for nemlsq (our method) and FEM in
uniform grids.
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Figure 5: Model 1. Convergence of fem and nemlsq - uniform grids

Del Pin et al.
3

used this example to asses the performance of various meshless methods.
Figure 6 compare convergence curves for the various methods implemented by Del Pin et
al. togheter with the nemlsq method in random uniform grids. In particular, results from
linear triangular finite elements (FEM), element free Galerkin (mlsq) with the implemen-

tation given of Simonetti
11

, fixed least squares (flsq)
12

, smooth particle hydrodynamics
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(shp)
13

, natural element method (nni)
1,2,14

, meshless finite element method (mfem)
3
, and

the rational interpolation of Wachspress (wach)
10

in our implementation.
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Figure 6: Model 1. Random uniform grids.

Figure 7 displays comparative results of nemlsq and FEM in random grids with aph =
0.2h. We can observe the better convergence rate of nemlsq method.

4.4 Singular problems

4.4.1 Model 2:

As an example of the use of singular shape functions as in (7), we consider the Dirichlet
problem:

−∆u = 0 in Ω = (−1, 1) × (0, 1)
u = sD in ∂Ω

such that the exact solution is

u(x, y) =

√
√
x2 + y2 − x− x3 − y3 + 3x2y + 3xy2

Figure 8 displays results in uniform grids for FEM, nemlsq and nemlsq with the use of
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Figure 7: Model 1. Fem and nemlsq - random grids with aph = 0.2h

a singular shape function (7) in the left element at (0, 0) for the error measures erl2 and
er∞.

We observe the improvement of results, especially in er∞, when the singular shape
function is used.

Even the conventional finite element method can be improved with the use of singu-
lar shape functions. In fact, our scheme can also be used in triangles. In a FE mesh
appropriate for this problem, we obtained the following results:

erl2 max |u− û|
conventional FEM : 2.714e− 4 7.43e− 3

FEM + singular shapes : 2.221e− 4 3.59e− 3

The singularities are only introduced in the left triangles shared by the node (0, 0). We
can see that the accuracy has improved.

5 CONCLUSIONS

In this investigation we have explored the use of moving least square interpolants and
rational weights to generate shape functions in convex polyhedra. The resulting method-
ology has a number of useful features. Among these, it is an appealing choice to construct
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Figure 8: Model 3. Fem and nemlsq - uniform grids. erl2 and er∞ errors

meshless interpolants in the so called meshless finite element method and in general hy-
brid meshes. The interpolants built in this way appear to produce more accurate results
than natural element method, and are less sensitive to mesh distortion.

Applications to problems with singularities are easily handled using singular shape
functions and we hope to show in a forthcoming work that this methodology can be used
in fracture problems. In all, this hybrid finite element methodology appears to have a
number of useful and attractive features that could prove to be important in applications.
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Argentina de Mecánica Computacional.



����

.����$����������� ��/&%%������������������������������������������������������������������

[4] Petersson A. N. An algorithm for assembling overlapping grid systems. SIAM J. Sci.
Comp., 20(6), 1995–2022 (1999).
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