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Abstract. We construct approximate solutions to Inverse Problems associated to equations of the form
Af = g where A is an integral operator. For a given f , the Forward Problem consists in calculating
its image through A, while the Inverse Problem looks for f for a given g. In order to solve the Inverse
Problem we project the data into finite dimensional subspaces of wavelets in the context of a multireso-
lution analysis and solve the Foward Problem for each element of the basis by means of a Galerkin-type
scheme. From these computations, we can accurately build a solution to the Inverse Problem based on
properties of the chosen wavelets and suitable hyphotesis on the operator. We present examples related
to fractional calculus.
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1 INTRODUCTION

We consider Inverse Problems (IP) associated to equations of the form
Af(z) = / h(x,w)/\(w)eiwmdw =g(x), z€R (1)
R

with fis the Fourier transform of f € L?(R) and the kernel & is a bounded and Lipschitz
continuous function with fast decay
If we consider k(z, y) fR r,w)e™ @Y dw, we can express the operator as

Af@) = [ K. f)dy @
R
(see Kress (2014)).
In addition, if we suppose that the kernel 4 is symmetric in w, i.e., h(z,w) = h(z, —w), and
verifies |h(z,w)| < T ]\E[ T M > 0, £ > 0, we can assure that A : L2(R) —
1+ 1+

L*(R).

For a given f, the Forward Problem (FP) associated to (1) consists in calculating its image ¢
through A, while the IP looks for f for a given g. In the last decades decomposition methods
were proposed to solve problems associated to integral operators (A. Cohen and Reif (2004),
Dicken and Maaf3 (2006), Donoho (1995)) and several techniques based on Wavelet Galerkin
Methods and Wavelet Vaguelet Decomposition were developed. In (Serrano et al. (2014a))
and (Serrano et al. (2014b)) we studied the IP when A is a pseudo-differential operator. Under
appropriate hypothesis on the kernel, the inverse of each element of a selected basis is calculated
approximately. Discretization techniques were also developed.

In this work we construct approximate solutions to the IP associated to integral equations of
the form (1). We choose an appropriate band limited wavelet basis, {1, k,j € Z }, associated
to a Multiresolution Analysis (MRA) where, for each integer j, W; denotes the wavelet space
that naturally corresponds to a two side-band frequency set §2; (Walnut (2002), Mallat (2009))
and project the data ¢ in finite dimensional wavelet subspaces. We solve first the FP calculating
the image of each element of the basis. We recover the coefficients of the decomposition of f
in those subspaces by means of a Galerkin scheme. Based on regularty assumptions on A and
properties of the wavelets, the algebraic equations can be solved accurately and the solution to
the IP on each level j is derived. The resulting scheme is simple and efficient.

In the next section we briefly describe the wavelet basis and the associated MRA. In Section
3 considerations on the data are stated and the approximate solution to the IP is developed in
detail. Examples are introduced in Section 4. Finally we present some conclusions.

2 THE WAVELET BASIS

A wavelet is an oscillating function, well localized in both time and frequency domains. For
special selection of the mother wavelet 1 the family {1, (z) = 2//2 ¢(2'x — k), j,k € Z},
is an orthonormal basis of L%(R), associated to a hierarchical structure of the space, i.e., a
sequence of nested scale-subspaces Vj, called MRA (see Walnut (2002), Mallat (2009)) such
that L*(R) = @, , W; = D>, W, + V;,, forany n € Z.

For our purpose we choose a smooth, infinitely oscillating mother wavelet with fast decay
Y € S, the Schwartz class, well localized in both, time and frequency domain (see Meyer
(1990)). Its spectrum \1/1(2 Jw) | is supported on the two-sided band

={w:Y(r—a)<|jw <2 (r+a)}
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for some 0 < a < 7/3 . Figure 1 right and left, show the graph of ) and |zﬂ| respectively. There
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Figure 1: Mother wavelet for « = /4 and |7$ | forw >0

also exists ¢ € Vj such that {¢(x — k), k € Z} is an orthonormal basis of Vj.

Let W; = span{¢;, k € Z} and V; = D,_,; W, the wavelet and the scales subspaces.
Each family {¢,,(z) = 2?¢(2’xz — n),n € Z} is an orthonomal basis of V.

For any signal s € L*(R), we denote by Q;s and P;s their orthogonal projections on W;
and Vj, respectively. Then, the following representation holds

v) =Y Qs(x) =Pys(x)+ Y Qs(x) =D (s,sm) boml@)+ Y > {5, 8) s(x)

jEZ i>J nez j>J keZ

for any index J. We remark that @js is supported on §2; and Ps on Uj<s8;.

The properties of ¢ ensure uniform convergence in each I¥/;. In addition, since v is infinitely
oscillating, it has nulled moments fR x"p(z)dx = 0, Vn € Ny, and the same occurs to its
polynomials components.

The design of this basis and the implementation algorithm based on the Fast Fourier Trans-
form have been developed by the authors in (Serrano et al. (2012)).

3 APPROXIMATE SOLUTIONS TO THE IP
3.1 The data
We suppose that g(x) = Z‘jjzo gj(x) +rwith ||r||2 < €llg|]l2 =0, J € Nand

gi(x) =Y ciptbin(x) € W)

keZ

where ¢, = (g, ;i) are the wavelet coefficients.
If the data is a sampled function, a previous interpolation process must be carried out, in an
adequate V;, disregarding the low frequency components, i.e., P;g is nearly zero.
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We denote by g, the truncated projection of the data in W,
@) = ciphin(x) 3)
k‘EKj
where K; C Z, [K;| = r; < o0, satisfying >°, o5 | (9, ¥jn) [* < ellg;||* with € = 0.

3.2 The approximated solution to the IP
Let

=D bite() 4)

JEL ke
and v;;, the images of the wavelet basis through the operator, i.e., A, = vji, k € K;
(o) = [ Bl @)pw) € do ®
Q;
Then, from (4)
Z Z b]kU]k Z Z C]/k/d}]/k/ = g(.I) (6)
JEZ keZ J'EL K€L

For each 0 < j < J, we consider that A(W;) = W, if this is not the case, we can pro-
ceed analogously considering an appropriate union of wavelet subsets. Regarding the truncated
projection of the data, we restrict ourselves to K;. Then, for m € K;, we obtain the normal
equations

<Z biivji, ¢jm> Z bt (Vji; Vjm) = Cjm, k € K;. (7)
leK; l€K;
We build the Grammian-type matrix M7 € R" x R" that contains the inner products

My, = (1, ¥m) (8)
and look for the vector of coefficients satisfying

M’bl =cl, k €K, ©)

where b), = (bji) ek, and ¢, = (Cjk)k'GKj' .
Then, ideally, we have to invert M, find the vectors by, for each j and construct the approx-
imate solution f = f,

=D file)= D > buiu(a). (10)

0<i<J 0<ji<J keK;

Note that it is not actually necessary to calculate vz, only the matrix M7 is needed. Since it
depends only on the operator A and the wavelet basis, we can calculate it previously.

In the next subsection we developed a numerical approximation scheme to compute M that
involves simple calculations.
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3.3 The matrix M7

In order to calculate the elements of M7 we need to integrate over {2 ; to obtain vj;, in (5) and
afterwards on z over R to build M7 (8). However, based on regularity hypothesis on the kernel
h and properties of the wavelets, we can accurately approximate these integrals as follows.

We consider that the kernel i(z, w) is symmetric in w and well localized on I;; = 277 [k, k +
1], then for x in a neighbourhood of / jk We have :

h(z,w) = h(z,w). (1)

In addition, there exist N € N and a net of frequencies such that the following representation
holds

h(xjk, w) = ok + 201 5 cos(w/27) + -+ + 2anx cos(Nw/27) + e(w), (12)

where €(w) is an error that is small for large N.

The coefficients oy j, for 0 < [ < NN can be computed accurately from the values of / in the
net.

Then, from (5), (11) and (12), we have

vjp(x) = /Q (ao,k + 2a4 COS(W/Qj) + -+ 2ank cos(Nw/2j)) {D\jk(w) e duw.

J

We observe that, for1 <n < N

20 i cos(nw/Zj)l/p\jk(w) = (e—mw/zf +€mw/2j> {D\jk(w)

= Qi (e—inw/2j + 6inw/2j> |7Zj(bd)|€(k+1/2)/2j

-~

= Quk (@ij(kfn) (W) + Vj(tn) (w)> :
then
viR(x) = 2o i (x) 4 20 j—1Vjk-1) () + 2700 1 Vg (T) + - - -

Finally, we can approximate for 0 < m < N
<Ujk7 77b]m> = 27Tam,k' (13)

The inner products are zero for m > N. A

Thus, the matrix M7 is diagonal dominant. From (9), we obtain the coefficients b, of f;,
(see (10)).

The accuracy of the the proposed approximation scheme can be improved since the errors
introduced rely on the hypothesis on the localization of the 4 (see (11)) and on the computation
of the coefficients oy, in (12).

3.4 Approximation errors

For the class of integral operators considered in this work, we have proposed an approxima-
tion scheme that introduces different kind of errors.

Il

e In order to calculate b{(, we have assumed that A(W;) = W;. If this is not the case, we
can proceed analogously considering an appropriate union of wavelet subsets.
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e On each level j, we only consider a finite set of integers, k € K; C Z, introducing an
error that can be controlled. We do not consider the low frequency components.

e When we calculate the elements of M7 an approximation is performed. Its accuracy is
assured by simmetry and localization hypothesis on h, and localization of the chosen
wavelet basis in both time and frequency domains.

4 EXAMPLES
4.1 Estimate accuracy
For two operators with kernels (see Figure 2)
h(z,w) = |
1
1+ 2|z]|% 4 |w|04

we illustarte the accuracy of the approximation formula proposed in (13) and the matrix M7,

Figure 2: Kernels hy (7, w) = |w|®* (above) and hy(z,w) = W (below)

In Figure 3 we show the plot of the function v3 associated with ; (not depending on x)
together with the plot of the wavelet 15 and vs, verifying that vsg = 2mi3hy(ws) with
wz = (3m/2)23.

We generate a few functions v, associated with hs, 7 = 3 and & = 0,5, 15. We compare the
plots of the wavelet 13y and v3 o . Once more, we observe that, vs o = 213 0ha(x3 0, ws) With
wz = (37/2)23 and w39 = (1/2)/23 (see Figure 4).

Copyright © 2016 Asociacion Argentina de Mecanica Computacional http://www.amcaonline.org.ar



Mecéanica Computacional Vol XXXIV, pags. 3383-3394 (2016) 3389

]

0 M [ \VJ

Figure 3: Functions v3 o (green) and 27 (1.578)% 413 o (dotted line)

Figure 4: Functions vs o (blue), vs 5 (green), vs 15 (cyan) and 2mha (315, 1.578) 13 o (dotted line)

Regarding the matrix M7, we remark that we do not need to calculate v, since what we ac-
tually need are the values in (13). In Figure 5 we observe that the matrix are diagonal dominant,
as expected.

Figure 5: Matrix M?3 for h; (above) and hy (below)
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4.2 Approximation scheme

The whole proposed approximation scheme is implemented in the following example.
We construct a solution to IP associated to the operator with regular kernel

1

h —
(0 9) = A o

|z| < 4.

We choose the function data g as the image through A of the sampled function
f(z) = e " (sin(87z) + sin(4rx)).

Both plots of f and g are displayed in Figure 6.

| W
T

2 3 2 1\/ ov 1 2 3 4
ERE
s

Figure 6: Functions f (above) and g (below)

Wavelet analysis indicates that the energy of the data g is concentrated in the subspaces
Wy, Wy and W3, since levels 7 = 1,2, 3 summarize the 10.84%, 55.96% and 33.20% of it, (see
Table 1).

‘levelj‘ energy ‘ frequencies ‘

5 0.0000 | [100.5, 201.0]
4 0.0000 [50.2, 100.5 ]
[25.1,50.2 ]
[12.5,25.1]
[6.28, 12.5]
0 0.0000 [3.14, 6.28]

Table 1: Energy distribution of g

Similarly for f, the energy is concentrated in the subspaces W, W5 and W3, (see Table 2).
In this case, A(UZ_, W;) C US_,IW;.
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‘ level 5 ‘ energy ‘ frequencies ‘
5 0.0000 | [100.5, 201.0]
4 0.0000 [50.2, 100.5 ]
[25.1,50.2 ]
[12.5,25.1]
[6.28, 12.5]
0 0.0000 [3.14, 6.28]

Table 2: Energy distribution of f

In Figures 7, 8 and 9 we observe the diagonal dominant matrix M7, j = 1,2,3 and their
inverse.

Figure 7: Matrix M3 for hsz (above) and its inverse (below)

Figure 8: Matrix M? for hs (above) and its inverse (below)
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Figure 9: Matrix M for h3z (above) and its inverse (below)

In order to illustrate the procedure, we exhibit in Figure 10, the coefficients c; of g; and bjy,
of f;, respectively.

0.4 0.4
02 il {*\ )\ 02 H
o il ot ~fjfi—
-02 HiH 02 tH
0.4 0.4
40 20 0 20 40 40 20 0 20 40
05 0.4
02 Phhy
’ - ot =il
02 HHA
0.5 0.4
20 10 0 10 20 20 10 0 10 20
0.4 02
02 TN 04
0 0
02 04
-04 -02
%10 5 0 5 10 %10 5 0 5 10

Figure 10: Coefficients of g; (left) and fj, 7 =1,2,3 (right), (from below to above)

Finally, the sum of the reconstruction components Z?Zl fj i.e., the approximate solution
to the IP obtained with the proposed methodology is displayed in Figure 11, along with the
projections of the real solution Z?Zl fi-
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Figure 11: 2321 f] (above) vs Z?Zl f; (below)

S CONCLUSIONS

In this work we have constructed approximate solutions to Inverse Problem A f = g associ-
ated to integral operators A with regular kernel h. It consists in finding f for a given g.

For a fixed j, we first choose an appropriate wavelet basis {;;, k& € Z }, and project the
data g into adequate wavelet subspaces, §; = >, ek, Cik¥jk- Afterwards we look for the images

vjj, of the basis, Ay, = v If f = > ikez bjrji, we calculate the vector coefficients bi
inverting a Grammian type matrix M7, Finally, on each level 0 < j < J, f] = ZkeKj birtjk

and f =>0 <j<J f] is the proposed approximate solution to the IP.

We observe that we only need to calculate the coefficients of the data and the elements of the
matrix to obtain the vector b{{ and build the solution component f;.

Since we work with band limited wavelets, we regularized the problem when performing the
projections to compact subsets in the frequency domain. Approximation errors are introduced
when we truncate the projection of the data on each level j and in the calculation of the coeffi-
cients of f;. Based on the properties of the operator and of the chosen wavelet basis, both errors
can be handled and controlled.

The proposed approximation scheme is implemented on an example.

We remark that there is no general theory for integral equations of this type and only approx-
imate solutions can be obtained. Ad-hoc approximation schemes must be developed taking into
account particular properties of the kernel of the operator.
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